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LINK GROUPS OF 4-MANIFOLDS

VYACHESLAV KRUSHKAL

ABSTRACT. We introduce the notion of a flexible 2-cell and use it to define invari-
ants — link groups — of 4-manifolds. Flexible cells combine some features of both
surfaces and handlebodies, therefore the link group A(M) measures certain aspects
of the handle structure of a 4-manifold M . This group is a quotient of the funda-
mental group, and we construct examples of manifolds M with 7 (M) # A(M).
More detailed information is contained in a two-parameter family of link groups
Ai,j(M). A generalization of the Milnor group is developed to formulate an ob-
struction to embeddability of flexible cells into 4-space.

1. INTRODUCTION

Maps of surfaces and more general 2-complexes have classically been used to define
invariants of topological spaces, for example the fundamental group and the first
homology group of a space. More generally, one gets the quotients of m; X by the
terms of its lower central, and also derived, series if one considers based loops in a
space X modulo loops bounding maps of certain special 2-complexes, gropes [3]].

On the geometric side, surfaces play a central role in 4—dimensional topology, in
both smooth and topological categories. However it has been a common theme that
the geometry of surfaces and of more general 2— complexes is not sufficiently flex-
ible to reflect the rich structure of 4—manifolds and their invariants. For example,
consider a 4—manifold (M,0M) with a handle decomposition with 0—, 1— and
2—handles. Rather different 4—manifolds of this type may be homotopy equiva-
lent to a given fixed 2—complex. A basic feature that enables this (and makes the
structure of 4—manifolds so rich) is that the attaching maps of 2—handles may be
homotopic but not isotopic.

This paper introduces the notion of a flexible cell, designed to enrich the standard
2—cell with some of the features of 4—dimensional handlebodies. In an analogy
with the fundamental group, we define the link group A\(M) of a 4—manifold M as
based loops in M modulo loops bounding flexible cells. Therefore the link group
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A(M) reflects certain aspects of the handle structure of a 4—manifold M . Although
their definition makes sense in any dimension, the link groups are a non-trivial
theory only in dimension 4, and they are not in general a homotopy invariant of a
4—manifold.

Since D? is a trivial example of a flexible cell, the link group A\(M) is a quotient
of the fundamental group of M. One can easily find examples of 4—manifolds
with 7 (M) # A(M). Flexible cells may be given geometric and algebraic grad-
ings: height and nilpotent class, leading to a two-parameter collection of link groups
Aij(M), where j > i. In this notation, the group A\()/) above corresponds to A oo -
We show that given a surjection of finitely presented groups m — \, where = is
aspherical, there are 4-manifolds M with 7w (M) = 7, A\ o(M) = .

The main motivation for this work is the question of whether there is a “non-
abelian” Alexander duality in dimension 4. This question arises in the analysis
of decompositions of the 4—ball in the A, B—slice problem, a reformulation of the
4—dimensional topological surgery conjecture. An application of link groups in this
context is given in [5]].

The connection to the A, B—slice problem is provided by the following result,
showing how flexible cells fit in the framework of Milnor’s theory of link homo-

topy:

Theorem If the components of a link L c S® = 0D* bound disjoint flexible
cells in D* then L is homotopically trivial.

To prove this result, we develop a generalization of the Milnor group and formulate
an obstruction to embeddability of a disjoint collection of flexible cells in 4—space.

Sections P [3] summarize the relevant background material on presentations of
nilpotent quotients and Milnor’s theory of link homotopy and related results on
surfaces in 4—space. Section M introduces flexible cells and link groups A(M), and
gives examples of 4—manifolds with m; # A. Sections Bl — @ concern embeddings
of flexible cells in 4—space, (C,~) — (D*,S3). More specifically, the fundamental
group of the complement, 7;(D* \ ('), is analyzed in section 5l Section [@ develops
a generalization of the Milnor group in the context of flexible cells. It is used, in
particular, to define an algebraic grading of flexible cells and link groups J; ;. Sec-
tions [7, B @ define an obstruction to embeddability of a collection of flexible cells
in D* with a prescribed boundary, given by a link in S3.

Acknowledgements. 1 would like to thank Peter Teichner for discussions on the Mil-
nor group.
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2. A PRESENTATION OF NILPOTENT QUOTIENTS

The purpose of this section is to describe a presentation of the quotients 7/ of a
group 7 by the terms of its lower central series, given generators of the first and
second homology of 7. This technique is well-known (see also [4]), and it will be
used often in the paper. The lower central series of a group 7 is defined inductively

by 7l =m, 72 = [m,7],..., 77 = [r,w71].

To state the lemma, fix a group 7 and suppose that H;(w;Z) is generated by
91y n, Ha(m;Z) is generated by ry,...,r,, and let ¢ > 2 be an integer. Then
the result of lemma 2.1l is that, roughly, ¢;,...,g, and ry,...,r,, provide a set of
generators and relations respectively in a presentation of 7/7%. To make this pre-
cise, consider the quotient homomorhism «: n/79 — 7 /|7, x| and let g, € 7/n?
denote some preimage of g; under «, i = 1,...,n. It is a standard fact in nilpotent
group theory [10] that ¢, ..., g, generate 7/m1.

Let W — K(m,1) be a map from the wedge of n circles W, inducing an epimor-
phism §: m(W) — =/7? and mapping the i-th free generator of m; (V) to g;.
Let f;: ¥; — K(m, 1) be a map of a surface ¥;, representing the generator r; of
Hy(K(m, 1)) = Hy(m), j = 1,...,m. We assume here that each space has a fixed
basepoint, and all maps preserve them. The standard basis of H;(X;) pulls back
via ( to some elements in m;(IV); let 7; € m (W) be a lift via 3 of the attaching
map of the 2-cell of ¥;. (In particular, if ¥; is a 2-sphere then the corresponding
word 7 is trivial.)

Lemma 2.1. Suppose H,(w;Z) is generated by g, ...,g,, and Hy(m;7Z) is gener-

ated by r4,...,r,. Then in the notations as above,
T/ = <G, n | 1y Ty (B g0)?>
where F, ., denotes the free group on generators g, ..., -

To prove the lemma we need a refinement of Stallings theorem [9] due to Dwyer.
Given a space X, the Dwyer’s subspace ¢,(X) C Hy(X;Z) is defined as the kernel
of the composition

Hy(X) — Hao(K(mX,1)) = Hao(m X)) — Ha(mi(X)/m(X)* 7).

Theorem 2.2. [[1]] Let k be a positive integer and let f: X — Y be a map induc-
ing an isomorphism on Hi(.;Z) and mapping Hs(X)/¢r(X) onto Hs(Y)/or(Y).
Then f induces an isomorphism 71 (X)/(m (X))* =2 7 (V) /(7 (Y))*.
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Proof of lemma Bl Let X be the 2-complex obtained from W by attaching m two-
cells along the words #4,...7,,. The composition W — K(r,1) — K(x/79,1)
extends to X, inducing an isomorphism H;(X) = H;(wr) = H;(r/m?) and an epi-
morhism on H,/¢,. Now an application of Dwyer’s theorem concludes the
proof of Lemma Tl O

3. THE MILNOR GROUP: LINKS IN S® AND SURFACES IN D*

In this section we recall the relevant results on Milnor groups and ji-invariants
[Z1, [8]. This material is used to set up the definition of flexible cells in section Fl
Sections 51— [ develop a generalization of the Milnor group and of other aspects of
the theory in the context of flexible cells in D*.

3.1. Links in S3. Let L = (I,...,l,) be an oriented link in S3, and consider
meridians my, ..., m, to the components of L. Observe that H,(S® \ L) is gener-
ated by my,...,m,, and a set of generators for H,(S® \ L) is provided by n — 1
tori: the boundary of a regular neighborhood of n — 1 components of L. By lemma
2T 7 (S~ L)/(m(S® \ L))? has a presentation

(31) < maq,... ,mn|[m1,w1], cee [mn_l,wn_l], (le

m, denotes the free group generated by mg,...,m,. The Magnus
_____ mn — Z{x1,...,2,} into the ring of for-
mal non-commutative power series in the indeterminates z1,...,x, is defined by
M(m;) =1+z;, M(m;') =1 —x;+2? 4+ ... for i = 1,...,n. Denoting by w; a
word in the free group representing the untwisted j—th longitude of the link, let

M(w;) =1+ 3ur(l, j)zr

.....

be the expansion of w;, where the summation is over all multiindices [ = (i1, ..., )
with entries between 1 and n, and z; = z;, - ... z;,, k > 0. This expansion de-
fines for each such multiindex I the integer p.(7,j). Let A(iy,...,i;) denote the
greatest common divisor of p(ji,...,js) where j1, ... js, 2 < s < k—1isto
range over all sequences obtained by cancelling at least one of the indices i1, . .., i
and permuting the remaining indices cyclicly.

