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LINK INVARIANTS, THE CHROMATIC POLYNOMIAL
AND THE POTTS MODEL

PAUL FENDLEY ' AND VYACHESLAV KRUSHKAL 2

Abstract. We study the connections between link invariants, the chrom atic polynomial, geometric
representations of models of statistical mechanics, and their common underlying algebraic structure.
We establish a relation between several algebras and their &sociated combinatorial and topological
gquantities. In particular, we de ne the chromatic algebra, whose Markov trace is the chromatic
polynomial o of an associated graph, and we give applications of this new dgebraic approach
to the combinatorial properties of the chromatic polynomia |. In statistical mechanics, this algebra
occurs in the low temperature expansion of the Q-state Potts model. We establish a relation-
ship between the chromatic algebra and the SO(3) Birman-Murakami-Wenzl algebra, which is an
algebra-level analogue of the correspondence between theSO(3) Kau man polynomial and the
chromatic polynomial.

1. Introduction

The connections between algebras, statistical mechanicdink invariants, and topological quantum
eld theories have long been exploited to great e ect. The simplest and best-understood example
of such involves the Temperley-Lieb algebra, the Potts mode the Jones polynomial, and SU(2)
Chern-Simons gauge theory. The study of these connectiongriginated with Temperley and Lieb's
work on the Potts model in statistical mechanics [28]. They fiowed how to write the transfer
matrix of several two-dimensional lattice models, includng the Q-state Potts model, in terms of
the generators of an algebra which bears their name. Writingthe transfer matrix in terms of the
generators of the TL algebra is very useful for statistical mechanics because a number of physical
guantities of the system follow purely from the properties d this algebra, not its presentation. For
example, this rewriting yields the result that when Q 4, the self-dual point of the Potts model is
critical, whereas for Q > 4 it is not.

Recently such connections found an important new applicathn in condensed matter physics, in the
study of topological states of matter, cf [14], [12], [[7],[13]. In this paper we present a number
of results at the intersection of combinatorics, quantum tgoology, and statistical mechanics which
have applications both in mathematics, speci cally to the properties of the chromatic polynomial
of planar graphs and its relation to link invariants, and in p hysics (in the study of the Potts model
and of quantum loop models). We explain how thechromatic algebraprovides a natural setting for
studying algebraic-combinatorial properties of the chromatic polynomial.
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EP/F008880/1.
2 Supported in part by NSF grants DMS-0729032 and PHY05-51164.
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In particular, the chromatic algebra discussed in this pape underlies the quantum loop models
discussed in[[8] and further developed in[[12,]7] (closely l&ed models were introduced in [[23]).
Quantum loop models provide lattice spin systems whose lovenergy excitations in the continuum
limit are described by a topological quantum eld theory [I4]. In both classical and quantum
cases, algebraic relations such as the level-rank dualityescribed in [10] allow one to map seemingly
di erent loop models onto each other. This turns out to be quite useful in locating critical points
in loop models [9], a matter of great importance for nding quantum loop models which describe
topological order. In fact, our results can be directly appled to topological quantum eld theory.
We show that the chromatic algebra is associated with theSO(3) BMW algebra, implying that
correlators in the SO(3) topological quantum eld theory can be expressed in terns of the chromatic
polynomial.

Our results can usefully be applied to both classical loop mdels as well. Expressing classical loop
models algebraically as described in this paper allows oneotrelate loop models to other sorts of
statistical-mechanical models, such as models where the deees of freedom are spins or heights. In
fact, the simplest application of our results is to the same Ptts model! The representation of the
TL algebra in terms of completely packed loops described inextion [2 is not the only geometric
representation of the Potts model; another is generally knwn as the \low-temperature™ expansion.
We will explain how the chromatic algebra naturally describes the degrees of freedom in this low-
temperature expansion.

The utility of the Temperley-Lieb algebra and its generalizations extends beyond statistical me-
chanics to the study of invariants of knots and links and of tgological quantum eld theories. A
graphical presentation of the TL algebra underlies the compitation of the Jones polynomial [19].
Each knot or link may be represented as the closure of a braidgiving rise to an element of this al-
gebra, and evaluating the Jones polynomial for a link corregonds (up to a normalization) to taking
the Markov trace of this element. Subsequently, Witten showed how the Jones polynomial is also
related to computations in a three-dimensional topologica eld theory, Chern-Simons theory [36]
(see [35] for an exposition geared toward mathematicians).Such computations in Chern-Simons
theory are equivalently described in two-dimensional confrmal eld theory. This sequence of re-
lations thus comes full circle, because these conformal dltheories describe the scaling limits of
two-dimensional statistical-mechanical models at their citical points.

The purpose of this paper is twofold. One goal is to show how thse connections between link
invariants, algebras, and statistical mechanics allow us ¢ relate seemingly di erent algebras and
their evaluations. Many generalizations of the TemperleyLieb algebra and the Jones polynomial
are now known, and Chern-Simons theories for other represéations of SU(2) and for other groups
are understood. Our main focus is on theSO(3) Birman-Murakami-Wenzl algebras [4, [25], the
corresponding specialization of the Kau man polynomial, and the SO(3) TQFTs. We will explain
how results concerning them relate to geometric models of atistical mechanics like the Potts model.

Another purpose of this paper is to describe the chromatic alebra (introduced for di erent reasons
in [24]), where the trace of an element is given by the chromat polynomial of an associated
planar graph. We establish a relationship between the chroratic, SO(3) BMW, and Temperley-
Lieb algebras and their traces. The chromatic algebra has arice pairing de ned in terms of the
chromatic polynomial, and we show that for Q 4 this pairing de nes a positive-de nite Hermitian
product.
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A nice byproduct of our analysis is that identities for the chromatic polynomial can be extended
and derived in a more transparent fashion by utilizing the chromatic algebra. We give an algebraic
proof of Tutte's golden identity for the chromatic polynomi al in a companion publication [10].
This striking non-linear identity plays a very interesting role in describing quantum loop models of
\Fibonacci anyons"”, where it implies that these loop modelsshould yield topological quantum eld
theories in the continuum limit [23] 8] 12,[14]. In our companon paper we also use the Jones-Wenz|
projectors in the chromatic algebra to derive linear identities for the chromatic polynomial.

Several authors have considered similar algebraic constations, for example Jones[[18] in the context
of planar algebras, Kuperberg([Z21] in the rank 2 case, Martirand Woodcock [24] for deformations of
Schur algebras, and Walker([35,-34] in the TQFT setting. Our @proach and results are di erent: we
derive new relations between the chromatic and the BMW and TLalgebras, and we give applications
to the structure of the chromatic polynomial of planar graphs.

In section[2, we review the Temperley-Lieb algebra, the Jore polynomial, and the Potts and com-
pletely packed models of statistical mechanics. In sectiofd], we introduce the chromatic algebra, and
show how its evaluation gives the chromatic polynomial of tre graph dual to the loop con guration.
In section[3.1 we discuss how this algebra may be used to comstt the (doubled) SO(3) topologi-
cal quantum eld theory. Section @l establishes a presentatin of the chromatic algebra in terms of
trivalent graphs. We relate the chromatic algebra to the SO(3) BMW algebra in sections[3,[6, and
as a consequence show that their evaluations are equal. A phical reason for this equivalence has
been described in depth in[[11[ 8], and will be reviewed in séon The properties of the trace
product on the chromatic algebra are considered in sectionl7The paper is concluded by a list of
open questions in sectior 8.

