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Quasi-hereditary algebras arise in several natural contexts. For example, their
module categories often appear in connection with the representation theory of
algebraic groups over fields of positive characteristic or of quantum groups at a root
of unity. This point of view has been exploited by various authors, e. g., [CPS3-8],
[G2], etc. Classical Schur algebras attached to the general linear groups GL,, (see
[G1]) as well as their quantized versions associated to the quantum general linear
groups (see [DD, PW], etc.) provide typical examples of quasi-hereditary algebras
arising in this way. A second importance source of quasi-hereditary algebras comes
from geometry, in the study of perverse sheaves. For example, it is proved in
[PS1, PS2] that the perverse sheaf category on a suitably nice stratified topological
space X is the module category for a quasi-hereditary algebra.

The first example of a Borel subalgebra of a quasi-hereditary algebra was given
by Green [G2], though he did not give a general definition of the concept. Later,
Konig [K1] introduced the notion of an ezact Borel subalgebra, which did not fit
Green’s example, but did apply for the category O associated to a simple complex
Lie algebra. The second author of this paper introduced in [KK1; appendix] a further
notion, which synthesized these two cases!, but still does not obviously capture
other interesting examples, such as given in [Dy] and [DR].

The notion of a Borel subalgebra, introduced in Section 2, does seem to capture
all the known examples, and it is sufficiently rich to have an interesting theory. The
original notion of [K1; appendix] is recast here as a homological Borel subalgebra,

L Unfortunately, the two cases do not appear as closely related as [K1; appendix] suggests.
The second author wishes to acknowledge here that his proof of [K1; appendix, Thm. F] on the
existence of exact Borel subalgebras is incorrect, and no repair seems likely. The construction
does, however, lead in that context to Borel subalgebras having only “dominant” weights; see
§2. One can also choose a homological (or even excellent) Borel subalgebra in an appropriately
constructed generalized Schur (or ¢-Schur algebra — see Section 7), but one is not guaranteed an
exact Borel subalgebra, as claimed in [K1; appendix, Thm. E].



and several new and stronger variations are proposed. All these variations mirror
to some extent properties of Borel subgroups of algebraic groups, discovered by van
der Kallen and Polo [vdK]. We also demonstrate that Konig’s notion of an exact
Borel subalgebra is interesting in the context of infinitesimal groups and quantum
groups at a root of unity.

A key ingredient in our point of view centers on a categorical approach. Thus,
we first define various Borel categories associated to a highest weight category
(i. e., the module category of a quasi-hereditary algebra A). Then we consider
natural constructions, such as passing to endomorphism algebras, which give rise
to subalgebras of quasi-hereditary algebras. In some cases, this process is interesting
and non-trivial. The systematic use of the categorical approach has the additional
advantage of making some of the discussion invariant under Morita equivalence.

Our paper is organized as follows. In Section 1, we review some preliminary
material. Section 2 takes up the idea of a Borel category (and a Borel subalgebra
B) associated to a highest weight category (and its associated quasi-hereditary
algebra A). The axioms imply that tensor induction A @p — of some irreducible
B-modules give standard modules for A, while the other irreducible modules induce
to the zero module. Some general constructions and a triangular decomposition are
also discussed.

Section 3 continues the discussion of Section 2 by considering the existence of
Borel subalgebras for highest weight categories having a graded Kazhdan-Lusztig
theory (in the sense of [CPS6]). The main result here is an improvement in Theorem
3.5 of an unpublished result due to the first two authors and E. Cline (which was
itself inspired by an earlier variation by Dyer [Dy]): Quasi-hereditary algebras A,
even basic algebras, with a Kazhdan-Lusztig theory [CPS6| always have natural
subalgebras B that are, under a mild additional assumption (given as Hypothesis
(1.1)), always Borel subalgebras. Moreover, we point out that, conversely, the
existence of a suitably strong Borel subalgebra implies the Lusztig characteristic p
conjecture. (See this discussion in (3.9).) This result provides a substitute for a
(still unpublished) theory announced by Koénig [K4] in the exact Borel subalgebra
case.