Let fiz(I) denote the residue class of p (/) modulo A (7). Analyzing the inde-
terminacy caused by the relations in the presentation (3.1]), one sees that for each
multiindex I of length |/| < ¢ the residue class fi, (/) is an isotopy invariant of
the link L, where jir,(I) is defined using the quotient 7, (S* \ L) /(7 (S® \ L))?. In
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particular, the first non-vanishing coefficients (1) are well-defined. (By first non—
vanishing coefficients we mean puy (/) such that p.(J) = 0 for all proper subsets
Jcl)

3.2. Link homotopy and Milnor groups. Two n-component links L and L’ in
S3 are said to be link-homotopic if they are connected by a 1-parameter family of
immersions such that different components stay disjoint at all times. L is said to be
homotopically trivial if it is link-homotopic to the unlink. L is almost homotopically
trivial if each proper sublink of L is homotopically trivial.

For a group m normally generated by ¢, ..., g, its Milnor group (with respect to
g1, -.,9x) M is defined to be the quotient of 7 by its subgroup

(3.2) <lgi,gl:1<i<k, her>.

M is nilpotent of class < k + 1, in particular it is a quotient of 7/(r)***, and is
generated by the quotient images of g, ..., gx. The Milnor group M (L) of a link L
is defined to be M (S® \. L) with respect to its meridians m,.

Milnor showed in [[7] that the Magnus expansion induces a well defined injective
homomorphism MM : M(F,, . . m.) — R(z1,...,zx) into the ring R(xy,..., xx)
which is the quotient of Z{z1, ..., z;} by the ideal generated by monomials z; - -x;,
with some index occuring at least twice. Indeed, every term in the Magnus ex-
pansion of each defining Milnor relation has repeating variables. Let w, €
,,,,, m,_, be a word representing [, in Mm(S*~ (I;U...Ul,_1)). Then ji-
invariants of L with non-repeating coefficients may also be defined by the equation

MM(@,) = 1+ Sug(l,n)z;

where summation is over all multiindices / with non-repeating entries between 1
and n—1, and jiz(,n) is the residue class of p(I,n) modulo the indeterminacy
Ar(I,n), defined above.

The Milnor group of L is the largest common quotient of the fundamental groups
of all links link-homotopic to L, hence if L and L' are link homotopic then their
Milnor groups are isomorphic. The next result gives an algebraic criterion for a link
to be null-homotopic.

Lemma 3.3. ([[Z]) For an n-component link L, the following conditions are equiv-
alent:

(1) L is homotopically trivial,

(i1) the components of L bound disjoint immersed disks in D*,
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(t3i) M(L) =2 M(F,,...m,) with the isomorphism carrying a meridian to [; to the
generator m; of the free group,
(1) all p-invariants of L with non-repeating coefficients vanish.

It follows from Lemma that L is almost homotopically trivial if and only if
all its f-invariants with non-repeating coefficients of length less than n vanish.
In particular, if L is almost homotopically trivial then its zi-invariants with non-
repeating coefficients of length n are well-defined integers.

3.4. The link composition lemma. We will now recall the link composition lemma
[2] (see also [6]). The result on flexible cells proved in section 9] contains this the-
orem as a special case. Given a link L = (I1,...,lgy1) in S® and a link Q =
(q1,...,qn) in the solid torus S' x D?, their “composition” is obtained by re-
placing the last component of L with (). More precisely, it is defined as C' =
(c1y s Cropm) = (1, Iy d(q1), - - -, &(gm)), where ¢: S'x D? — S3 isa 0-framed
embedding whose image is a tubular neighborhood of I, ;. The meridian {1} x9D?
of the solid torus will be denoted by A and we set @ =QUA.

Theorem 3.5. If both L and () are homotopically essential in S then so is their
composition L U ¢(Q).

3.6. Links in S* x D?. Let L be a link in S* x D?. We denote by A the meridian
{p} x OD? and set L = L U A. Consider L as a link in 5%, using a standard
embedding S! x D? C S3. Links in the solid torus will be used as attaching regions
for 2—handles in the definition of flexible cells (see next section), and we need
to specify the class of links necessary for the definition. Let A’ denote another
meridian {q} x 0D?, p # q.

Definition 3.7. We will say that a link L = (/;...,1,) C S* x D? is essential and
(almost trivial) * if L is homotopically essential, and for each i, (L~ ;) UAUA' is
homotopically trivial.

An important example is given by L =Bing double of the core S* x {0}, and more
generally by L =iterated Bing double of the core. The definition also allows the
trivial example: L = core of the solid torus.

The second condition is slightly stronger than just the requirement that L is almost
homotopically trivial. We include it since it is technically convenient for the proofs
of the properties of flexible cells. We need to reformulate the conditions on L in



LINK GROUPS OF 4-MANIFOLDS 7

terms of ji invariants. Consider the solid torus S! x D? as the complement in S3
of an unknotted circle and note that

71 (St x D* L) /(m (ST x D* N L)) =2 m (8P~ (LUN))/m(S* ~ (LUA)).

These groups are generated by the meridians m, ..., m, to the components of L
and by the longitude | = S* x {x} of the solid torus (respectively the meridian m to
N for the second group.) Consider the free group F,,, ... mapping onto these
groups, and the Magnus expansion

.....

..... mmim — Z{x1, . xn,yt, M(mg) =1+, M(m) =1+y.

Let W be a word representing A in the free group. Assuming that L satisfies the
conditions in the definition above, observe that all terms with non-repeating vari-
ables in the expansion M (W) are either of the form z;, ---x; or they contain all
variables xi,...x, and y. Since the link Lis homotopically essential, renumber-
ing the components of L if necessary, one can assume that the term pz; - - -z, in
the Magnus expansion M (W) has the coefficient © # 0. It is important to note
that there are no terms that contain y and just a proper subset of the variables
T1yeney Ty

3.8. Surfaces in D*. Let A = UA, be a collection of immersed disks in (D*, 0D*).
By Alexander duality, H,(D*\ A) is generated by the meridians to the components
of A, and H,(D*\ A) is generated by the Clifford tori linking the double points of
A.

More precisely, a local model for the surfaces near a double point is given by R? x
{0}n{0} xR? C R*xR?. The Clifford torus is the product of the unit circles S* x S*.
The linking number of classes a € H{(A) and b € Hy(D* . A) may be computed
as the intersection number of 3 - b where a = 9% C D*. H,(A) is generated by the
double point loops — loops in A passing exactly once through a double point. It is
clear from the local model that the double point loops are paired up J; ; with the
Clifford tori.

Suppose the disks A; are disjoint, so all double points are self-intersections. Ac-
cording to lemma 2], m(D* . A)/(m(D* \ A))? is generated by the meridians
mi,...,m, to the components of A, and the relations (corresponding to the Clif-
ford tori) are all of the form [(m;)/, (m;)9] = 1 for some f,g. In particular, the
Milnor group M (D* \ A) (with respect to the meridian generators) is isomor-
phic to the free Milnor group MF,,, ., -
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This gives a useful perspective on the relation between (i) and (i:) in lemma B.3k
if a link L is essential then M (L) is not isomorphic to the free Milnor group. This
implies that the components of L do not bound disjoint maps A of disks in D*:
otherwise the inclusion map S® \ L — D* . A would induce a homomorphism
M(L) — MF,,, . m, —a contradiction.

4. FLEXIBLE CELLS AND LINK GROUPS

Definition 4.1. A model flexible cell ( f—cell) of height 1 is a smooth 4-manifold C
with boundary and with a specified attaching curve v C 0C, defined as follows.
Consider a planar surface P with £ + 1 boundary components ~, oy, ..., q, (k >
0), and set P = P x D?. Let L,,...,L; be a collection of links, L; C a; x D?,
i =1,...,k. We assume that for each i, E, is essential and (almost trivial) * (see
definition B.7). Then C is obtained from P by attaching zero-framed 2-handles
along the components of L; U ... U Ly.

The surface S (and its thickening S) will be referred to at the body of C, and the
2-handles are the handles of C.

A model f—cell C of height h is obtained from an f—cell of height h—1 by replacing
its handles with f—-cells of height one. The body of C consists of all (thickenings
of) its surface stages, except for the handles.

0
~ "

YL W

v

FIGURE 1. Example of a model f—cell of height 1: a schematic pic-
ture and a Kirby diagram

Figure 1 gives an example of an f—cell of height 1: a schematic picture and a
precise description in terms of a Kirby diagram. Here P is a pair of pants, and each
link L; is the Bing double of the core of the solid torus o; x D?, i = 1,2. The
reader is urged to keep this example in mind while reading the paper. This is an
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important example, and the theory already exhibits many of its interesting features
in this case.

Remarks. 1. The standard 2-handle H = D? x D? with v = dD? x {0} provides
a trivial example of an f—cell (of any height) — corresponding to the case & = 0
in the definition above. Alternatively, one gets the 2—handle H by considering the
links L = cores of the corresponding solid tori. Similarly, an f—-cell of height A
also satisfies the definition of an f—cell of any height > h.

2. One may assume that no body surface of C' above the first stage is an annulus:
suppose an annulus A is present, A = 74 U 4. Then A may be used to deform
the attaching maps of handles or higher stages from a4 x D? to v4 x D?. This
eliminates A (and increases the number of components of the link one stage below
- note that it is still essential and (almost trivial) *, see link composition lemma
and also section Q). So while technically annuli are allowed by the definition, only
planar surfaces with > 3 boundary components above the first stage contribute to
the “non-trivial” increase of the height of C'.