2. The Temperley-Lieb algebra, the Jones polynomial and stati stical mechanics

The Temperley-Lieb (TL) algebra in degreen, TL,, is an algebra overC[d] generated by 1e;;:::;en 1
with the relations

(2.1) €=e; 66 16 = eq =geg for ji jj> 1L

2 €,
Dene TL = [ ,TL,. The indeterminate d may be set to equal a speci c complex number, and
when necessary, we will include the parameted in the notation, TLY.

A presentation of the TL algebra of broad interest is the \loop" or \ d-isotopic" representation,
where the relations of the algebra have a simple geometric farpretation. The loop representation
of TL, acts on a collection of n strands as illustrated for TL3 in gure Il In this setting, an
element of TL, is a formal linear combination of 1-dimensional submanifalls in a rectangle R.
Each submanifold meets both the top and the bottom of the recangle in exactly n points. The
multiplication then corresponds to vertical stacking of rectangles. These strands are forbidden to
cross, but we do allow adjacent strands to join, as displayedn the gure. One can intuitively
think of these as the world lines of particles moving in one dinension; the joining of adjacent
strands corresponds to pair annihilation and recreation. The generatorse of the TL algebra in
this representation annihilate and recreate theith and i + 1st particles.

A nice feature of this representation is that requiring that the g satisfy the TL algebra imposes
\ d-isotopy", cf [14]. Namely, a circle (simple closed curve) an be removed by multiplying the



4 PAUL FENDLEY AND VYACHESLAV KRUSHKAL

U
[

Figure 1. Generators of TL3

=
I
<P
I
Ql
I
Ql-

U
[

corresponding element inTL by d. All isotopic pictures (which can be deformed continuouslyinto
each other without lines crossing and while keeping the poits on the boundary xed) are considered
equivalent.

Various presentations of the TL algebra can be used to de nedttice statistical-mechanical models.
When the g are represented by matrices, the degrees of freedom are udlyareferred to as spins
or heights. For example, in the Q-state Potts model, the degrees of freedom are \spin" variakes
i taking integer values 1:::Q at eachpsite of some lattice. Theg here are represented by tensor

products of Q Q matrices, with d = " Q. The transfer matrix of the Q-state Potts model, with
n the number of sites on a zig-zag line, can be written entirelyin terms of these generators. At the
isotropic self-dual point for n even,zthis transfergmzatrix for the sq:L)’Jare lattice is

qzz F2
(2.2) T=4 (1+e)%4 (1+ey 1)°

j=1 j=1
The partition function for an n  m system with periodic boundary conditions in the m direction
isthen Z =tr TM.

A closely related way of de ning a statistical mechanical madel is via a pictorial presentation. For
this presentation of the TL algebra, this results in the completely packed loop modelThis model
is de ned on any graph with four edges per vertex. Each edge athe graph is covered by a loop,
and at each vertex the loops avoid each other in the two possie ways. By using the pictures in
gure [] each con guration then corresponds to a single wordin the TL algebra (i.e. some product
of the g). The transfer matrix on the square lattice at the self-dual point remains ([2.2); each
factor (1 + g) describes the two choices for the loops' behavior at a singlvertex. Expanding the
product in T™ into individual words corresponds to writing the partition function as a sum over
loop con gurations. The Boltzmann weight of each con guration in the completely packed loop
model is the \evaluation" or the \Markov trace" of the corres ponding element. This is a linear
map of the algebra to the complex numbers, namely, the tracetrq: TLY ! C is de ned on the

additive generators (rectangular pictures) by connectingthe top and bottom endpoints by disjoint

arcs in the complement of the rectangleR in the plane. The result is a disjoint collection of circles
in the plane, which are then evaluated by taking d* ¢'cles | This completely packed loop model is
still often referred to as the Potts model in its \Fortuin-Ka steleyn” or \cluster” representation [L3].

Note however that although the Potts model is originally de ned with Q = d? an integer, in this

representation of the TL algebra this constraint is no longe required.

Utilizing this pictorial representation and the Markov tra ce allows one to relate the Jones polynomial
of knot theory to the TL algebra [L9]. Namely, the Jones polyromial can then be computed by
projecting a knot or a link onto the plane, where in non-trivial cases the projection will include
overcrossings and undercrossings. These are described byother geometric realization of TL,.
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Here the elements are framed tangles irD? [0;1] which meet the top and the bottom of the
cylinder in n speci ed points, modulo the isotopy and the skein relations

(2.3) = A +A! and L[ =( A2 A?dL:

We call this the skein-theoretic version, TL3"  while the planar one discussed above iF | Planar
The planar approach is more suitable for applications to D lattice models, while skein theory pro-
vides a more well-known route to the construction of topologcal quantum eld theories. However,
it is easy to see that if we setd= A2 A 2, one has the isomorphismsT L, = TLskein = T planar
and we use the superscript only to indicate a speci c geomeic context.

Up to overall factors of A, the Jones polynomial for a given collection of links is the Mirkov trace of
the corresponding element of the algebra. Precisely, the icetry,: TLSKN 1 C is de ned on the
generators (framed tangles) by connecting the top and botton endpoints by standard arcs in the
complement of D2 [0;1] in 3-space, sweeping from top to bottom, and computing theKau man
bracket [19]. (The Kau man bracket hLi of a link L in S is de ned by the skein relations (2.3).)
It follows from these de nitions that the two traces on TL, are equal up to the change of basis, in
other words the diagram

(2.4) TLﬁIanar = //TLf]kem
tryg i

c——t

commutes. The isomorphism above is given by viewing the genators of TLRR™" a5 elements in
TLSkN py including the rectangle R as a vertical slice of the cylinderD? [0;1]. The inverse map
TLskein | TLRRA™ is de ned by resolving any tangle, using the skein relation Z3), into a linear
combination of embedded planar pictures.

The relation of the foregoing to topological eld theory is well known: the Jones polynomial of
a collection of links correspond to a correlation function ¢ Wilson loops in SU(2) Chern-Simons
gauge theory [36,°35]. These Wilson loops transform in the $p-1/2 representation of the SU(2)
algebra. Since the spin £2 representation of SU(2) is the simplest non-trivial representation of
the simplest non-abelian Lie algebra, it is natural to expet that the previous results have a myriad
of generalizations.

3. The chromatic algebra

The purpose of this section is to de ne the \chromatic algebra". It is studied in further detail in
section[4, and in sectiong B[ 16 the chromatic algebra is relad to the SO(3) BMW algebra.

The chromatic polynomial (Q) of a graph , for Q 2 Z., is the number of colorings of the

(Q) for non-integer values of Q, it is often convenient to utilize the contraction-deletion relation
(cf [2]). Given any edgee of which is not a loop,

(3.1) Q)= ne(Q) =(Q)
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where ne is the graph obtained from by deleting e, and =eis obtained from by contracting

e. (If contains a loop then 0.) A useful consequence of the contraction-deletion relan is
that X
(32) Q= (1S QK®

Sf edges of ¢

where k(S) is the number of connected components of the graph which hathe same vertices as
and whose edge set is given bys. Either of these two equations, together with the value on the
graph consisting of a single vertex and no edges: () = Q determines the chromatic polynomial,
and may be used to de ne it for any (not necessarily integer) alue of Q.

In section[2 we described how the completely packed loop modes related to (and can be de ned
using) the Temperley-Lieb algebra. To motivate what follows, it is useful to describe the analogous
lattice statistical-mechanical model here. Remarkably, his model is also closely related to the Potts
model, just like the completely packed loops. Instead of theFK/cluster expansion, the geometric
degrees of freedom of interest here arise in the low-tempetare expansion.