In Section 4, we define homological, exact, and excellent Borel categories. We
also consider the question of realizing these categories in terms of subalgebras of
quasi-hereditary algebras. This leads to the notion of an exact, homological, and
excellent Borel subalgebra of a quasi-hereditary algebra. As mentioned above, exact
Borel subalgebras have been previously defined by Koénig [K1], and studied by him
in a number of papers [K2, K3]. “Homological” Borel subalgebras or categories
capture “Kempf’s vanishing theorem” for reductive groups, while the “excellent”
theory abstracts from even stronger properties in Schubert theory. A pleasant
consequence (given in §4) of the axioms for an excellent Borel category is that they
guarantee fairly quickly the existence of an associated subalgebra. This gives a new
and easier proof of a result of Woodcock [W].

In general, the ezistence of these various types of Borel subalgebras is difficult to



establish for many important classes of quasi-hereditary algebras. The remainder of
the paper takes up this existence question. Thus, in Section 5, we prove that exact
Borel subalgebras exist in the context of the algebras arising from the representation
theory of infinitesimal group schemes and quantum enveloping algebras. Although
our methods are different here than Konig’s [[K1], the results mirror a similar result
of his for the category O associated to a complex simple Lie algebra.?

Section 6 develops some necessary material, largely due to van der Kallen [vdK] in
the algebraic group case, for quantum enveloping algebras, which are then applied
in Section 7 to prove that the quasi-hereditary algebras associated to quantum
groups at a root of unity have excellent Borel subalgebras. (Of course, as a special
case, we obtain similar results in the classical algebraic group case.) Finally, Section
8 contains a few final remarks concerning Borel subalgebras in the case of ¢-Schur
algebras.

This paper suggests several interesting questions. First, we raise here the ques-
tion of the existence of excellent Borel subalgebras for some of the quasi-hereditary
algebras which play an important role in the non-describing characteristic repre-
sentation theory of finite groups of Lie type in type different from type A. One
speculates that such a theory would require some kind of “Schubert theory” for these
algebras (along the lines of [vdK], e. g., do there exist suitable “Joseph modules”?)
Even in type A, there is no combinatorial proof that the usual Borel subalgebras
of Schur or ¢-Schur algebras are excellent, or even homological, though these prop-
erties do hold. Second, for those quasi-hereditary algebras connected to perverse
sheaves, it might be highly interesting to interpret geometrically the existence of
various types of Borel subalgebras.

1. PRELIMINARIES

Throughout this paper, k is a fixed field, which for convenience is algebraically
closed. We will work with various abelian categories C over k. We assume that
there is given a set A = A(C) — the set of weights of C — indexing the distinct
isomorphism classes of simple objects of C. For A € A, write L(\) for a fixed
representative from the corresponding isomorphism class of irreducible objects. The
category C is generally assumed to have both enough injective and enough projective
objects. Let I(\) (resp., P()\)) denote the injective hull (resp., projective cover)
of L(A). There will often be several categories in play at any one time, so that
we write L(C, ), P(C,\), ete. in place of L(A), P(\), etc. when C needs to be
mentioned.

As is well-known, if C is a k-finite category having finitely many simple objects,
then C = A-mod for a (non-uniquely) determined finite dimensional algebra A over
k. In the case C = A-mod (finite dimensional, left modules) or mod- A (finite
dimensional, right modules) for a k-algebra A, we may write L(A, \), P(A, \), etc.
in place of L(\), P(\), etc.

? Actually, our methods can be adapted to give a more conceptual approach to the category @
situation.



We will consider highest weight categories C over k, in the sense of [CPS3]. In
this case, A comes equipped with a poset structure <. We will always assume that
C 1s k-finite with finite weight poset A unless explicitly stated otherwise.® If C is a
highest weight category with weight poset (A, <), let A(X) (resp., V(X)) denote the
standard (resp., costandard) object associated to A. Thus, L(\) is isomorphic to
the head (resp., socle) of A(X) (resp., V(A)). Given A € A, A(A) (resp., V(X)) can
be characterized as the largest quotient (resp., subobject) of the projective cover
P(X) (resp., injective envelope I(\)) of L(\) having composition factors isomorphic
to L(p) with ¢ < A Also, P(A\) (resp., I(\)) has a decreasing (resp., increasing)
filtration with top (resp., bottom) section isomorphic to A(A) (resp., V(X)) and with
lower (resp., higher) sections isomorphic to A(u) (resp., V(u)) for some p > A.