3. If the links L defining C' have at least two components, then C' is homotopy
equivalent to the wedge of a collection of circles and of a collection of 2-spheres
(one for each handle of C'). Of course all information about the attaching maps of
the 2-handles is then lost. Note that ~ is non-trivial in H,(C).

4. In the definition above we used zero framed 2-handles. In fact, the framing is
not going to be important for our applications, in light of definition 4.4

5. Recall the assumptions on each link L in definition E.1} (7) L is homotopically
essential, and (i) L UA U A is almost trivial. It is crucial for the applications of
f—cells that the link L U A is essential — this is made precise using the Magnus
expansion M(A), see section B.6l Therefore the basic requirements on L should
be: L is homotopically essential and almost trivial. We make a slightly stronger
assumption: L is (almost trivial) * since this makes the proofs of the properties of
f—cells technically easier. It is an interesting question whether the extra condition
may be removed.

4.2. The associated tree. It is useful to encode the branching of an f—cell C
using the associated tree 7. Define T inductively: suppose C has height 1.
Then we assign to the body surface P (say with k£ + 1 boundary components) of C'
the cone Tp on k+ 1 points. We consider the vertex corresponding to the attaching
circle v of C as the root of Tp, and the other k vertices as the leaves of Tp. For
each handle of C' we attach an edge to the corresponding leaf of 7. The leaves of
the resulting tree 7> are in 1 — 1 correspondence with the handles of C'.
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Suppose C' has height h > 1, then it is obtained from an f—cell C’ of height h — 1
by replacing the handles of C” with f—cells {C;} of height 1. Assuming inductively
that T is defined, one gets T by replacing the edges of T, associated to the
handles of C’ with the trees corresponding to {C;}. Figure @] gives an example of
an f—cell of height 2 and its associated tree.

Tc

FIGURE 2. A schematic picture of an f—cell of height 2 and the as-
sociated tree

We divide the vertices of T into two types: the cone points corresponding to body
(planar) surfaces are unmarked; the rest of the vertices are marked. Therefore the
valence of an unmarked vertex equals the number of boundary components of the
corresponding planar surface. The marked vertices are in 1 — 1 correspondence
with the links L defining C, and the valence of a marked vertex is the number
of components of L plus 1. It is convenient to consider the 1—valent vertices of
Tc: its root and leaves (corresponding to the handles of C') as unmarked. This
terminology is useful in defining the maps of f—cells below. The height of an
f—cell C' may be read off from 7, as the maximal number of marked vertices
along a geodesic joining a leaf of T to its root.

4.3. Convention: Recall from section 3.7 that each link L has a “preferred” order-
ing of its components, reflecting a non-trivial coefficient in the expansion M(A).
We fix a specific planar embedding of 7., reflecting this order. This applies to
marked vertices — there is a flexibility in embedding the tree at the unmarked ver-
tices.

Definition 4.4. An f—cell is a model f—cell with a finite number of self-plumbings
and plumbings among the handles and body surfaces of C, subject to the following
disjointness requirement:
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e Consider two surfaces A, B (they could be handles or body stages) of C'. Let a,b
be the corresponding vertices in T;. (For body surfaces this is the corresponding
unmarked cone point, for handles this is the associated leaf.) Consider the geodesic
joining a, b in T, and look at its vertex c closest to the root of 7> — in other words,
c is the first common ancestor of a, b. If ¢ is a marked vertex then A, B are disjoint.

In particular, self-plumbings of any handle and body surface are allowed. In the
example shown in figure 2 above, the handle h, is required to be disjoint from h,,
hs is disjoint from hy; h; — hy and P are disjoint from hs.

An f—cell in a 4-manifold M is an embedding of an f—cell into M. We say that
its image is a realization of C' in M, and abusing the notation we denote its image
in M also by C.

Remarks. 1. A model f—cell C is a thickening of 2—manifolds except for the
neighborhoods N of the solid tori o x D?, containing the links L which serve as
the attaching regions for higher stages. In the definition of an f—cell we require
that all singularities of a map C' — M*" are double points between the surfaces,
and the neighborhoods N are embedded and disjoint from everything else. This
requirement is important and is included to prevent trivial unlinking. Note that
conversely given a map C' — M which is an embedding near the aforementioned
solid tori, it may be perturbed so that all its singularities are double points of surface
stages of C'.

The difference between continuous and smooth maps of f—cells in a smooth 4—
manifold is not significant: if ¢: C' — M is continuous, it may be perturbed to a
smooth map ¢'. The solid tori o x D? discussed above are thickenings of circles, so
by general position their image under ¢’ is embedded and disjoint from thickenings
of the surface stages.

Definition 4.5. Let M be a 4-manifold with a basepoint. Consider the following
relation on based loops in M: v ~ 4/ if there is a based homotopy from ~(v)~!
to a based loop which bounds an f—cell of height n in M. The n-th link group
An(M) is defined as {based loops in M}/~.

An immersion D? — M is an example of an f—cell of any height, so if two
embedded loops ~,+’ cobounded a map of the disk, then perturbing the map, one
sees that they also cobound an f—-cell. However we include the homotopy into the
relation to deal with the loops which are not embedded. Alternatively, one could
address this issue by allowing arbitrary singularities near the attaching curve in the
definition of an f—-cell.
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Proposition 4.6. The relation ~y ~ ~' in definition is an equivalence relation.

Proof. One needs to verify that if v, ~ ] and v, ~ 7} then ~;v5 ~ ;75 It follows
from the definition that for each i = 1,2, v;(7/)~! is homotopic to a loop «; which
bounds an f—cell C; of height n. It suffices to prove that a;(ay)~! is homotopic to
a loop which bounds an f—cell of height n. We have the wedge (Cy, a1) V), (Co, aa)
of two f—cells of height n, where the identification point p is the base point.
(4 Vv (5 in fact may be viewed as the image of a map ¢: C — M, where C is an
f—cell of height n. Here the first stage surface P of C is the boundary connected
sum, along an arc (3, of the first stage surfaces of C;, C5, and the map ¢ send the
arc  to p.

Perturb the map ¢. This changes the boundary a;(ay)~! by a homotopy. Note that
the solid tori a x D? in the definition of C' are neighborhoods of circles, and it may
be assumed that all intersections C; N C, are double points among surface stages
(or handles). Furthermore, all such intersections are allowed by the definition of
an f—cell: the common ancestor of all double points in C;NCs in the tree T is the
cone point corresponding to P. According to the definition, C' is an f—cell. O

Remarks. 1. It follows from the definition that (M) surjects onto A;(M). More-
over, since an f— cell of height n satisfies the definition of an f—cell of height n+1
(see remark 1 after definition B.1)), A\,(M) maps onto \,.1(M). In section |6l we
introduce an additional grading on f—cells, leading to a two-parameter family of
groups \; ;(M).

2. Note that the definition of \,()) makes sense for a manifold of any dimen-
sion (and in fact for any topological space), but the theory is non-trivial only in
dimension 4. If dimM > 5 then the disjointness requirement is satisfied by general
position. If dimM < 4 then one doesn’t expect it hold due to the dimension count.

3. A few words on the terminology: the name flexible cell refers to the fact that
certain loops in 4—manifolds bound them when they don’t bound the standard
2—cell. The groups A are called link groups since flexible cells C', used to define
A, are determined by a collection of links (the attaching regions for the handles of
C.)

It is easy to find examples of 4—manifolds with 7; # ;. We start with an example
of M* with mM =7 and \(M) = 0:

Example 4.7. Consider M = S' x D? x I Uy, 2-handles where L is the Bing double
of the solid torus S! x D? x {1}, or any other link satisfying the conditions 3.7
Clearly m M = Z and A\;(M) = 0. On the other hand, it follows from lemma
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that the manifold N = S* x D3 provides an example with \;(N) = 7, (N) = Z. See
lemma [6.5 for a more detailed discussion.

5. FLEXIBLE CELLS IN 4— SPACE

We begin the section by showing that any f—cell (C,~) has a realization in (D,
dD%*). The main purpose of the section is to analyze the fundamental group of
the complement, 7, (D* \ C). In particular, we will use the technique presented in
section @l to find a presentation of the nilpotent quotients 7y (D*\.C)/(m (D*\C))4.
These results will be used in sections [@l — [8 to formulate invariants which depend
only on the underlying model f—cell C' and not on its particular realization in
the 4—ball. To fix the notation, recall that a model f—cell (C,~) of height 1 is
determined by the following data:

e the number of boundary components of the body surface P: 9P = yUa;U. . .Uy,

e A collection of links L, ..., L, where L; C o; x D?.

Lemma 5.1. Let (C,v) be a model f—cell. Then there is a realization of (C,~) in
(D*,0D*Y).

Proof. The proof is inductive, starting with the base surface of C' and moving up.
Start with an unknotted circle v in S® and let v x D? bound a 2—handle D? x D?
in D*. Puncture the core of the handle to get an embedding of the first stage planar
surface P. Note that for each i, «; x D? bounds a (just removed) 2—handle H;
in the complement of P in D*. The link L; C a; x D? is homotopically trivial,
so it bounds disjoint immersed disks {A} in H;. The self-intersections of handles
and of body surfaces are allowed in the definition of f—cells. If the height of C
is greater than 1, repeat the construction. (The disks A are converted into second
stage surfaces by puncturing them in the complement of double points, etc.) O

5.2. This construction has a useful generalization: Let (C,~) be a model f—cell
of height n. Denote C}, =bottom k stages of C', and C; =components of its upper
n — k stages. Consider C, obtained from C by replacing each € with a 2—handle
Hi, so C} is a model f—cell of height k. In terms of the associated trees, Tz,
is obtained from T by replacing each of the subtrees 7¢;; with an edge (a leaf).
Lemma [5.1], applied to C} in H;, implies that there is a realization (C,v) —

(Ukﬁ)-
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5.3. Filtrations of mw,(D* \ C)/(m(D*\ C))4.