Each con guration of the Potts model is given by specifying the value ; = 1:::Q of a spin at
each vertex of some graphL (which in physics applications is typically a lattice, but n eed not be).
The Boltzmann weight of each con guration is then e &, where is inverse temperature, and the
energy is

(3.3) E= J

X
i
<ij>
for nearest-neighbor sites labeled byi and j. J is a coupling, so that whenJ > 0 the model is
ferromagnetic, and whenJ < 0 itis antiferroma;?netic. The partition function is then de ned as

(3.4) = e E

where the sum is over all con gurations.

To understand the low-temperature expansion, it is useful b rst describe the zero-temperature
antiferromagnetic limit, where !'1 and J < 0. The only con gurations which contribute to
the sum for Z in (B.4) in this limit are those in which adjacent spins have d erent values. Z then
simply counts the number of such con gurations, because edchas the same weight 1. Thus when
J< 0,

|'|{“ Z= L(Q):

Thus the chromatic polynomial arises very naturally in statistical mechanics.

The low-temperature expansion is an expansion oZ in powers of e’ . It is useful intuitively to
describe this in terms ofdomain walls on the dual graph P. Given G 2 G, the vertices of its dual
graph ¢] correspond to the complementary regionsR r G, and two vertices are joined by an edge
in @ if and only if the corresponding regions share an edge, as sha in gure 2]

With each con guration of spins, one associates a subgrapiN of b by the following rule: when the
spins on two sites di er, then the edge separating them belogs to N . If the spins are the same,
the corresponding edge is not part ofN . The graph N is a domain-wall con guration, separating
domains of like spins from each other. By construction, a domain-wall con guration N consists of
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Figure 2. An element G of G and its dual graph ] (drawn dashed).

a graph with no ends (no 1-valent vertices) except possibly athe outside of L. For this reason we
call such graphs \nets". In the zero-temperature limit, all spin con gurations contributing to the
sum in Z are associated to a single neN = b.

The idea of the low-temperature expansion is to rst nd the d omain-wall con guration N associ-
ated to a given spin con guration. Typically, many spin con gurations are associated to the same
N . By construction, the number of these is precisely the chromatic polynomial (Q). Each of

these has the same Boltzmann weighie? (E®) E(N) | \where E(G) is the number of edges in the

graph G. E(N) can be thought of as the \length" of the domain walls. The partition function is
then

X
(3.5) z=e®®7 e EM (Q)
N

where the sum is over all subgraphaN of b. (Here we can ignore the restriction that N have no
1-valent vertices because §(Q) =0 for any graph G with 1-valent vertices.) This shows that the
Q-state Potts model has a very natural description as a sum ovegeometric objects, nets. Note
also that this allows the model de ned for any Q.

In section [4, we explained how the partition function of the wmmpletely packed loop model is
de ned as a sum over geometric objects, with each con guratn associated with an element of the
Temperley-Lieb algebra. It is thus natural to de ne an algebra whose elements correspond to nets,
and whose Markov trace gives the chromatic polynomial. We tlerefore de ne the chromatic algebra
in the same fashion as the TL de ned in section[2. Consider theset G, of the isotopy classes of
planar graphs G embedded in the rectangleR with n endpoints at the top and n endpoints at the
bottom of the rectangle. The intersection of G with the boundary of R consists precisely of these
2n points. In the Potts model, a graph G is comprised of the domain walls separating regions of
like spins from each other. It is convenient to divide the setof edges ofG into outer edges, i.e.
those edges that have an endpoint on the boundary oR, and inner edges, whose vertices are in
the interior of R. (Note that the graphs G are not necessarily connected.) It is convenient to allow
G to have connected components which are simple closed curvéahich are not strictly speaking
\graphs" since they do not contain a vertex.)

Notation 3.1. While discussing the chromatic algebra, we will interchangably use two variables,
Qandqg. SetQ=q+2+ q 1=(g?+ g ¥?)2.

The de ning contraction-deletion rule (8:1) may be viewed as a linear relation between the graphs
G; G=e and Gne, so in this context it is natural to consider the vector spacede ned by graphs,
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rather than just the set of graphs. Thus let F,, denote the free algebra overC[Q] with free additive
generators given by the elements ofG,. As usual, the multiplication is given by vertical stacking,
and we setF = [ ,Fy.

The local relations among the elements ofG,, analogous to contraction-deletion rule for the chro-
matic polynomial, are given in gures [3, [4. Note that these rdations only apply to inner edges
which do not connect to the top and the bottom of the rectangle They are

G G=e Gne

N’

<>

Figure 3. Relation (1) in the chromatic algebra

(1) If eis an inner edge of a graphG which is not a loop, then G = G=e Gne, gure B]

(2) If G contains an inner edgee which is a loop, then G=(Q 1) Gne, gure A (In particular,
this relation applies if e is a simple closed curve not connected to the rest of the graph

(3) If G contains a 1-valent vertex (in the interior of the rectangle) then G =0, gure 4]

=(Q 1) /]\ ; /*\ = 0:

Figure 4. Relations (2), (3) in the chromatic algebra

De nition 3.2.  The chromatic algebrain degreen, G,, is an algebra over C[Q] which is de ned
as the quotient of the free algebraF, by the ideal |, generated by the relations (1), (2), (3). Set

C=[nG.

The ideal I, in the de nition above is generated by linear combinations d graphs in F, which are
identical outside a disk embedded in the rectangle, and whit di er according to one of the relations
(1) (3) in the disk.

Remark 3.3. Recall that e is a bridge if it is an internal edge which, if removed, disconnectsG
(considering all points on the boundary of R to be connected). The relation (3) above can be
replaced by

(39: If G has a bridgee then G =0.

Note that this means the dual graph 8 contains a loop.
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We will now collect some elementary consequences of the rdélans which hold in C: (1) and (3)
imply that a 2-valent vertex may be deleted, and the two adjacent edges merged, gurd b (the dual
graph, discussed in more detail below, is drawn dashed.) (1and (3) also imply that if a graph
G contains an isolated vertexv, then G = Gnv. (Note that deleting an isolated vertex does not
change the dual graph.) Figure[® gives more examples of relains which hold in G. It is important
to note that the relations (1) { (3) are consistent with the re lations for the chromatic polynomial
of the dual graph, see the following proposition.

X k{
/N |
I - :
\ ! |
PN A
Figure 5.
o/
L e et B il m
Figure 6.

Proposition 3.4. The chromatic polynomial gives rise to a well-de ned linearmap : G, ! C[Q].
This map is de ned on the additive generators G as the chromatic polynomial of the dual graph,
g and it is extended to G, by linearity.

To prove this proposition, one needs to check that the relatons (1)-(3) hold when one considers the
chromatic polynomial of the dual graph. Specically, in case (1) consider the edgee”of 8, dual
to e, gure Then @=e= &ne, and @ne = B=e. (In the case when one of the vertices ok is
trivalent, as in gure T] B=e diers from @ne by the addition of an edge parallel to &, gure
Because of the equality in gure[3, 4_, = ne still holds in this case.) Therefore the relation
(1) translates to g = g0 6-a+ the de ning contraction-deletion relation for the chromatic
polynomial.