A module category C = A-mod for a finite dimensional algebra is a highest
weight category (relative to some poset structure on A) if and only if A is quasi-
hereditary [CPS3; (3.6)]. Given the quasi-hereditary algebra A, the standard and
costandard objects in C = A-mod depend on the chosen poset structure < on A.
When this fact needs to be emphasized we may write A(A4, <, A), V(A4, <, A) for
these objects as a way of indicating their dependence on <. We will also sometimes
say that “A is quasi-hereditary (with poset (A, <))” to mean that <is a given poset
structure on the weight set A of A (i. e., of A-mod) with respect to which A-mod
has the structure of a highest weight category.

An ideal |, in the weight poset A of a highest weight category C determines a
full subcategory C|, ] consisting of objects having composition factors L(v), v € , .
Then CJ, | is again a highest weight category with weight poset ,. For v € |,
V(C], ],v) Z V(C,v) and A(C], |,v) = A(C,7). The inclusion functor ¢,:C[, | — C
admits both a left adjoint i* and a right adjoint 7' satisfying i*i, = i'i, = idepry. For
M,N € Ob(C[, ]), we always have an equality Extz[r](M,N) =~ Exto(isxM,isN);
see [CPS3; §3]. A very useful consequence (often used without explicit mention) is
that if A is maximal in , , then A(X) (resp., V(A)), when regarded as an object in
C[, ], becomes projective (resp., injective), i. e., A(C,\) = P(C[, |, A) and V(C, \) =
I(C[, ], A) (allowing a slight abuse of notation).

If @ C A is a coideal, the quotient category C(€2) of C by the Serre subcategory
C[A\Q] is again a highest weight category with weight poset . If j*:C — C(Q)
denotes the quotient functor, then j* carries L(C,w), V(C,w), A(C,w), I(C,w), and
P(C,w) to their corresponding objects in C(€2) for all w € . Also, j* admits both
a left adjoint j1 and a right adjoint j,. giving sections for j*, in the sense that
JEI = e = ide(yt

Fix a highest weight category C having weight poset (A, <). We can consider the

3For many definitions and constructions, the finiteness of A is assumed only for convenience.
In §5, we consider some k-finite highest weight categories with infinite weight posets, and we are
able, effectively, to use the same definition.

*A general discussion of quotient categories can be found in [F; §15]. In this paper, we con-
sider — except briefly in §4 — categories C equivalent to the category A-mod of finite dimen-
sional modules for a finite dimensional algebra. The relevant quotient categories all arise in
the following way: Let , C A be a set of irreducible A-modules, and let § = C[, ] be the full



various poset structures <’ on A relative to which C is a highest weight category
having the same V-objects and A-objects as defined by our original partial ordering
<. Among these partial orderings there is a unique minimal partial ordering <y,
which is generated by the preorder <,.. on A obtained by putting A <, p if
and only if L(\) is a composition factor of V(y) or of A(y). The multiplicity
equalities [P(A) : A(p)] = [V(i) : L(N)] and [I(A) : V()] = [A(p) : L(N)] given
in [CPS3;(3.11)] show that each P(X) (resp., I(\)) has a filtration in which the
A(p)-sections (resp., V(p)-sections) are correctly ordered relative to <piy.

In practice, it is often possible to generate <,,;, from the preorder §'pre defined by

putting ¢ <! . A provided the multiplicity [V(X) : L(p)] of L(p) as a composition

—pre
factor of V(A) is not zero. Obviously, this occurs when the following condition

holds:
(1.1) Hypothesis. For any A\, pn € A, if [A(X) : L(p)] # 0, then [V(X) : L(p)] # 0.