Suppose C C D* has height n. For each body surface P} at height &, consider a
meridian m/: starting at the basepoint in D* \. C, choose an arc 3 joining it to
PF. Then mk is an element of m;(D* \. C) obtained by traversing 3 almost to the
surface, followed by a small circle linking P* and then by 5~'. The meridian m!
may be identified with the meridian to + in S?, and the {m"*'} are the meridians
to the handles of C. Denote M* = {m}}, M = M"+1,

Remark. The height of C' is defined as the maximum distance from a leaf of T to
its root. In case the height of C' is not uniform - that is, the distance from some
of the leaves of T to the root is less than n — we uniformize it by inserting trivial
surface stages (annuli). The effect on T, is the introduction of new vertices (of
valence 2) in certain edges, without changing its homeomorphism type. Then the
handles of C are all at height n + 1.

By Alexander duality, the meridians M generate H,(D*\ C). According to section
2, they also generate m(D* \. C)/(m (D* \ C))1.

Definition 5.4. Let G, (respectively G;(C)) denote the subgroup of 7;(D* \. C)/
(m(D*\.C))? generated (respectively normally generated) by the elements of M¥.

Remarks. Note that choosing a different path  in the definition of a meridian m/
results in a conjugate element gm’g~', g € m (D* \ C). Conversely, any conjugate
element is represented by a meridian, for some choice of 3. Given C' C D?*, the
group Gx(C) is well-defined while G (C)) depends on the choice of the meridians.
Note that, even though G (C) is nilpotent, it is not in general generated by the
elements of MF*. These groups form filtrations

T (D* N C)/(m(D* ~ €)= Gpir (C) > Go(C) > ... > G1(0),
m(D* N O)/(m(D* ~ C)) = Gpir(C) > Go(C) > ... > G1(C)

Since m,; may be identified with a meridian to ~ in S?, él(C) is the image of
71 (S N 7)/(m1(S3 N 7))? =2 Z. We will show (theorem B1)) that in fact G,(C) = Z.

To clarify the meaning of the groups G;(C), we will show that for certain em-
beddings C' C D*, G;(C) is isomorphic to m(D* \ C")/(m(D* \ C"))? for some
f—cell " of height k. The dependence on a particular embedding into D* will be
removed in the next section with the introduction of the generalized Milnor group.

Given a model f—cell C, consider a model f—cell C), of height k such that there is
a realization C' C C}, (see[5.2l) By lemma 5.1l we may consider a realization of C},
in D*. This requires an introduction of self-intersections in various body surfaces
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and handles of C),. These translate into the corresponding self-intersections of
body surfaces of (', and abusing the notation we will denote the realizations by the
same symbols as the model f—cells: C C C, C D*. 7 (D*\ C})/(mi(D* \ Cy))?
is generated by the meridians to the handles of C). Under the homomorphism
i, induced by the inclusion D* \ C; — D* ~ C, they map to elements of M¥,
therefore i, is a surjection:

it (DN Cy)/(m(D* T — Gi(C).
Lemma 5.5. The map i, is an isomorphism.

Proof. First suppose there is a curve § ¢ D*\ C}, which is null-homotopic in D*~\.C,
so § = OA where A is an immersion D? &+ D* < C'. Note that A is disjoint from
the body of C), (since it equals the bottom k stages of C', and AN C = (}), and it
may only intersect the handles of C},. Perturb A so it is in general position with
respect to the handles H} of C}, so AN C|, is a collection of meridional disks of
the 2-handles. Let ¥ C A be one of these disks, denote 0 = 9%. Connecting it to
the basepoint, consider ¢ as a meridian in MP¥. It is proved in theorem below
(applied to C% C H; using the notation of that any such meridian is non-
trivial in m (H}, \ C}). Consequently ¥ intersects C}, a contradiction. Therefore
A is disjoint from the handles H;. and so ¢ is null-homotopic in D* \. C}. In other
words, the map
(DN Cf) — m(D* N C)

is injective. The assertion of the lemma deals with the quotients by the m-th terms
of the lower central series, so assume § is a curve in D* ~ C; which is trivial in
7 (D*\ C)/(m(D* . C))?. Then § bounds a map of an ¢-grope G in D* \ C'. The
subset of G which is not locally a 2—manifold is 1—dimensional, so we can again
arrange that GNC), is a collection of meridional disks of the 2—handles, or in other
words ¢ already bounds an m-grope in D* \. C}. O

Another filtration, m (D* \ C)/(m(D* \ C))? = H,,1(C) > ... > H(C), with
Gr(C) < Hi(C), is defined in section [/ in terms of the Magnus expansion.

5.6. A presentation of 7,(D*\ C)/(7,(D*\ C))4.

Given (C,~) C (D* 0D%), let m denote a meridian to v in S3. First assume C has
height 1 and P is a pair of pants. Notations: 9P = YU a; U ay, P = P x D?,
C = P Up,u1, 2-handles where L; C o; x D? are links satisfying the conditions in
definition .1l Let I;, I, be the index sets for the components of L, L, respectively.
A1, Ao will denote the meridional curves {p;} x 9D? of the solid tori «; x D?.
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H,(D*\ C) is generated by M = {m;}: the meridians to the handles of C'. The
index sets I, I, also parametrize the handle of C, and to be specific, divide the set
of meridians M into two subsets: M, M,,. Denote by F, = Frg vy, the free
group generated by the elements of M, and consider the Magnus expansion

(5.1) m(D'\C)/(m(D'NC) L Fyg= Fagy gy, — Z{X} = Z{Xp, X1,}

where M(m;) = 14x;, i € [;Ul,. We need to fix a specific word in F\, representing
the meridian m. A; and m cobound a cylinder in D*\ C': the circle normal bundle
of P in D*, restricted to a path in P joining two points in «; and v. Therefore
m, A, are conjugate in m;(D* \ C). Consider A; in 7 (a; x D? \ L;) and consider
the commutative diagram of Magnus expansions:

My

(5.2) (St x D\ Ly) /(7 (S* x D*\ L)) ~— Fyy, — Z{Xy,,y}
(DY~ C)/(m (D'~ O)) Fy —2 > 7{X}

Denote by W, some word representing A; in the free group F)4,, then i, (1))
represents m in Fy,. Recall (see section B.6)) that each term in the expansion
M; (W) contains all of the variables z, ..., z,, and according to the commutative
diagram above, this is also true for M (w).

Given an element g € m;(D* . C) /(7 (D* . C))?, consider a word w representing
itin F,. As in the classical case of Milnor’s invariants of links, discussed in section
Bl the coefficients of the Magnus expansion M (w) in general are not well-defined
invariants of ¢g. This is due to the choice of the meridians generating the group,
and since the kernel of the projection p is non-trivial. In our case, compared to the
classical situation, the kernel involves more relations in 7, (D*\ C) /(7 (D* \ C))4,
reflecting the topology of flexible cells.

According to lemma 2], to see the relations in 7 (D* \ C)/(m(D* \ C))? we need
to analyze the generators of Hy(D* \ C). By Alexander duality, Hy(D* \ C) =
H,(C,~). Note that H,(C,~) is generated (1) by double point loops corresponding
to the intersections among the handles and body surfaces, subject to the disjoint-
ness requirement in definition B4, and (2) by H;(P,7). (Here we assume the
non-trivial case: each link L; consists of at least two components, so C' is homo-
topy equivalent to the wedge of two circles with a collection of two-spheres, one for
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each handle.) We will divide the corresponding dual generators of H,(D*~\ C) into
four types, (R;) — (R4), and analyze the resulting indeterminacy in the coefficients
of the Magnus expansion (&5.1)).

(Ry) Clifford tori for the self-intersections of any handle H; of C', i € I U I,.

The corresponding relations are of the form [(m;)/,(m;)9] =1, i€ UL, f,g €
7 (D*\ C) (see section[3.8), and are familiar from the study of link homotopy and
the classical Milnor group (see 3.2]). Pulling back the relations to F, consider the
ideal 7; generated by their images in Z{X}. Observe that each term (besides 1)
of any element in the ideal Z; has repeating variables.

More precisely, note that for any a € F\(, the Magnus expansions M (a~'m;a)) and
M(a'(m;)"'a)) are of the form 1+ terms containing z; (where M(m;) = 1 + x;.)
The commutator [(m;)/,(m;)¢] is a product of (m;)¢ conjugated by (m;)/ and
(m;')9, therefore M([(m;)’, (m;)9]) = 1+terms containing at least two entries of
x;. Hence the monomials with non-repeating variables are invariant under multi-
plication by a conjugate of the relation (R;).