To check (2), note that if G contains a loop which is trivial in the plane (i.e. the region D bounded
by it is disjoint from the graph), the dual graph & contains a 1-valent vertex (corresponding to the
region D .) The e ect of deleting such a vertex and the adjacent edge orthe chromatic polynomial

6(Q) is multiplication by ( Q 1). The general case when the regiorD bounded by the loop
contains other vertices or edges ofs follows by applying (1) and (3) to the part of the graph inside
D, and then inductively applying the case of (2) considered abve to the trivial inner-most loops
of G.

The relation (3) holds since in this case the dual graph has adop, therefore its chromatic polynomial
vanishes.
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G=e Gne

Figure 7. Relation (1) and the dual graphs

De nition 3.5. The trace, tr : C ! C is de ned on the additive generators (graphs G in the
rectangle R) by connecting the top and bottom endpoints of G by disjoint arcs in complement of
R the plane (denote the result by G) and evaluating the chromatic polynomial of the dual graph:

(36) r(G) = Q' H(Q

Proposition 3.4 shows that the trace is well de ned. The facbr Q ! is a convenient normalization
which makes the relation with the BMW algebra easier to state (see sectiond5[16); with this
normalization, tr () =1. The Hermitian product on G, is de ned analogously to the Temperley-
Lieb case: ha; b = tr( ab), where the involution b is de ned by conjugating the complex coe cients,

and on an additive generator b (a graph in R) it is de ned as the re ection in a horizontal line, see
gure 8]

()

D

= ‘ - =(Q 1HQ 2.
"e

Figure 8. The inner product in G: Tr(ab) equals the evaluation of G, or equiv-

alently Q ! times the chromatic polynomial of the dual graph é In this example,
G is the theta graph, and

b = Q 1 (QQ 1(Q 2)=(Q 1)Q 2

ha;b = Tr(ab) =

4

G

Remark 3.6. The chromatic polynomial ¢ and the Potts-model partition (85) function are
specializations of the more general Tutte polynomial Tg(X;Y ), cf [2]. The Tutte polynomial
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satis es the well-known duality Tc(X;Y ) = Tg(Y;X), where G is a planar graph and 8 is its dual.
Therefore, rather then de ning the trace of the chromatic algebra as the chromatic polynomial of
the dual graph 8, one could de ne the trace as the corresponding relevant spéalization of the
Tutte polynomial (sometimes known as the ow polynomial) of the graph G itself.

Remark 3.7. One could generalize the de nition of C and consider the \Tutte algebra" whose trace
is given by the Tutte polynomial. We restrict our discussion to the special case of the chromatic
polynomial since it corresponds to our main object of interet, the SO(3) BMW algebra, see sections
B, [6. Another reason for this is that the chromatic algebra gves rise to the (2 + 1)-dimensional
SO(3) TQFT (see section[3.1), and this seems to be the only spealization of the Tutte polynomial
which yields a nite dimensional unitary TQFT.

3.1. From algebras to TQFTSs. There is a well-understood route for representing (2+1) dimen-
sional topological quantum eld theories in terms of \pictu res" on surfaces modulo local relations,
see [[35],[[15]. This is described in depth in the case of (doldd) SU(2) theories in [14]. Here
we brie y sketch the analogous construction of the doubled Turaev-Viro [B0]) SO(3) TQFTs (de-
veloped in [26], [29].) In fact, the problem of nding a desciption of these TQFTs in terms of
(2 dimensional) pictures and relations was a starting point fa our introduction of the chromatic
algebra in this paper. The description of TQFTs in such termsis important for applications in
physics, speci cally to lattice models exhibiting topological order [14], [23].

Given a compact surface , consider the (in nite-dimensional) complex vector spaceV; consisting
of formal linear combinations of the isotopy classes of grams embedded in . If has a nhon-empty
boundary, one xes a boundary condition { a nite humber of po ints in the boundary @, and the
graphs in  should meet the boundary in these speci ed points. Consider the quotient V2Q of V;
by the local relations (1)-(3) de ning the chromatic algebra as in[3.2. Equivalently, one may start
with the space of trivalent graphs, modulo the relations in gure [@, see theoreni4l3 in tle next
section. The chromatic algebraC® (more precisely, its generalization, the chromaticcategory, see
section 4 in [10]) is a local version o2, ie. it corresponds to  =disk.

The vector spaceV2Q is still in nite-dimensional. However, at the special values of Q known as
Beraha numbers, Q = B, = 2+ 2cos(2 =n), there are additional local linear relations such that
the quotient, V, , is nite dimensional. These additional local relations are generators of the trace
radical of the chromatic algebra, i.e. elementsa of C® such that ha;bi = Tr(ab) = 0 for all
b 2 CBr. The trace pairing descends to a positive-de nite Hermitian product on the quotient of
CBr by the trace radical (see corollary(7.2), which gives rise t@ positive-de nite Hermitian product
onV, , seel[35]. (The trace radical is analyzed i [10], where we el that it contains the pull-back
of the Jones Wenzl-projector from the Temperley-Lieb algeba, and give applications of this fact to
the structure of the chromatic polynomial of planar graphs.)

These nite-dimensional vector spaces,V,, , are the doubled SO(3) TQFTs, and the unitary struc-
ture on these TQFTs is induced by the trace pairing on the chranatic algebra as indicated above.
The structure of the simplest non-trivial TQFT which arises from this construction, corresponding
to Q= Bs= +1, and which is known as the \doubled Fibonacci theory", is considered in [12].
In this paper we analyze some of the algebraic structure undéying these TQFTs for other levels
n.
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4. A trivalent presentation of the chromatic algebra

In this section we de ne an algebra usingtrivalent graphs modulo certain simple relations consistent
with the contraction-deletion rule, and prove that it is iso morphic to the chromatic algebra. This
result should be compared with section[b which shows that, incontrast, a presentation of this
algebra in terms of four-valent graphs is rather involved. As part of the proof, in this section we
nd an additive basis of the chromatic algebra G, in terms of planar partitions, and we establish an
algebra analogue of the \state sum" formula [3:2) for the chiomatic polynomial. Both the chromatic
algebra and its trivalent presentation established here ag used in our companion paper [10] to prove
and generalize Tutte's identities for the chromatic polynamial.

De nition 4.1.  Analogously to de nition 8.Z] consider the free algebraFT ,, over C[Q] whose
elements are formal linear combinations of the isotopy clases of trivalent graphs in a rectangleR.
The intersection of each such graph with the boundary of R consists of precisely & points: n
points at the top and the bottom each. Let T, denote the quotient of FT ,, by the ideal generated
by the local relations shown in gure Q.

e XK)  TO e

Figure 9. Trivalent presentation of the chromatic algebra.

Remark 4.2. Note that the vertices of the graphs in the de nition above in the interior of R are
trivalent, in particular they do not have ends (1-valent vertices) other than those on the boundary
of R. It is convenient to allow 2-valent vertices as well, so thee may be loops disjoint from the
rest of the graph.

The relations in T, shown in gure B] have a rather natural interpretation in th e context of TQFTs
discussed in sectiof_3]1. The second relation says that theeetor space associated to the disk with
a single boundary label is trivial. The rst relation implie s that the vector space associated to the
disk with four boundary labels is 3-dimensional.

Theorem 4.3. Themap : T, !C 4, induced by the inclusion of the trivalent graphs in the set
of all graphs, is an algebra isomorphism.