Of course, the “dual” Hypothesis (1.1)°P, obtained by reversing the roles of the
A and V-objects in (1.1), holds. However, (1.1) will usually be sufficient for our
purposes. Both (1.1) and (1.1)°P hold provided the category C has a strong duality
in the sense of [CPS4], so that any A(A) has the same image in the Grothendieck
group of C as V(). Another important situation in which (1.1) holds often occurs

when A is realized as A = A®e k, where A is an integral O-quasi-hereditary algebra
[CPS5] for a (local) commutative ring O with Ax split semisimple over the quotient
field K of O. For the argument, see the discussion of “Brauer theory” in [DPS1,2].°

Recall that a k-finite category C is (left) directed with respect to a poset structure
< on its weight set A provided

Exte(L(A), L(p)) #0 = A < .

If C is directed by <, it is a highest weight category with respect to the poset
(A, <) with standard objects A(A) 2 L(\) and costandard objects V(A) = I(A).
Any Serre subcategory S of a directed category C is directed by restricting < to the
weight set A’ C A of §. Also, the quotient category C/S is directed by restricting
< to the weight set A\A' of C/S.

subcategory of all A-modules having composition factors L(y), for v € ;. Let e : A — A
be the idempotent projection onto @,\er P(A,)\). Then the quotient category C/S identifies
with eAe-mod with quotient functor j* : ¢ — C/S given by M — eM, M € Ob(C). We have
J1 = A®.a.— and j. = Hom, 4.(Ae, —). Theset A\, indexes the irreducible e Ae-modules (which
can be taken as eL(A,A), A € A\,). If A €, , it is easy to see that j*I(A, \) = I(eAe, A) and
J*P(A,\) = P(eAe,\). See [F; (15.22)] which also develops the theory in a generality sufficient
for the application in §4 below to highest weight categories with infinite posets.

>The hypothesis that @ have Krull dim. < 2 assumed in [DPS1]. We can instead use the fact
that the O-versions of A()), V(A) are both O-free lattices in the same irreducible Ap-module.

Here O is the completion of O, K is the quotient field of 0. Passage to O is only required to
assume that O-versions of A(A) and V() exist.



Finally, recall that the V and A-objects have simple homological characteriza-
tions. Namely, suppose that M € Ob(C) and A € A. Then:

(1.2) dim Ext?(M, V(1)) = 6nobrn, Y0 =0, v € A == M = A()).

The “ = ” implication is trivial: Let M = A(X). Replacing C by C|, ] for an ideal
, containing both A and v and in which A or p is maximal, we can assume that A(\)
is projective or I(v) is injective. Thus, the right hand side of (1.2) holds for positive
n, while it trivially holds for n = 0. Conversely, the vanishing of Exts(M, V(v))
for all v € A is well-known to imply that M has a filtration with sections of the
form A(X). Then from the n = 0 case, we obtain that M = A()) for some A.
(A simple direct proof for the “ = 7 direction can be based on elementary (1.4)
below, together with a dimension shift argument.) The evident dual statement
characterizes V-objects.

If C is a highest weight category, let D®(C) be the corresponding bounded derived
category. (We can usually work with D*(C), rather than D~(C) or D*(C) because C
has finite global dimension.) A variation on (1.2) remains valid for some objects in
D*(C). Let D*=°(C) (resp., D*Z%(C)) denote the full subcategory of D®(C) having
objects isomorphic (in the sense of derived categories) to complexes concentrated
in non-positive (resp., non-negative) degrees. We have the following lemma.

(1.3) Lemma. (1) If X € Ob(D»<%(C)) and Hom%b(c)(X,V(l/)) = 0, for all
v €A and alln > 0, then X s wsomorphic to an object in C which has a filtration
with sections of the form A(N), A € A.

(2) If X € Ob(D»2°(C)) and Hom%b(c)(A(y),X) =0 for all v € A and all
n > 0, then X s 1somorphic to an object in C which has a filtration with sections

of the form V(A\), A € A.