According to definition 4.4, any handle attached to L; can intersect any handle
attached to L,. The corresponding generators of H, are

(R2) Clifford tori for the intersections between the 2-handles H;, and H,,,
where i; € I,y € I>.

These tori give relations [(m;,)”, (m;,)?] = 1. Each term of any element in the ideal
generated by the Magnus expansion of these relations has both variables z;, and
x;,, where iy € I,y € I5.

(Rs) Clifford tori for the intersections of any handle H; with the body surface
P, and Clifford tori for the self-intersections of P.

These generators of H, impose the relations of the form [m/, m¢], and of the form

[m?, m9]. Here m; is a meridian to a handle H;, i € I, U I, and m is a meridian
to P. Recall from the discussion at the beginning of section that each term in
the expansion M (m) contains each of the variables X, . If i above is an element
of I; then all terms in the expansion of [m/,m9] contain a repeating variable (one
of the X;,). If i is an element of I, then each term in the expansion of [m/, m¢]
contains both variables z;, and z;, for some i; € I,i, € I,. Note that in each case,
the indeterminacy has already appeared as a result of relations (R;), (R2).

There is another generator (R,) of Hy(D*\.C), Alexander dual to H,(P,0PNS?) &
7. Since we assumed each link L; has at least two components, the meridian
N = {p;} x OD? of the solid torus a; x D? bounds a surface S; in a; x D* \ L;.
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(Consider the disk {p;} x D?. Since A; has the trivial linking number with each
component of L;, the disk may be converted into a surface disjoint from the link.)

A geometric representative for this class of Hy(D?* \ C) is given by the surface
S; U annulus U S;. Here the annulus is cobounded by A; and A, and is the circle
normal bundle of P in D?, restricted to a path in P joining two points in a;, as.
Denote, as above, by Wi, W, some words in the free group representing A, As.
Then the corresponding relation is

(R4) Wl(WQ)_l =1.

Now consider the general height = 1 case: 0P = yUa; U...Uaq,. The relations are
directly analogous to those described above; in particular there are n — 1 relations
of type (R4): Wl(W2>_1 = 1, ceey Wn_l(Wn)_l =1.

The general case (height > 1). The double points occur as intersections of handles
and body surfaces, subject to the disjointness assumption in definition 4.4 More
precisely, the general relations of types (R;) — (R3) are represented by the Clifford
tori for self-intersections of each handle and body surface of C', and for intersec-
tions of any two handles and/or body surfaces, such that the first common ancestor
of the corresponding vertices in 7 is unmarked. Recall that the generators of
H,(D*\.C), and also the variables X are in 1—1 correspondence with the handles
of C and also with the leaves of 7. The analysis analogous to the above implies
that each term of any element in the ideal generated by the Magnus expansions of the
relations (R;) — (R3) either contains repeating variables, or it contains variables z;
and x; whose first common ancestor in T¢: is unmarked.

There is also a collection of relations (R4) for the body surfaces of C'. Each gener-
ator of H,( body of C,~) contributes a relation of type W;(W,)~! as above.

6. GENERALIZED MILNOR GROUP.

Starting with an f—cell (C,~) c (D* dD*) we will derive invariants of (C,~)
independent of the embedding into D*. This feature of the invariants is particularly
important for applications to the A-B slice problem [5]]. Recall Milnor’s work on
links in S® and a related result for disks in 4-space: If a link L C S® bounds
disjoint immersions of disks A in D* then the Milnor group M (D* \ A) is the
free Milnor group (see section B.8)). In particular, the coefficients in the Magnus
expansion M (D*\ A) — R[X] are well-defined. In our setting Mm(D*\ C) is
not the free Milnor group. The goal is to analyze the indeterminacy and to extract
useful invariants.
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Recall the notation: we fix a collection M of meridians m to the handles of C,
one for each handle. Then the elements of M generate any nilpotent quotient of
m (D' ).

Definition 6.1. The generalized Milnor group GM (C) denotes 7;(D*\ C') modulo
the normal closure of all elements of the form

6.1) [m/,m?), and [m],mg], where f, g€ m(D*~C), m,my, my € M, and
the first common ancestor of m;, m, is unmarked (see definition £.4)).

In particular, GM(C) is a quotient of the classical Milnor group Mm (D* \ C)
defined using the set M of normal generators. Consequently, GM (C) is nilpotent,
and so is generated by the elements of M.

For example, consider a realization in D* of the f—cell in figure 2. Denoting by m;
a meridian to the handle h;, i = 1,...,5, the relations in the definition of GM(C)
are:

f

[m’i 7mf] = 17 Z: 17 o '757 [m{7mg] = 17 [m{7mi] = 17 [m£7mg] = 17 [m£7mi] = 1

The definition of M (C) incorporates the relations (R;) — (R3) in m(D* \ C), dis-
cussed in the previous section. In the classical Milnor’s theory, the free Milnor group
has a well-defined representation into (the units of) the ring of polynomials where
the terms have non-repeating variables. In the next section we describe the anal-
ogous representation for GM(C). In the present setup there is also an additional
indeterminacy, due to the relations (R,), and this is analyzed in section [ It is
convenient to define, analogously to the classical case, the free Milnor group:

Definition 6.2. The free generalized Milnor group GM (F),) is defined to be the
free group F)\, modulo the relations (&.1)).

It follows that GM(C) is the quotient of GM (F\() by the relations (R,).

Remark. If one imposes a stronger condition on the links L in the definition E.1]
(see also B.7): A € M(LUA) lies in the subgroup M(L), then it is not difficult
to show that GM(C') depends only on C and not on the embedding C — D*. In
particular, this is true in the important case when each link L is an (iterated) Bing
double of the core of the solid torus. It is an interesting question whether GM (C')
is an invariant of C in the general case. Analogously to the classical case, MC(G)
has the following property.

Proposition 6.3. Given a model f—cell C, there exists a realization C C D* of C
such that T (D* . C) = M(C).
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Proof. Consider any realization C' C D* of C. GM/(C') is nilpotent and finitely
generated, and is therefore finitely presented. That is, M C(G) is isomorphic to
71 (D* . C") modulo a finite number of relations (&1]). Introduce plumbings and
self-plumbings of C’ to get C satisfying the proposition. O

6.4. Grading of f—cells. Given (C,v) C (D* 0D"), let m denote a meridian to
v in S3. There is no relation, in general, between the height of C' and how deep
m is in the lower central series of m(D* \ C), or of GM(C). For example, let
(C1,71) be an f—cell of height & where each link is the Bing double of the core of
the corresponding solid torus (and the body surfaces are arbitrary — to be specific
consider pairs of pants.) Also consider (Cs, ;) of height 1 where the body surface
is an annulus and the link is the k-iterated Bing double of the core. Then for each
i = 1,2, m; is in the 2*-th term of the lower central series of 7, (D* \ C;).

Define the nilpotency class of C' to be the least k£ such that the k—th term of the
lower central series GM (C)* is trivial. Assuming that each link in the definition of
C' has at least two components, it is clear that the nilpotency class of an f—cell of
height k is at least k + 1. Refining definition .5 consider \; ;(M) = {based loops
in M} modulo loops bounding f—cells of height i and having nilpotency class j.
There is a commutative diagram of surjections

Lemma 6.5. Let m, A\ be finitely presented groups, where 7 is aspherical, and
suppose m maps onto \. Then there are 4-manifolds M with = (M) = 7 and
A2(M) = A,

Proof. Consider an aspherical 2-complex K with 7 K = 7w. Replacing the cells of
K by 0—, 1— and 2—handles, one gets a 4-manifold N with boundary. Observe
that 7 (V) = A\ 2(N): suppose there is a loop v C N trivial in A\;(/N) but not in
m(N). Then ~ is homotopic to a loop +' which bounds an f—cell C' of height
1. Denote the body surface of C by P, 0P =+ Ua; U...U «,. It follows that
a; # 1 € m(N) for some i. The link L; C a; x D? has two components. Consider
the 2—spheres S, S, formed by the cores of the handles H;, H, of C attached to
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the components of L;, capped off by the null-homotopies of the components of L
in o; x D?. Due to the assumptions on the link, and since the handles H,, H, are
disjoint, the intersection of S, S, is non-trivial in Zm(NN). This is a contradiction
with the asphericity of V.

Consider a collection of elements o = {«;,...,a;} in m K such that the quotient
of m; by the normal closure of « is isomorphic to 7. Represent o« by embedded
curves in 0N and consider M = N U, 2— handles where the handles are attached
to Bing doubles of the cores of a; x D? C ON. O

Examples of 4—manifolds A for which \; ;(M) # \; j+1(M) are constructed in [5]].
It is an interesting question whether there are manifolds for which vertical maps
are not isomorphisms as well.

7. REPRESENTATIONS (), R, S.

Consider a set M = {m} of generators of H,(D*~ C) provided by the meridians to
the handles of C'. The elements of M are in 1 — 1 correspondence with the leaves
of T, and are parametrized by the multiindices I = (i, j1,...,in, jn) Where n is
the height of C, the indices i correspond to the branching of the planar surface
stages, and the indices j correspond to the components of the attaching links L.

Definition 7.1. Consider the set X = {z} whose elements are in 1 — 1 corre-
spondence with the elements of M. Let R[C] denote the quotient of the free
associative ring Z{X} generated by X by the ideal generated by the monomials

M = zy, -+ -z, such that

k
e either M contains repeating variables, or

e ) contains variables z;, z; whose first common ancestor in 7 is unmarked.