First observe that is well-de ned. Indeed, the rst relati on in gure 8lis a consequence of the
contraction-deletion rule (1) in the de nition of G,, see gure[8. The relation on the right in
gure flis a consequence of relations (2), (3) de ningG,. Moreover, is a surjective map: using
the contraction-deletion rule (1), any graph G 2 G, may be expressed as a linear combination of
trivalent graphs. This establishes

(4.1) dime(Ty)  dimce(G):

We start the proof of the converse inequality by presenting a algebra analogue of the expansion
(B2) of the chromatic polynomial. This expansion is then ugd for describing a linearly independent
set of additive generators ofG, .
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Following the terminology introduced in section [3, given a gaph G in the rectangle R, G 2 G,,

we consider its set ofinner edges, the edges of5 whose endpoints are not on the boundary of
R. Consider the setB, of all graphs in G, without inner edges, as in gure[I0. (Note that the

elements of B, are in 1 1 correspondence with theplanar partitions of the set of 2n boundary

vertices such that each block of the partition contains at least two vertices.)

AN/

Figure 10. An example of a graph in Bg.

Lemma 4.4. The elements of B,, form an additive basis of the chromatic algebraG, .

Proof. Consider the vector spaceV,, over C spanned byB,. De ne linear maps : V, !C , and

:G!'  V,. Here s induced by the inclusion B, = fisotopy classes of graphs without inner
edges in the rectangleRg f isotopy classes of all graphs inrRg= G,, while is de ned using an
expansion similar to the expansion [[3.2) for the chromatic mlynomial: for G 2 G, set

X o
(4.2) (G)= ( HE@I S QN by
S f inner edges of Gg

where E(G) is the number of edges of the graphG and n(S) is the nullity of the graph Gs which
is obtained by keeping all vertices and outer edges ofs and adding just those inner edges which
are in S. (Here the nullity is the number of independent cycles, i.e.the rank rk (H1(Gs; Z)) of the
rst homology group of Gs.) In the formula above bs is the unique element ofB,, which gives rise
to the same partition of the 2n boundary points as Gs, in other words bs is obtained from Gs by
contracting each of its inner edges.

The proof that  is well-de ned is analogous to the proof that the expansion [B.2) of the chromatic
polynomial satis es the contraction-deletion rule. Specically, consider the relations (1) (3) de n-
ing the chromatic algebra (de nition 82). For (1), suppose e is an inner edge which is not a loop.
The sum (4.2) splits as the sum over the setsS® which contain the edge e and the sets S®®which
do not. The setsS%arein 1 1 correspondence with the sets of edges @=e; the correspondence
is given by contracting e. Under this correspondence, the nullity is preserved, and &h term in the
sum over the setsSP is equal to the corresponding term in the sum for the graphG=e. Similarly,
the sets S®are in 1 1 correspondence with the sets of edges @r e, and the corresponding terms
in the two sums di er in their sign. Therefore (G)= (G=¢ (Gr e), proving the invariance
of under the relation (1).

To establish the invariance under (2), let e be a loop in G. Again, (A2) splits as the sum over the
sets S° which contain e and the sets S®®which do not. Both S®and S%arein 1 1 correspondence
with the subsets of inner edges ofsr e. Each term from S°with e has an extra factor of Q because
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n(S% = n(Gr e + 1, while each term from S%has an extra factor of ( 1). Combining these,
onegets (G)=(Q 1) (Gr e). The invariance under (3) is proved analogously: ifG contains
a l-valent vertex, let e be its adjacent edge. Dividing the subsets intoS® and S°°as above, one
checks that the corresponding terms cancel in pairs. This shws that is well-de ned.

It follows from the contraction-deletion rule (1) that any g raph may be expressed as a linear combi-
nation of graphs without inner edges (elements ofB,). Therefore the dimension of G, is less than
or equal to the cardinality of jBhj. On the other hand, the compositionV, 'C ! V, is an iso-
morphism (for b2 B,, ( (b)) = b), proving the opposite inequality jBnj = dim(V,) dim(G).
Therefore dim(V,) = dim(G,) and By, is a basis ofG,. This completes the proof of lemmd4.4.

Remark 4.5. The seeming di erence between the expansion$ (3.2) an@{4)2s due to the de nition
of the chromatic algebra: its trace is the chromatic polynomal of the dual graph. The expansion
@.2) is directly analogous to the expansion for the ow polynomial, see remark[3.6. Indeed, the
quantities k(S) and n(S) in the two expansions correspond to each other under the duéy between

G and 8.

With this result at hand, we will now proceed with the proof of theorem[4.3. For each element

of Bp pick a trivalent graph T such that Hi(T ) = 0 (T is a disjoint union of trees) and
the contraction of all inner edges of T gives . Let TB, denote the set of such trivalent graphs
fT ; 2 Bng; by construction TBy is in a bijective correspondence withB,, . It is useful for the
following argument to note that the combinatorial F-move, exchanging the rst and third trivalent
graphs in gure Bland applied at various inner edges of trivaént graphs, acts transitively on the set
of all possible choices of the graphg , for a given

We claim that any element of T, is a linear combination of elements ofT B,,. Indeed, givenT 2 T,
using the relations in gure Blde ning T, T is seen to be a linear combination of elementg; 2 T,
where eachT; does not have cycles:H1(T;) = 0. Now contracting all inner edges of eachT; gives
rise to an element ; 2 B,. As noted above, for eachi there is a sequence of -moves taking
T; to the corresponding T ; 2 TBy,. Applying the linear relation on the left in gure 9kach time

the F -move is needed shows thafl; = T ,+terms with fewer trivalent vertices. Now an inductive

argument, where the induction is on the number of trivalent vertices, proves the claim that any
element of T, is a linear combination of elements ofT B,,. Using lemmal4.2, this shows that

dimcT, j TBpj = jBnj = dimcG:
Combined with the inequality 4.1] this completes the proof d theorem[4.3.

5. The chromatic algebra and the SO(3) BMW algebra

In this section we nd a homomorphism from the SO(3) BMW algebra to the chromatic algebra,
showing that the de ning relations for BMW (3) reduce to the contraction-deletion rule for planar
graphs. Since theSO(3) Kau man polynomial arises from the Markov trace of the SO(3) BMW

algebra, this enables us to relate this link invariant to the chromatic polynomial, and so provide
geometric intuition into the planar description of the algebra.

To give some intuition into why these two algebras are relate, it is useful to recall some results for
the integrable eld theory describing the scaling limit of t he Q-state Potts model near the critical
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point. A oft-useful description of an integrable two-dimensional classical eld theory is in terms of
the quasiparticles and their scattering matrices in the coresponding one-dimensional quantum eld
theory. For this Potts eld theory, the scattering matrices are invariant under the quantum-group
algebra Ug(SO(3)) when the quasiparticles transform in the spin-1 repregntation [27]. This implies
that the scattering matrices can be written in terms of the generators of the SO(3) BMW algebra.
However, intuitive arguments suggest that the world lines d the quasiparticles should behave as
domain walls separating regions of like sping]6]. These twaery di erent pictures were reconciled in
[11]. There it was shown how the generators of thesO(3) BMW algebra subalgebra were those of
the chromatic algebra containing only 4-valent vertices. This correspondence was exploited ir_[8] to
study quantum loop models. Here we use this motivation to gie an elegant combinatorial-geometric
description of BMW (3).