Proof. We will only prove (1); a dual argument will establish (2). Suppose that
X € Ob(D*»=%(()) is not isomorphic to an object in C. A standard truncation ar-

gument implies that X is isomorphic to a complex -+ — 0 — M™" S Y el S N

- in which n > 0 and Kerd™ # 0. Thus, for some injective object I in C,
Hom%b(c)(X, I) # 0. Since I has a filtration with V-sections, this means that
Hom%b(c)(X, V(v)) # 0 for some v € A. Thus, M is isomorphic to an object in C.
Since Homz)b(c) = Ext_ for objects in C, M has the required filtration (using using
the case n =1). O

We conclude this section with the following useful result.

(1.4) Lemma. Let A € A. Then:
(1) Any M € ODb(C) is a nonzero homomorphic image of A(X) iof and only of
dim Home (M, V(p)) = 6x,, for all p € A.

(2) Any M € Ob(C) is a submodule of V(X) if and only if dim Home(A(p), M) =
Ox,p for all p € A.



Proof. We will prove (1), and leave the dual argument for (2) to the reader. Clearly,
any nonzero epimorphic image M of A(\) satisfies the stated dimension condition.
Conversely, suppose the dimension condition holds. If M has a composition fac-
tor L(v) with v £ A, then there is a nonzero morphism M — I(v). But I(v)
has a filtration with bottom section V(v) and higher sections V(w), w > v. So
Home(M,I(v)) = 0, a contradiction. Thus, all the composition factors L(v) of M
satisfy v < A. Since M clearly has lead L()), it follows that M is an epimorphic
image of A(\), as required. O

2. STANDARD BOREL CATEGORIES AND SUBALGEBRAS

Let C be a fixed highest weight category with finite weight poset (A1, <*). The
“47”_notation is chosen because we view AT as analogous to a set of “dominant
weights”. In this and the next several sections, we consider various “Borel cat-
egories” for C (as well as associated algebras). This section considers the most
general notion, which we call a (standard) Borel category associated to C. As we
shall see later, these Borel categories and their dual “costandard” variation occur
commonly in algebraic and quantum groups (as well as in some Morita equivalent
contexts). Although we are ultimately interested in algebras and their module cat-
egories, we obtain the best perspective and flexibility by setting up a categorical
framework.

We begin with the following preliminary lemma.

(2.1) Lemma. Let U :C — B be an ezact, additive functor from C to a highest
weight category B with weight poset (A, <). Assume that AT is a subset of A, and
that <* is compatible with < (1. e., A <t u = X < p for all \,;p € AT ). Also,
assume that ¥ admaits a left adjoint Uy : B — C. The following three statements are
equivalent:

(1) For A € AT, UV(C, \) is isomorphic to a nonzero subobject of V(B,\).

(2) For p € AT, OIA(B, 1) is a nonzero homomorphic image of A(C,p), and
UAB,u) =01 pe A\ AT,

2
(3) For € A, we have

A(C,p), pe AT,

U A(B, 1) { . At

Proof. (1) <= (2): By adjointness, for A € AT and p € A, we have
Home(UIA(B, 1), V(C, A)) = Homp(A(B, 1), TV(C, \)).

Therefore, by (1.4), (1) implies that dimHome(WA(B, 1), V(C, X)) = dxu, and

(2) follows. Conversely, (2) implies dim Homg(A(B, i), UV(C,A)) = éxu, and (1)

follows.



(3) = (2) is trivial.
(1) = (3): Since now (2) holds, by dimension consideration, it suffices to show
that there is a surjective homomorphism WiA(B, ) — A(C, ), for all A € AT. We

make the following preliminary claim:

(*) If A € AT, then WL(C,\) has socle isomorphic to L(B,\), while all other
composition factors L(B, ) satisfy v < A.

If A € AT is minimal (w.r.t. <T), then V(C,\) = L(C,\), so that WL(C,\) =
UV(C,A) is a nonzero subobject of V(B,\), and (*) holds in this case. If A
is not minimal, induction implies that () holds for any composition factor of
V(C,\)/L(C, ). Therefore, since 0 # ¥V(C,\) C V(B,)\), YL(C,\) has socle
L(B,\). Of course, the other composition factors L(B,r) must satisfy ¢ < A. So
(%) holds for all A € AT.