The second condition may be rephrased as follows: consider the multiindices / =
(t1,...yJn), I' = (i,...,7)). Consider the first index where these sequences differ:
if it is one of the j’s then any monomial containing x;, x is in the ideal. Consider
the Magnus expansion M :

(7.1) GM(C) — GM(Fy) «— Fy -5 Z{X} — R[C]

Proposition 7.2. The Magnus expansion induces a well-defined homomorphism,
which abusing the notation is also denoted M : GM (Fx) — R[C].
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Proof. The kernel of )y, — G M (F\) is normally generated by the relations (&.1]).
Note that every every term (besides 1) in the expansion M ([m/, m¢]) has a repeat-
ing variable: x. Similarly, every term in the expansion M ([m/,mJ]) contains both

variables z,,z,. Therefore the expansion of each relation is in the ideal defining
RI[C]. O

T1 T2 T3 T4 1 T2 T3 T4

FIGURE 3.

Definition 7.3. Let v be a vertex of T. Assign to it an additive subgroup R, C
RI[C], as follows. Denote by T, the subtree of 7T- whose root is v; let X, denote
all variables corresponding to the leaves of T, .

At each unmarked vertex of T, keep exactly one branch and erase the rest. Denote
the resulting subtrees growing out of v by {7/%}. Then by definition R, is spanned
by the monomials read off, clockwise, from all possible planar embeddings of 7.,
for all .

Suppose C' has height n and assume all branches have uniform length (insert extra
stages = annuli if necessary). Set ék((]) = a,R, C R[C], where the summation is
taken over all vertices v at height k. Denote R(C) = Ry(C) = R, where r is the
root of 1.

For example, consider the f—cell in figure 2. Then there are two subtrees entering
the computation of E(C’), shown in figure 3. There are a total of 8 planar em-
beddings of these subtrees, giving the monomials {x;xsx5, o175, T57179, T5T271,
T3TyT5, T4T3T5, T3 1T, TLoly, T5T3Ty, T5Xsxs}. Note that some of the terms — for
example x;z52, — do not appear since they do not arise from a subtree.

We will be interested in the subring 1+ R(C) of R|C]. Note that it consists of (some
of the) monomials of “maximal length”: if X, is a monomial in R(C) then for any
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variable z € X, inserting = anywhere in X, gives a trivial element of R[C]. The
product in 1 + R(C) is given by

(1 + ZO&[X[)(l + Zﬂ[X[) =1+ Z(Oé[ —|—61)X[.

Definition 7.4. For each vertex v of T consider the subring

S, =1+ év + higher order terms

of R[C]. By higher order terms we mean all terms of the form

T:f1x1f2x2 fmxmfm—i-l

where the monomial z; ...x,, (obtained from 7' by deleting the f’s) is in R,, and
at least one of the monomials fi, ..., f,,i1 € Z[X] is not equal to 1. Similarly, set
S = 1 + Ry +higher order terms. Observe that So(C) = 1+ R(C): the monomials
in R(C) already have maximal length, so there are no higher order terms.

Ch Cy
Te, Tc,

C Tr.

FIGURE 4. Raising the height: step 1.

7.5. It is useful to note an inductive construction of the representation Sy(C) =
1+ ﬁ(C). An f—cell of height k is assembled from a planar surface P, 0P =
yUay U...Ua,, and f—cells of height & — 1 attached to the components of the
links L;, L; C a; x D?. This assembly may be decomposed into two steps. Step 1
(figure 4) corresponds to P =annulus, so there is just one link L. It follows from
definitions [Z4 that in this case R, = (R,, ® R,,) ® (R,, ® R,,). Here the map
R,i ® R,j — R, is defined on generators by X; ® X, — X; - X; (the product of
monomials). Step 2 (figure 5) combines the results of step 1 which are attached
to an arbitrary planar surface. In this case R, & Evl &) }N%W.

The following lemma summarizes the basic properties of the representation S.
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Lemma 7.6.
1. Let m be a meridian to a body surface of C, and let v be the corresponding
vertex in 1. Then there exists a word w € F), representing it so that M (w) € S,.

2. In particular, let m, denote a meridian to the bottom stage of C' in D* (for
example, a meridian to v in S®.) Then there exists a word w, representing it in
Fu such that M(w) € So(C) =1+ R(C).

Tc

FIGURE 5. Raising the height: step 2.

Proof. The proof is inductive, moving from the handles down. If m is a meridian to
a handle of C' then M(v) = 1+ x and the statement is obviously true. Suppose the
statement holds for the meridians to all body surfaces at height & + 1, and let m
be a meridian to a surface P at height k. Note that the statement is independent
of a choice of the meridians: if one of the meridians is replaced by a conjugate,
the Magnus expansion still satisfies the condition. Denote, as usual, 0P =~y U oy U
... U ay; the surfaces at height k + 1 are attached to P x D? along the links L;,
L; C o x D?. For each i, the meridian m is conjugate to the curve A; (connected
to the basepoint). Therefore for the inductive step it suffices to consider only step
1 of the height raising discussed above. In other words, one can assume that P is
an annulus, and there is only one link L C o x D?.

Consider the map 7, (a x D?*\ L) — m;(D*\ C). The map is obtained by pushing
a x D? \ (a thickening of L) slightly into the complement of C' in D*. Let L =
(l1,...,1,); denote the corresponding f—-cells of height £ — 1 attached to them by
Cy,...,C, (seefigure 4.) To distinguish them from the meridians to the handles of
C', denote the meridians to the components of L in the solid torus by m/,...,m/,

and let zy, ..., 2, be the corresponding variables for the Magnus expansion. Denote
the longitude of the torus, {p} x dD?, by [, and the corresponding variable by y.
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The meridians m; to the components of L. may be viewed as meridians to the bot-
tom surface stages of C;. By the inductive assumption, there are preimages w;, of
i»(m}) in Fy such that the Magnus expansion M (w;), composed with the projec-
tionto R[C],isin S,, =1+ évj +higher order terms. In the following diagram, the
map ¢ between the free groups is defined on the generators by taking the preimage
w; of i.(m}) in Fy. Then 1(z;) is defined as M(¢(m})) —1 = M(w;) — 1.

m(ax D* N L)/(m(a x D> N L)1 <— Foy oy, —=Z{z1, ..., 2, y}

-----

- © L

m(D* N\ C)/(m(D*\ C))1 Fum 7Z{X} R[C]
Recall from the discussion preceding this lemma that
R,~®[R,, ®...QR,,]
where the direct sum is taken over all permutations of {1,...,n}, and the inclusion

R, ®...® Re,, — R, is defined on the additive generators by multiplication of
the monomials. The curve A may be viewed as a meridian m to the bottom stage of
C'. Let w be a word representing A in the free group. We will use the assumptions
B.7 on the links L in the definition of f—cells 1] (see also the accompanying
discussion in section B.6]). In particular, every term with non-repeating variables in
the expansion M’(w) contains each of the variables z,..., z, (and in addition it
may also contain y.) The expansion M (¢(w)) is obtained from M’(w) by replacing
each z; and y with v¥(z;), ¥ (y). The proof is completed by the observation that

U(zi) - P(a) ) Y(zig,) - P(z)

is an element of S, provided that for each j, ¥ (2;) € SU,L.J_ . Note that we didn’t use
(or assert) the existence of an induced map of the ring with non-repeating variables
R(z ... ,2z,,y) — R[C]. The expansion M'(w) € Z{z,...,z,,y} may contain a
proper subset of the variables {z,..., 2,}, provided that at least one of them, say
z;, is repeated. However by assumption ¢ (z;) € S,,, so according to definition
every term of ¢(z;) contains all of the variables associated to a subtree T}, . Then
to analyze v (z;) ---1(z;) consider the product of any two such terms. Either they
correspond to the same tree T and then the product contains repeated variables
and so is trivial in R[C], or they correspond to different subtrees 7%, 7%, and then
the product is again trivial in R[C], by the second condition in definition[Z1l O
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Remark. The statements in proposition do not, in general, hold for any word
w representing m in F),. For example, take a word wy, given by the proposition,
and assume the height of C is greater than 1. Another preimage of mq in F), is
given by wy - (a relation of type (R,)). If the relation corresponds to a body surface
at height > 1 then the Magnus expansion of this element of F, is not in Sj.

7.7. Consider the Magnus expansion
m (D' C)/(m (DN C)) — Fy 25 Z[X] — R(C)

and define Hy(C) = {g € m(D*\ C)/(m(D* \ C))?| there exists w representing g
in Fi with M(w) € Si}. These subgroups form a filtration

(DY O)/(m(DH N O))1 = Gpa(C) > Ho(C) > ... > Hi(C)

Lemmal[Z.6implies that the subgroups G(C) of 7 (D*\C) /(71 (D*\C))?, normally
generated by the meridians to the body surfaces of C' at height & (see section[5.3)),
are (normal) subgroups of H(C). Note that the analogous filtrations are defined
for GM(C).