We start with a review of the background material on the SO(N ) Birman-Murakami-Wenzl algebra,;
see [[4[25] for more details. Here we present thBO(N) BMW algebra in skein form. A strand can
be thought of as corresponding to the fundamental (dimensin N ) representation of Ug(SO(N)).
The braiding generators (the over/under crossings) are diplayed in gure [1] As opposedtoTL, the

Figure 11. Braiding generators of BMW (N )s3.

skein relations do not allow one to reduce all braids to non-wssing curves. InsteadBMW (N), is
the algebra of framed tangles onn strands in D?  [0; 1] modulo isotopy and the SO(N) Kau man
skein relations in gure [2. By a tangle we mean a collection b curves (some of them perhaps

A N=@ar(l| ]l X =] 0=d
Figure 12.

closed) embedded inD?  [0;1], with precisely 2n endpoints, n in D? f 0g and D? f 1g each,
at the prescribed marked points in the disk. The tangles are famed, i.e. they are given with a
trivialization of their normal bundle. (This is necessary since the last two relations in gure
are not invariant under the rst Reidemeister move.) As with TL, the multiplication is given by
vertical stacking. Like above, BMW (N)= [ ,BMW (N),.

We now turn to a presentation of this algebra: the generatorsof BMW (N ), include the Temperley-
Lieb generators 1 e;1;:::;e, 1 as above, and additionally the braiding generatorsB;; B, 1=
1;:::;n 1, gure LIl (This follows by considering the height Morse function.) In the algebraic
context, the relations in BMW ,, are the Temperley-Lieb relations [2.1) and in addition

(5.1) Bie = q' Ve; Big 4Bi=q ™ YB;; Bi B, '=(qg gh e):
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We will usually work with the geometric counterparts of these relations: isotopy (expressed as
Reidemeister moves for framed tangles), and the skein relains in gure [2]

Sending the generators ofT L, to the corresponding generatorse; of BMW (N), de nes a map
of algebras, and the skein relations require that deleting acircle has the e ect of multiplying the
element of BMW (N) by

qN 1 q (N 1)
q qt
This gives for exampleds = q+1+ g Y and d; =(q+ q 1)2.

(5.2) dy =1+

The trace, trx : BMW (N), ! C, is de ned similarly to the TL case. It is de ned on the
generators (framed tangles) by connecting the top and botton endpoints by standard arcs in the
complement of D2  [0;1] in 3-space, sweeping from top to bottom, and computing theSO(N)
Kau man polynomial (given by the skein relations above) of the resulting link. Below we will
discuss this trace in detail.

As with the Temperley-Lieb algebra, it is convenient to distinguish the skein-theoretic and planar
presentations of this algebra,BMW (N )¢ and BMW (N )P'an@" | the planar version the additive
generators are linear combinations of curves with crossirgy or in other words 4-valent graphs, in
a rectangle. In terms of generators, the elements8;B 1 2 BMW Sk€" are replaced with 2
BMW (N)Pana" " de ned by [20]

(5.3) ()=o9a) ()+a')=a*) ()+al):

BMW (N)Pa"a" s de ned as linear combinations of 4-valent graphs in a recngle modulo local
relations which are the pull-back of (51) (or equivalently of the Kau man skein relations and the

isotopy of tangles) via (5.3). The equation [5.3) yields an somorphism between the planar and
skein presentations. We will discuss the relations inBMW P2 in more detail below.

The translation of the BMW relations 5.1](geometrically seen as the skein relations and the isotopy
of tangles) to the planar setting formally follows from the isomorphism (5.3). However, the geometric
meaning of the planar description is not immediately apparet. The results of this paper provide
such a meaning forBMW (3). For the rest of the paper, we will omit the label and denote this
algebra by BMW .

One easily checks that there is a map of algebrag§ L, ! C ,, where the relation between the
Temperley-Lieb and chromatic parameters is given byd = Q 1= q+1+ g 1. This map is
induced by the inclusion f curvesg f graphsg in a rectangle R. The de ning relations for TL,
(d-isotopy) hold in G, due to the relation (2) in de nition 3.Z]of the chromatic algebra. The
following statement shows that this map extends toBMW .

Theorem 5.1. The formulas
(5.4) ()70aC) (D)+al )y (H)7malC) ()+a )
de ne a homomorphism of algebrasi: BMW 3" 1 C , over C[q].

Remark 5.2. It follows from theorem below that the homomorphismi preserves the traces of
these algebras, see corollary 8.5.
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Remark 5.3. Abusing the notation, we will keep the same symbol for the mapi: BMW P8 |
G, . This homomorphism is induced by the inclusionf 4-valent graphsg f all graphsg. Recall that
the relations in BMW P2 are the pullback of (5.1) under the identi cation (5.3), and the content
of the theorem above is that these relations are a consequea®f the contraction-deletion rule.

Remark 5.4. The homomorphism i is not surjective (one may check that for example, the graph
in gure I3lis not equivalent in G to a linear combination of 4-valent graphs), however it seers
reasonable to conjecture that it is injective, in other words that BMW , is a subalgebra of the
chromatic algebra G, generated by 4-valent graphs. Note that the chromatic algeba G, has quite
elegant presentations in terms of the contraction-deletion rule (de nition 3.2), and in terms of

trivalent graphs (de nition 4.1)] In contrast, the corresp onding presentation in terms of 4-valent
graphs is rather involved: the relations are the pullback of(5.]) under the identi cation (5.3). See
also a related discussion in sectiof 813.

Figure 13.

Proof of theorem[5.1. One needs to show that the mapi is well-de ned. The rst de ning relation
of the BMW algebra ( gure 12)

() ()=(a ahi) )l

follows directly from the equations (5.4). One needs to chdcthat the last two relations in gure
12, as well as the regular isotopy of tangle diagrams (the sead and third Reidemeister moves),
hold in the chromatic algebra. The proof of the rst of these is shown in gure[14.

/\/)=q1)o >O+q)=q1(q+1+q1) (q+1+q1))+q)=q2)

Figure 14.

The last relation in gure 1Zlis established analogously. Toprove the second Reidemeister move,
start with the diagram on the left in gure 15 and resolve the crossings according to the formulas
(B4). Applying the contraction-deletion rule (1) in de ni tion B.2] of the chromatic algebra to the
edges connecting the double points in the third term, elimirating the trivial circle in the last term
according to the rule (2), and canceling the resulting terms one gets the diagram on the right.

D: = )( (q+q1)X+ §+(q2+q2)x + § q § q1§ = )(

Figure 15.

The remaining relation is the third Reidemeister move: one fas to show that the images of the two
diagrams in gure are equal in the chromatic algebra. Notethat these two diagrams di er by
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a 180 degree rotation, so whenever a planar diagram, invarid under such a rotation, appears in
the expansion of one of them, it also appears (with the same @ocient) in the expansion of the
other one. Expanding the lower crossing of the diagram on théeft according to (54), one gets the

expression in gure[17.
N/ K
X A

Figure 16.

It follows from the remark above, and from the proof of the seond Reidemeister move that the rst
and the third terms in gure I7Icancel with the corresponding terms in the expansion of the second
diagram in gure [6] Therefore it remains to show that the seond term on the right in gure 17]
equals its 180 degree rotation in the chromatic algebra.

N NN e

Figure 17.

R o SR B ot Rl S D o o

Figure 18.

The expansion of this term according to [5.4) is shown in gure[I8. The 4th and 8th terms are
invariant under the 180 rotation. Omitting these two terms, and using the relations (1), (2) in the
chromatic algebra to expand the terms with more than one doulte point, one gets the expression

in gure 19]
—
(9 1+qgd %+ -7(-+ _/\(\
VS

Figure 19.