In particular, (*), together with the exactness of ¥, implies, for all A € AT, that
L(B,\) occurs with multiplicity one as a composition factor of WA(C, \), while
all other composition factors L(B,v) satisfy v < A. By highest weight theory
for B, there is a nonzero map A(B,\) — PA(C,\) which remains nonzero upon
composition with the natural surjection WA(C,\) — VL(C,\). By adjointness,
there is a nonzero map UiA(B, A) — A(C, \) remaining nonzero upon composition
with A(C,\) — L(C,A). Hence, "'A(B,\) maps surjectively onto A(C,\), as
required. [

(2.2) Definition. A Borel category associated to the highest weight category
C is a highest weight category B with weight poset (A, <), together with a exact,
additive functor ¥ : C — B satisfying the following conditions:

(BO) The functor ¥ admits a left adjoint ¥y : B — C.

(B1) AT C A and < is compatible with <.

(B2) For A € AT, UV(C, \) is isomorphic to a nonzero subobject of V(B, ).
(B3) For A € At A(B,)\) = L(B,)\). There is a second poset structure <’ on A

making B into a directed category.

(2.3) Remark. (1) Observe that in the above definition, (2.1) implies that condi-
tion (B2) can be replaced by the condition given in (2.1(3)). Also, observe that con-
dition (B3) implies that we have U/ L(B,\) = A(C,\) for A € AT, and ¥, L(B,\) =0
for A € A\ AT (because U\ A(B,\) = 0 and ¥y is right exact).

(2) It is usually possible to assume <'=<. Note that, since the highest weight
category structure on B defined by the poset structure <' on A is directed, we have
V(B,<,A) € V(B,<') ). Thus, if Hypothesis (1.1) holds for C, then condition
(2.2(3)) implies that S:ﬁn is compatible with <'. After replacing <™ with S:ﬁn
(thus keeping the same standard and costandard modules in C), the highest weight
category structure on B defined by <' also defines B as a Borel category for C (with

the same ). Therefore, we may assume <=<'in this case. However, even when

8



Hypothesis (1.1) does hold, two distinet poset structures can arise naturally, so it
is useful to allow some flexibility in (2.2).

(3) Assume the set-up in (2.2), but that B is directed by (A, <). Then B can be
replaced by any full abelian subcategory B’ containing the image of ¥ : C — B, all
objects L(B,\) for A € AT, and having enough injectives. In this case, the poset
A" for B' consists of the subposet of A corresponding to the irreducible objects in

B'.

We now reformulate the notion of a Borel category in terms of algebras. Suppose
that ¥ : C — B defines a Borel category (though we make no special assumption
about the compatibility of <t with <'). We wish to realize C and B as module
categories A-mod and B-mod, respectively, so that ¥ is defined by an algebra
homomorphism ¢ : B — A. (In this case, we think of the pair (B, () as a prealgebra
of A — of course, in ideal situations, ¢ will be injective and so identify B with a
subalgebra of A.)

More generally, if ¢ : B — A is a homomorphism of finite dimensional algebras,
let * : A-mod — B-mod be the pull-back functor (i. e., if M is an A-module,
then ¢* M is the B-module obtained by making B act on M through the morphism
¢). The functor * admits a right adjoint ¢, = Homp(A,—) and a left adjoint
n=AQg —.

(2.4) Lemma. Let ¥ :C — B define B as a Borel category in the sense of (2.2).
Let P be a projective generator for B, and set B = Endg(P)°?, A = End¢(¥P)°P.
Let ¢ : B — A be defined by «(b) = Wi(b). Then:

(1)
(2) The algebras A and B are quasi-hereditary.

(3) Identifying C to A-mod by means of the equivalence Home(Q,—) : C —
A-mod and identifying B to B-mod by means of the equivalence Homp(P, —) :
B — B-mod, the functor U identifies with *, while Uy identifies with ¢.