To define invariants of f—cells in the next section, we need to fix a more specific
subspace of R,, for each v, containing precisely the monomials with non-trivial
fi-invariants of the links Z in the definition of f—cells (see definition FIl and the
discussion at the end of section [3.6l) The definition is similar to that of R, but it
involves only a specific order of the variables X .

Definition 7.8. Let v be a vertex of 7. Consider the subtrees 7* of T whose
root is v, as in definition Then @, is the additive subgroup of R[C] spanned
by the monomials read off, clockwise, from the fixed planar embedding, defined in
of T2, for all a.. (Therefore Q, C R,.) Set Q(C) = ®,Q, C R[C], where the
summation is taken over all vertices v at height . Also denote Q(C') = Qy(C) = Q.
where r is the root of 7.

In the example in figures 2, 3, Q(C) is spanned by the monomials x;xsx5, T37475.
(Compare with the computation of R(C) in this example, following definition[7.3])

We will also use an alternative, inductive, description of Q(C'), analogous to that of
é(C’) (see[Z.). For each leaf [ of T, the corresponding @, is the subgroup (= Z)
of R[C] spanned by z;. Suppose @, is defined for vertices of 7> at height > & ,
and let v be an (unmarked) vertex at height £. Moving down the f—cell, from
height k& + 1 to height £ may be decomposed into steps, figures 4, 5. The first step
(corresponding to P =annulus) gives Q, = Q,, ® Q.,. The second step (figure 5)
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gives ), = @Q,, ® Q.,. To combine these two steps, denote P = yUa; U...Uay,;
surfaces at height k¥ + 1 are attached along the links L; C a; x D?. Let I; be the
(ordered) index set for the components of L;. Then

(7.2) Q=P K @,

7 jEL;
Remark. The structure of Q(C') may be read off from the tree 7 associated to C':
the “generators” correspond to the leaves of 7 ; then form a tensor product for
each marked vertex of the tree and a direct sum for each unmarked vertex.

7.9. The ring structure. For each v, S, is a subring of R[C]. Consider 1+ R, as
the quotient of S, by the ideal generated by the higher order terms (see definition
[74), and let p;: S, — 1+ R, denote the projection. Similarly, 1+, is the quotient
of 1+ R, by the ideal generated by all monomials which do not respect the fixed
order of the variables, py: 1+ R, — 1+ Q.. The product in 1+ R,, 1+ Q, is given
by

L+> XA+ BiX) =1+ (ar+B1)X;.
T I I
Let m be a meridian to the bottom stage of C, then by proposition there exists

a word w representing it in the free group whose Magnus expansion M (w) is an
element of S(C'). Consider its image in 1+ Q(C):

(7.3) pa(p1(M(w))) =1+ Z a; X7

where the summation is over all subtrees with a prescribed planar embedding, as
discussed above. The coefficients «; are well-defined with respect to the relations
(Ry) — (R3). (That is, with respect to multiplying w by a conjugate of one of the
relations (R;) — (R3).) The next section introduces an invariant well-defined with
respect to (R,) as well.

8. AN INVARIANT OF FLEXIBLE CELLS.

The main purpose of this section is to prove the following statement.

Lemma 8.1. Let K be a knot in S3, and let (C,~) be an f—cell. Then there is a
homomorphism ¢: m(S® \ K) — Z with the following properties.

1. Let m be a meridian to K in S*. Then ¢(m) # 0.

2. If f is a realization (C,~) — (D*,5%) with f(y) = K then for any g €
m(S3 N K), ¢(g) # 0 implies g # 1 € m(D* \ C)/(m (D* \ 0))1.
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Remark. Since the homomorphism ¢ factors through 7 (S*\ K)/(m (S*\K))? = Z,
¢ is a multiple of the linking number, and the lemma may be rephrased as saying
that if g has a non-trivial linking number with ~ then g # 1 € 7 (D*\.C) /(7 (D*\
C))?. The main content is in the proof of the lemma, which is generalized from
knots to the setting of links in section 0

8.2. Notation. Given g € m(S®\7)/m1(S®\7)?, according to lemma [Z.€ there is a
word w representing it in the free group F)y, whose Magnus expansion M (w) is an
element of the subring S(C) of R(C). Denote by M (w) the image of M (w) under
the projection S(C) — 1+ Q(C), so M(w) = pa(p1(M(w))) using the notation of
[Z.3D.

8.3. Definition of ® in the height = 1 case. First consider the special case when
the first stage planar surface P is a pair of pants, P = v U a; U ay. We will use
the notations introduced in the beginning of section [5.6] and we’ll use the Magnus
expansion (5. In particular, the set X of the variables corresponding to the
meridians to the handles of C' in D* is divided into two subsets X;,, X;,, where
the indices reflect the components of the links L; C a; x D? that the handles are
attached to.

Let Y; be a monomial with non-repeating variables of maximal length in the vari-
ables X, i = 1,2, respecting the preferred order (see[d.3]). Note that Q(C) in this
case is 2—dimensional, spanned by the monomials Y;, Y. Denoting by WW; a word
representing the curve A; in the free group, given by the commutative diagram [5.2]
note that M (W;) = u; Y;, where p; # 0, i = 1,2.

Proposition 8.4. Given an element g € m,(S® \ L)/m(S* \ L)?, let w be a word
representing it as inl8.2, and consider its expansion in 1+ Q(C):

M(w) =14 a1Y; + asYs
for some «ay, ay. Then ®(g):= sy + e is an invariant of g.

Proof. The coefficients «; are well-defined with respect to the relations (R;) —
(R3), see the discussion following equation (Z3). The relation (R,) is given by
W1 (W5)~!, and its expansion is of the form

MWi(W2)™") =14 Y1 — paYa.

Let w’' be w multiplied by a conjugate of W;(W5)~t, M(w') = 1 + o}Y; + a}Ys.
Then of = ay + p1, o = as — pe. Therefore ¢p(w') = p(w). O
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Consider the general height 1 case: 0P = yUaq U...Ua,. As above, let Y; be
the preferred monomial in the variables X, , and M(W;) = 1 + u;Y;, p; # 0,
j=1,...,k. Define p}; = [[,; ;- The proof of the following statement is a direct
generalization of the proof in the pair of pants case.

Proposition 8.5. Given an element g € 7,(S®\ L)/m(S*\ L), as in proposition 8.4
consider the expansion in 1+ Q(C): M(w) =1+ Y. a;Y;. Then ®(g):= Y, aj} is
an invariant of g.

Remark. There is, in fact, a collection of I;!---I;! invariants ®, parametrized by
the monomials in non-repeating variables X,,..., X; . We chose a specific ?,
reflecting the non-trivial ji-invariants of the homotopically essential links L;.

8.6. Definition of the invariant ® in the general case. The definition is inductive.
Suppose the homomorphism ¢: (Q(C),+) — (Z,+) is defined for f—cells of
height < h, and let (C,7) be an f—cell of height h. C is obtained from P =
P x D? by attaching f—cells {C;};c;, of height i — 1 to the components of links
L;, L C a; x D?. Here I, is the (ordered) index set for the components of L;. As
above, let yu; be the non-trivial ji-invariant of L, in the expansion of A;, with the
given order of the components of ;. Let ®,: Q(C;) — Z denote the inductively
defined invariant of C;. Recall from that

Q(C) == @ Qjer, QCY).
Denoting u; = [[,; pi, define

©: Q(C) —Z by = pl(®er,®;).

Proposition 8.7. Given g € m(S*\K)/(m (S*\K))4, let w be a word representing

it in the free group, as inl8.2. Then ®(M (w)) is well-defined, and will be denoted
¢(g)-

Proof. The proof is inductive. The statement is true for f—cells of height 1 by
proposition Suppose the statement is true for f—cells of height < h, and let
C be an f—cell of height A. Assembling C' from f—cells of height 4 — 1 will be
separated into two steps: (1) attaching them to a link in a solid torus, and (2)
attaching the results of step (1) to a (planar surface) x D?, see section and
figures 4, 5 in section[Z

Step (1). Consider an f—cell C of height h such that C = S' x D? x T U (C; U Cy)
where the f—cells C; have height » — 1 and are attached along the components of
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alink L = (I;,15) C S* x D?* x {1}. For simplicity of notation, we assume L has two
components; the proof for a larger number of components goes through without
any changes. Note that since the bottom stage surface of C' is the annulus, there
are no relations (R,) at height 1. Given a relation r of type (R,), let I denote the
ideal in R[C] generated by the Magnus expansion M (W) — 1, where W a word
representing it. It suffices to prove that the intersection / N Q(C) is in the kernel
of &: Q(C) — Z. The representation ) = Q(C) decomposes as @); ® ()2 where
Q; =Q(C;),and & =P, ® Py: Q — Z, so

ker @ = (ker ®1) ® Q2 + Q1 @ (ker ®3).

Consider a relation r of type (R,). Since there are no relations of this type associ-
ated to the bottom stage surface, r corresponds to a body surface in either C or
Cg , Say in Cl .

First we impose an additional assumption that, in the context of definition 3.7,
for each link L defining the f—cell C' there is a word W representing A in the
free group such that 1 involves only the variables m,, ..., m,, and not the lon-
gitude [ of the solid torus. For example, this assumption is satisfied in the case
L =(iterated) Bing double. After giving a proof in this restricted setting, we show
how the argument goes through in the general case. The assumption above im-
plies that each relation r of type (R,) has a word representing it in the free group,
whose Magnus expansion is an element of either R[C}]| or R[Cy].