This expression is again invariant under a 180 degree rotabin, and this concludes the proof for the
third Reidemeister move and the proof of theoren{ 51,

6. Relations between TL, BMW , and the chromatic algebra

In this section we investigate the relations between theSO(3) Birman-Murakami-Wenzl, chromatic,
and Temperley-Lieb algebras. The main result is stated in treorem[6.3. This relationship is useful
in a variety of contexts. For example, it allows one to use theJones-Wenzl projectors inTLY, at
special values ofd, to analyze the structure of the trace radical of the BMW and chromatic algebras.
This was used in [10] to nd linear relations obeyed by the chobmatic polynomial of planar graphs,
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evaluated at Beraha numbers. This also provides a relationtsip between certain string-net models
and loop models, cf[[1R],[]7]. Applying traces to these algehs, we express theSO(3) Kau man
polynomial in terms of the chromatic polynomial, see corolary B.5.

The SO(3) BMW algebra may be described in several ways. First we exiain how each strand of the
BMW algebra may be viewed as a \fusion" of two Temperley-Lieb strands, in other words de ning
a homomorphism of the SO(3) BMW algebra in degree n, BMW , to TLo,. This description is
particularly natural when studying quantum-group algebras, where each strand inTL and BMW

correspond respectively to a spin-1/2 and spin-1 represeation of Uy(sly).

In fact, we de ne a homomorphism from the chromatic algebraG, ! = TL2, which yields a map
from the BMW algebra by pre-composing it with the homomorphism i: BMW, ! C ,, con-
structed in the previous section. Recall that the chromatic algebra G, is de ned as the quotient of
the free algebraF, by the ideal generated by the relations (1) (3) in de nition 3.2.]

De nition 6.1. De ne a homomorphism : F, ! TLy, on the additive generators (graphs
in a rectangle) of the free graph algebraF, by replacing each edge with the linear combination
(j)= é , and resolving each vertex as shown in guré_20. The factor irthe de nition of

corresponding to ar -valent vertex is d(" 272 so for example it equalsd for the 4-valent vertex in
gure 201 The overall factor for a graph G is the product of the factors d" (V) 2=2 gver all vertices
U o

‘”M N

Figure 20. De nition of the homomorphism : G? ! TLY,, where Q = d?.

1
d

Therefore (G) is a sum of F(®) terms, where E(G) is the number of edges ofG. Note that

replaces each edge with the second Jones-Wenzl projectd,, well-known in the study of the
Temperley-Lieb algebra [17]. They are idempotents:P, P, = P,, and this identity (used in the
de nition of the homomorphism ) may be easily checked directly, gure[Z]1.

: Vo)LL Y
N FRF R

Figure 2. P> P,=Py

ol
ol

Various authors have considered versions of the map in the knot-theoretic and TQFT contexts,
see [[38[16] 19, 12, 34]. In_[11] this was used to give a map ofett5O(3) BMW algebra to the
Temperley-Lieb algebra.

Lemma 6.2. induces a well-de ned homomorphism of algebrasc? ! TLY,, where Q = d?.



20 PAUL FENDLEY AND VYACHESLAV KRUSHKAL

Proof. One needs to check that is well-de ned with respect to the relations (1) (3) in the
chromatic algebra (de nition 8.2). To establish (1), one applies to both sides and expands the
projector at the edge e, as shown in gure[20. The resulting relation holds due to thechoices of
the powers of d corresponding to the valencies of the vertices, guré22.

XX X

Figure 22.

Similarly, one uses the de nition to check the relations (2) and (3).

To state the main result of this section, we also need to de nea homomorphism % BMW Skein |
TLgﬁe‘” (the latter algebra is de ned by (E-3)) where the relation between the parametersq in the
BMW algebra and A in TL is given by g = A“. This map is the \2-coloring": it is de ned on
tangle generators of BMW 3¢ by replacing each strand with the Jones-Wenzl projectorP,. One
may check that Cis well-de ned directly from de nitions (also see [19, p.33), and this also follows
from the commutativity of the diagram below.

Theorem 6.3. The following diagram commutes.
(6.1) Cea - le

Py, i
J

BMW nskein ° /fl- Lglr(]ein

BMW I’E)Ianar i ’C‘I U—I— Lplanar

tt 2n
‘| ‘%%
ot - -
C

S

For convenience of the reader, we recall the notations in theliagram above. The parameterq in
the BMW algebras, Q in the chromatic algebra G,, A in TL$®" and d in TLS™ are related
by:

q= A% d= A2 A 2 Q=q+2+ql=d%
The traces of various algebras are de ned on their respecti generators as follows:
trg : BMW Skin 1 C is given by the SO(3) Kau man polynomial, gure 12.]
tr: BMW £@" 1 Cisthe pull-back of tr ¢ via the isomorphism (53): BMW P47 = BMw skein
tr : G ! CisQ ! times the chromatic polynomial of the dual graph, see[(3.5).
trii: TL3N 1 C is given by the Kau man bracket de ned in (Z3).

trq: TLB™ 1 C, discussed in the sectio2, is computed as* 'o0ps:
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Proof of theorem[6.3. We begin the proof by showing that the interior diagram of algebra homomor-
phisms (without the traces) commutes. This amounts to showng that the two maps in the diagram

from BMW Skein to T8 send the braiding generator to the same element. The braidig gener-
ator () is mapped by ©to the element of TL shown on the left in gure (The crossings are

resolved using [Z:B) to get an element off LA2"" ) The other map, BMW Skein = BMW [ |

G ! TLEA™ sends () to the linear combination shown on the right in gure 23] (Th e middle
term acquires the coe cient d since the vertex is 4-valent, see de nition[6.1.)

XX X )

Figure 23.

This identity in the Temperley-Lieb algebra is establishedin [19, p.35]. We now consider the traces
in the diagram (&.1)).

Lemma 6.4. Let G be a planar graph. Then for Q = d?,
(6.2) tr (6)=Q " o(8) = trg( (G):

Therefore, the following diagram commutes:

(6.3) @ —ITLY,

tr trg

—t

Proof. The proof (involving the expansion (3.2) of the chromatic pdynomial) for trivalent graphs

G is given in lemma 2.5 in [10]. Using the contraction-deletia rule (1) in de nition 3.Z,Jany graph

may be represented as a linear combination of trivalent graps. The statement then follows from
the fact that map  and the traces in the diagram above are well-de ned.

Observe that the identity in gure Z3Jshows that the map % BMW gkein 1 TLsken preserves
the traces: the evaluation of the SO(3) Kau man polynomial of the closure of a framed tangle
equals the evaluation of the Kau man bracket of the 2-coloring of that link. Recall that the
isomorphism BMW P2 = BMW Skein preserves the trace by de nition. Examining the diagram
(6.1, one observes that the remaining mag : BMW P23 1 C | preserves the traces as well. This
concludes the proof of theoreni 6.3.

We state the last observation in the proof above as a corollar. Given a crossing ( ), one calls ( )
its O-resolution, and ( ) its 1-resolution. Given a planar diagram D of a framed link L, use [5.3)
to express it as a linear combination of planar 4-valent graps G;. For each i, let p; denote the
number of O-resolutions andn; the number of 1-resolutions that are used in[[5.B) to get the gaph
G; from the diagram D . Let v(G;) denote the number of vertices ofG; .
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Corollary 6.5. [16] Given a framed link L, using, the notations above theSO(3) Kau man poly-
nomial K. may be expressed a& (q) = Q 1 ( 1)V(G)gp ni e (Q), where the summation
is taken over all 4-valent planar graphs G; which are the result of applying the formula [5.B) at
each crossing of a planar diagram of_. Here Q = (g + g )%, and  denotes the chromatic
polynomial of the graph dual toG;. |

7. Properties of the chromatic inner product

We use the homomorphism to the Temperley-Lieb algebra, de ned in [6.1, to study the trace
pairing structure on the chromatic algebra G, (introduced in B.5l)

Lemma 7.1. The homomorphism : C& 1 TLY. is injective.