Q = U P s a projective generator for C.

Proof. Let A € AT. Applying ¥, to the natural surjection P(B,\) — A(B,\)
yields a surjective map W1 P(B,A) — U/A(B, ). But WIA(B,\) = A(C, \), while
UP(C,\) is a projective object in C (because ¥ has an exact right adjoint ¥).
Therefore, ) = ¥ P maps surjectively onto A(C,\) and hence also maps onto
L(C, \). Tt follows that P(C, \) is a direct summand of @, for all A € AT, and so
is a projective generator for C. This proves (1).

By Morita theory, Home(Q, —) : ¢ — A-mod and Homp(P,—) : B — B-mod
are equivalences of categories, so that statement [CPS3; (4.6)] implies (2).

Now (3) is a direct verification; we give the argument for completeness. The
equivalence C = A-mod is given by M + Hom¢(W, P, M) for M € Ob(C). Simi-
larly, N — Homp(P, N), N € Ob(B), defines an equivalence B = B-mod. There-
fore, Home (WP, M) — Homp(P, VM), M € Ob(C), defines an exact functor
J*1 A-mod — B-mod. We claim that if Home (U1 P, M) is regarded as a B-module

9



using the homomorphism «: B — A, then the isomorphism ¢ : Home (9P, M) =
Homg(P, VM) is a B-module isomorphism. For M € Ob(C) and N € Ob(B), let
i WU M — M and on: N — U N be the adjunction maps. Then @y is given
by pam(f) = ¥(f)op for f € Home (W1 P, M). Also, v has inverse

Uy Homp(P, VM) — Home(Ui1P, M), ¢g— ma¥i(g).

To show, for f € Home(WP, M), that oa(f81(0) = oum(f)b, for all b € B, it
suffices to check that

p —* , p

o0 | |7

yohpP — Y P
YW (b)

is commutative. Since Ty, p¥i(op) = id, we have

opb=pu,pPy,p(opb) = v p(Tw.pYi(op)Pi(b))
= pu,p(Vi(b) = VU (b)op,

as desired. Thus j* = /* 1. e., j* is induced by pull-back through «: B — A. The
other assertions of (3) are clear. O

In practice, the morphism ¢ : B — A defined in (2.4c) need not be an injection.
However, assume that Hypothesis (1.1) holds for C. Then, as discussed above,
we can assume that <=<'. Then, using (2.3), we can replace B by its image
B' = «(B) in A and replace A by the subposet indexing the irreducible B'-modules.
Thus, A-mod — B’ -mod defines a Borel category which is realized as the mod-
ule category of a subalgebra of A. For this reason, the remainder of this section
focuses on subalgebras, though more general prealgebras could easily be consid-
ered. Throughout the discussion, A will be a quasi-hereditary algebra (with poset
(AT, <%)). Usually, B will be a quasi-hereditary subalgebra (with poset (A, <)).
So as not to be too pedantic, we usually will omit explicit mention of the associated
posets (AT, <T) and (A, <).

(2.5) Definition. Let A be a quasi-hereditary algebra (with poset (AT, <T)).
Let B be a quasi-hereditary subalgebra (with weight poset (A, <)) of A, and let
U = |p: A-mod — B-mod be the natural restriction (or pull-back) functor induced
by the inclusion map ¢ : B — A. Then we say that B is a (standard) Borel
subalgebra of A provided ¥ defines B-mod as a Borel category associated to
A-mod in the sense of (2.2). (Observe that the left adjoint ¥y must identify with
tensor induction A ®p —.)

In the case ¥ : A-mod — B-mod is the restriction functor, the condition (B0)

in (2.2) is automatic: the tensor induction A ®@p — provides a left adjoint to V.
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Therefore, to verify whether B is a Borel subalgebra of A, we need only check
conditions (B1)—(B3) in (2.2) with C = A-mod and B = B -mod.