Let » € R[C}] C R|C] be a relation, and denote by /; and I the ideals generated
by r in R[C}], R[C] respectively. Observe that I N Q(C) = I N (Q(C1) ® Q(Cy)) =
(INQ(C1))®Q(Cy). Since I; C ker 1, INQ(C) C ker ®, and the proof is complete.

Now consider the general case, i.e. we remove the extra assumption imposed in the
paragraph above. The difference with that case is that even though r is a relation
given by a surface in '}, one cannot assume that r is an element of the subring
R[C4] of R[C]. However (see end of section A has a word representing it
whose expansion is of the form 1 + z;, ---z; +higher order terms. That is, all
first non-vanishing terms with non-repeating variables in its Magnus expansion are
elements of R[C}]. The proof is completed by the observation that only first non-
vanishing terms contribute to I N Q(C).

Step (2), see figure 5. Now C equals P = (P x D?) U C; U C,, where the f—cells
C; have height h and whose bottom stage surfaces are annuli. For simplicity of
notation we assume P is a pair of pants; the case of a planar surface with more
boundary components is treated analogously. Denoting 0P = v U a; U as, C; is
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attached along «; x Ds, i = 1,2. In this case
R[C] = R[Ch] @ R[Cy], Q(C) = Q(C1) & Q(Ca).
As above, given a relation r of type (R,), we need to show
INQ(C) C ker(®: Q(C) — Z).

We have & = uy®; d 1P,. There are two cases to consider: r corresponds to a
surface in C' at height > 1, or it is a new relation corresponding to P. In the first
case, one may assume r € R[C)|. Denote by I;, I the ideals generated by r in
R[C4], R[C]. Then since R[C] is a direct sum of rings R[C}] & R[Cs], I = I, C
R[C4] C R|C]. Clearly then I C ker(®).

Consider the second case: r is a new relation, corresponding to the bottom stage
surface P of C'. Consider P~ (L, U L,). Denote the meridians to L, by m/, ..., m},
and the meridians to L, by mf,...,m{; let {x}}, {z}} be the corresponding vari-
ables. Then r is of the form

r =14 wat -z, — poxi - x) + higher order terms.

Consider the image of r in R[C]. Note that the first term y, 2 --- 2 is in R[C}],
the second term pp2f - - -2} is in R[C5|, and in fact all higher order terms vanish
in R[C], since the first non-vanishing terms already have maximal length. Any
element of R[C] of the form 1Y + usZ, where Y € R[C)], Z € R|Cy], is in the
kernel of ®. Therefore r € ker(®), and any other element in the ideal generated
by r is longer and vanishes in R[C] (so in fact I = {r} C ker(®).) This concludes
the proof of proposition O

Proposition constructs a homomorphism ¢: 7(S* \ K) — Z, defined using
the Magnus expansion GM(C) «— Fy — R[C]. In particular, ¢(g) is well-
defined with respect to multiplication by an element of the relation subgroup in
F, 80 ¢(g) # 0 implies g # 1 € m(D* \ C)/(m (D* . C))4. Part (1) of lemma B8]
is proved by inspection: at each surface stage P of C', 0P = vp U; «;, the meridian
to P is conjugate to the A—curve corresponding to the solid torus a; x D?, for any
given i. Applying the analysis at the end of section B.6 inductively to the meridians
to the surface stages of C', moving up from the meridian m to the bottom stage,
one observes that there is a word w representing m in Fy, such that M(w) is a
generating monomial for Q(C'). Due to the tensor decompositions of Q(C) and ?,
¢(m) = ®(M(w)) # 0. This finishes the proof of lemma B.11 O



32 VYACHESLAV KRUSHKAL

9. APPLICATIONS TO LINK HOMOTOPY

In this section we show how the theory of flexible cells fits in the framework of
Milnor’s theory of link homotopy. We generalize the invariant ¢ defined in the
previous section to a collection of f—cells to prove the following theorem. This
result serves as a basis for the applications to the A-B slice problem [5].

Theorem 9.1. If the components of a link L C S* = 9D* bound disjoint f— cells
in D* then L is homotopically trivial.

The main new ingredient developed here is the invariant ®(C') of a collection of
f—cells C, introduced in the course of the proof of theorem This is a gener-
alization of the invariant ¢ of a single f—cell, defined in section The crucial
feature of @ is that it is independent of an embedding (C,~) — (D* 0D*) — a prop-
erty important for applications in the A-B slice problem.

Remark. This theorem is a substantially stronger statement than the Link compo-
sition lemma [2]], [l6], see theorem above. Recall the statement of that result:
if both links L and Q = (I1,...,lx41) are homotopically essential in S3 then so is
their composition L U ¢(Q)) (where the map ¢ “substitutes” the link @) in a neigh-
borhood of the component [, ;.) This follows from an application of theorem
to a simple example of an f—cell of height one: Suppose the link L U ¢(Q) is ho-
motopically trivial, so its components bound disjoint maps of disks in D*. Attach a
collar S' x D% x I to a neighborhood S! x D? of [, . Pushing the disks bounded by
#(Q) into D* slightly, so they are attached to the collar, one observes that the link
L bounds disjoint maps of f—cells in D*: the component /;,; bounds an f—cell
of height 1, and the components [y, ...,l, bound maps of disks (which of course
satisfy the definition of an f—cell of any height.) By theorem L is trivial. This
contradiction concludes the proof of the link composition lemma.

Proof of theorem@.1] Let L = (I,...,l,) and suppose the components of L. bound
disjoint f—cells in D*, [; = 0C;. Denote C = U;C;. Suppose L is homotopically
essential, and without loss of generality one may assume L is almost homotopically
trivial, so there is a well-defined and non-trivial ;—invariant with non-repeating
coefficients of length n. Order the components of L so that u;. (L) # 0.

The results of sections B, 6, [ and 8 generalize from the setting of a single f—-cell
as follows. Let M; denote a set of meridians to the handles of C;. By Alexander
duality H,(D* \ C) is generated by M = U;M;. Denote the corresponding vari-
ables for the Magnus expansion by X;, X = UX;. Again by Alexander duality, the
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relations in m; (D*\. C)/(m (D*\ C))? are all of types (R;) — (R4) (see section[5.6),
contributed by the f—cells C;. Each relation of type (R;) — (R3) involves only
variables in a single set M; (depending on the relation). The assumptions (see
on the links defining the f—cells imply that all first non-vanishing terms in the
Magnus expansion of any relation of type (R,) also involve the variables in a single
X;. Variables from other sets X; may be present, but only in higher-order terms.

Define GM(C') as the free group F), modulo relations (&.1)), where all of the
meridians m, m, my involved in the commutators in are elements of the same
M,;, for any given 1 < i < n. Define R[C]| as the quotient of Z{X} by the ideal
introduced in definition [Z. Tl where the variables z;, x; are elements of X; for the
same i. Consider the Magnus expansion

(9.1) GM(C) «— GM(Fy) — Fy 25 Z{X} — R[C]

Following definitions[7.3] [7.4] introduce R(C), S(C) = 1+ R(C). Define Q(C)
using the order on the components of L reflecting a non-trivial y—invariant (see
above):

Q(C) =Q(C) ®...0Q(Cy).

The proof of lemma goes through, in particular given any element g € 7 (S® \
L)/(mi(S3\ L)), there is a word w, representing it in F,, such that M (w,) € S(C).
Denote by M the composition of the Magnus expansion M with the projection
S(C) — 1+ Q(C). Denoting by ®; the homomorphism Q(C;) — Z defined in
consider

¢ =®;P;: Q(C) =x,Q(C;) — Z.

Given g € m (S~ L)/(m(S® \ L))?, ®(M(wy)) is a well-defined integer. More-
over, if ®(M(g)) # 0, then i.(g) # 1 € m(D* ~ C)/(m(D* ~ C))?. Consider the
commutative diagram

T (S2 L)/ (7 (S? N L))? LN m(D* N C)/(m(D*\ C))1

le ..... Mn — FM _FM1 ..... Moy,
. .
Z{z1,... 20} XY =2Z{X\,..., X,}

Recall from the proof of lemma at the end of section [§] that each meridian m;
has a word w; representing it in Fy, such that M (w;) is a generating monomial
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for Q(C;), and ®;(M(w;)) # 0. In the diagram above « is defined by setting
a(m;) = w;. Then g is given by (1 + z;) = M(a(m;)).

Since L is homotopically essential, there is a relation [m;, ;] in m (S®\ L) /(7 (S
L)) such that the Magnus expansion M, of a word W representing it in F,, is

1500y

of the form 1+ pxy-- 2z, +... where u # 0. However the projection of G(x; - - - x,)
onto Q(C) is a product of generating monomials, one for each Q(C;), and it follows

from the definition of ® that ®(«(W)) # 0. Since ®(M (wy)) is an invariant of g €
m(SPNL)/(m (5% N\ L))7, where py(wo) = g, p1(W) # 1 € m(S*\ L)/ (m(S°\ L))7.
But p; (W) = [m;,[;] is a relation in that group. This contradiction concludes the
proof of theorem O
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