1=d

Figure 24. applied to the graph in gure

Proof. It is easy to see that for any graph G in the rectangle R, the terms in the expansion (G)
arein 1 1 correspondence with the subsetS E(G) of the set of edges ofG. More precisely,
given such S, consider the graph Gs whose vertex set consists of all vertices o5 and the edge set
is S. Then the terms of (G) correspond (with the coe cient depending on jSj) to the boundary
of the regular neighborhood of the graphsGs. (For an edge e, the two terms in the de nition of

in gure Z0lcorrespond to the two possibilities: e2 S, € 62S.) For more details see the proof of
lemma 2.5 in [10].

In lemma[4.4 we showed that (the isotopy classes of) graphs Wioubinner edges in the rectangle
R form a basis of G,. Suppose a linear combination of such graphs, G;j, is in the kernel of
Consider (G;) for somei, see gure[Z24 which corresponds to the graph in gurd’1D. Consler the
\leading term" of (G;j), where each edge of5; is replaced by its two parallel copies (the rst term
in the example in gure P4l) In terms of the correspondence dicussed above, this term is given by
S = E(Gj). We claim that this term does not arise in the expansion of aly other (G;j); j 6 i.

It is clear that it does not arise as a leading term for any othe graph, since each graph is recovered
as the spine of its leading term. Since the graphsG; do not have inner edges, it also does not
arise as a non-leading term of any (G;j), since any such term involves a \shaded turn-back" {
corresponding to a Gs which has an isolated vertex on the boundary ofR, as in the second term
in gure 24. Such \shaded turn-backs" cannot be part of a leadng term for (G;) since the graphs
with an isolated vertex in the interior of R are trivial in the chromatic algebra (relation (3) in
de nition 3.2.) This concludes the proof of lemma 7.1.

Corollary 7.2. Given Q 0, the pairing C2 C Q!  C, introduced in 3.5, is a positive de nite
Hermitian product provided that Q 4. For Q equal to Beraha numbersB,, = 2+2cos(2 = (n+1)) ,
the pairing is positive semide nite.
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Thepcorollary follows from the corresponding statement forthe Temperley-Lieb algebra [17] at
d="Q and lemmas 6.4 and 7.1.

We note the intriguing fact that the values of Q for which the Hermitian product on R is positive-
de nite coincides with the values of Q (Q  4) for which the chromatic polynomial of planar graphs
is conjectured to be positive [3]. (Of course,Q =4 corresponds to the 4-color theorem.) At Beraha
numbers, the trace pairing descends to a positive-de nite poduct on the quotient of C by the trace
radical, and it gives rise to the unitary structure of the (doubled) SO(3) TQFT, see section 3.1.

Among the elementary consequences of the corollary abovegrsider the Cauchy-Schwarz inequality:
given two graphs G;H in a disk with an equal number of endpoints on the boundary of he disk,
for Q 4, (G;H)? (G:G) (H;H). The inner product is given by gluing two disks along their
boundary and computing the chromatic polynomialat Q 4 of the dual graph of the resulting graph
in the 2-sphere. This may be loosely formulated as saying thathe chromatic polynomial at these
values of Q of such graphs is maximized by graphs with a re ection symmety, a statement that
does not seem to follow immediately from the combinatorial & nition of the chromatic polynomial.

8. Concluding remarks and questions
We mention a number of questions motivated by our results.

8.1. The chromatic algebra C de ned in this paper provides a natural framework for studying
algebraic and combinatorial properties of the chromatic pdynomial. We mentioned some of the
elementary consequences in sections 3, 4. In [10] we use tlailgebra to give an algebraic proof of
Tutte's golden identity [32] and to establish chromatic polynomial relations evaluated at Beraha
numbers, whose existence was conjectured by Tutte. The chroatic algebra should be useful for a
variety of other problems as well, for example it seems likgl that it should give new insight into
Birkho -Lewis equations [3] and the associated Tutte's invariants [33]. (See also [5] for more details
on this subject. The use of the Temperley-Lieb algebra in [Slappears to be dierent from our
approach; it would be interesting to nd a connection with our results.)

8.2. The chromatic algebra and its relations with the TL and BMW algebras should also be useful
in analyzing analytic properties of the chromatic polynomial. Speci cally, Tutte established the
estimate ] ( +1)]j 5 k where T is a planar triangulation and k is the number of its vertices.
The value + 1 is one of Beraha numbers,Bs, where B, = 2+ 2cos(2 =n). Considering the
map : G ! TLo, (dened in section 6), the Beraha numbers correspond to the pecial values
of d, dy = 2+ 2cos( =n), where the trace radical of the Temperley-Lieb algebra is on-trivial,
and is generated by the Jones-Wenzl projector [17]. This algbraic structure may prove useful in
determining whether there is an analogue of Tutte's estimae for other Beraha numbers. (This
qguestion is interesting in connection with the observation that the real roots of the chromatic
polynomial of large planar triangulations seem to accumulée near the points fB,g.)

In sections 5, 6 we established a relationship between th&0(3) BMW and chromatic algebras.
The former is useful for studying the quantum SO(3) invariants of 3-manifolds (via their surgery
presentation), while the latter is directly related to the chromatic polynomial. It is known [23], [37]
that the SO(3) quantum invariants of 3-manifolds are dense in the compx plane. This motivates
the question of whether there may be a related density resultfor the values of the chromatic
polynomial of planar graphs at Beraha numbers.
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8.3. The SO(N) Kau man polynomial may be viewed as an invariant of planar 4-valent graphs
via the \change of basis" formula (5.3). (Similarly the generators of the SO(N) BMW algebra may

be taken to be 4-valent planar graphs, rather than tangles.) The relations among 4-valent graphs
are then the pullback of the Kau man relations in gure 12 and of the last two Reidemeister moves
under (5.3).

In this paper we show that in the caseN = 3 all of these relations follow from the chromatic relations
in de nition 3.2. We also discuss the special casdN = 4 in [10, section 4], relating BMW (4) with
TL TL. Itis aninteresting question whether there is a nice combitorial/geometric interpretation

of the SO(N) invariant of graphs for other values of N involving unlabeled graphs. (A dierent
approach is taken in [21] in the rank 2 case where the graph e@g have di erent labels.)

8.4. In this paper we de ne and investigate some of the propdies of the map from the SO(3)
BMW algebra to the chromatic algebra, i: BMW , ! C , see theorem 5.1. It would be interesting
to establish a precise relationship between these algebra#\s indicated in remark 5.4, we believe this
homomorphism is injective but not surjective. (From the TQF T perspective, an interesting question
is whether these two algebras are Morita equivalent.) It folows from lemma 6.4 that at special values
of Q =2+2cos(2 j=n ), the pull-back of the Jones-Wenzl projector from the Tempeley-Lieb algebra
via the homomorphism is in the trace radical of the chromatic algebra. A question mportant
from the perspective of nding linear relations among the vdues of the chromatic polynomial of
planar graphs (see [10]) is whether this pull-back of the Joas-Wenzl projector generates the entire
trace radical of the chromatic algebra.
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