If < is a poset structure on the weight set A™ of a quasi-hereditary algebra A,
a =-adapted listing of AT consists of a listing Ay,--- , A, of the set AT such that
A; = Aj implies ¢ > j. In this case, there exists a defining sequence

(2.6) 0O=JCJiC---CJ, =4

of idempotent ideals of A (in the sense of [CPS3; §3]) such that the A/.J;_;-module
Ji/Ji—1 is a direct sum of copies of A(A4,\;) = A(A4, =<, ;) (and is a projective left
or right A/J;_1-module). We call (2.6) a <-adapted defining sequence of A. In
case B is a Borel subalgebra of A, we say that (2.6) is <-adapted provided it is
< |a+-adapted. (Here (A, <) is the weight poset for B-mod in (2.5).) Because <%
is compatible with <, any <-adapted defined sequence is also <T-adapted.

With this terminology, we can establish the following result which provides some
necessary and sufficient conditions for a subalgebra B of A to be a Borel subalgebra.

(2.7) Theorem. Let A be a quasi-hereditary algebra (with weight poset (A1, <T).
Let {\1,-+ , An} be a <-adapted listing of AT, and 0= Jy C J, C--- C J, = A be
the corresponding <-adapted defining sequence of A. Then:

(1) Suppose B is a Borel subalgebra of A as per (2.5). For each i, let e; be a
primitive idempotent of B satisfying e;L(B,\;) #0. Then e; € J;, ¢; ¢ Ji_1, and
the following equalities hold:

eiB+Ji1=e; A+ Jiy,
e;Bei + Ji—1 = e;Ae; + Jia.

(2) Assume the notation in (1). Let <' be the poset structure on A which directs
B-mod, and assume that < is compatible with <'. Then there is an isomorphism

(273) Bei/(Bei N Ji—l) = (Bei + Ji—l)/Ji—l 5 L(B, /\z)

(3) Conversely, let B be a directed subalgebra of A satisfying (2.7.1) for primitive
idempotents e1,--- e, € B. Assume each e¢; € J;\J;—1. Suppose that A satisfies
Hypothesis (1.1), and that §+:§:ﬁn. Let <=<yin direct B-mod. Then B (with
poset (A, <)) is a Borel subalgebra of A (with poset (AT, <T)).

Proof. We first prove (1). Fix ¢ and let e¢; € B be a primitive idempotent such that
e;L(B, ;) # 0. By (%) in the proof of (2.1),

[WL(A ) : L(B,v)]|#0 = v < A,

Also, L(B, A;) occurs as a multiplicity 1 composition factor in the socle of WL( A, A;).
Thus, the isomorphism Homy (¥ Be;, L(A, A;)) = Homp(Be;, ¥L(A, A;)) shows
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that the head of Ae; = UiBe; contains L(A, \;) with multiplicity one, together
with summands L(A, \;) with j < ¢. Thus, (4/J;)e; = 0. In particular, e; € J;.
Also, (A/J;—1)e; has a simple head L(A, \;), so the image of e¢; in A/J;,_; is a
primitive idempotent (thus, e; € J;_1).

It follows that (A/J;—1)e; =2 A(A, \;), while e;(A/Ji—1) = V(A,\)* (k-linear
dual). By property (2.2(3)), the restriction UV(A, ;) = V(A4, \;)|p is isomorphic
to a B-submodule of V(B, \;), and hence to a B-submodule of I(B, \;) = (e; B)*.
So, e;(A/J;—1) is a right B-module homomorphic image of ¢; B, and hence of

eiB/(eiB N Ji—l) = el((B + Ji—l)/Ji—l)-

However, e;,((B + J;—1)/Ji—1) is a B-submodule of ¢;(A/J;—1). Thus, (2.7.1) must
hold, and (2.7.2) follows immediately by multiplying (2.7.1) on the right by e;. This
proves (1).

To prove (2), we need to verify that (2.7.3) holds under the assumption that
<t is compatible with the poset structure <’ directing B-mod. The B-module
Be;/(Be; N Ji—1) has head L(B, \;) = A(B, \;) and is isomorphic to a submodule
of (A/Ji—1)e; = A(A,\i)|B. Because B-mod is directed, the composition factors
L(B,v) of Be;/(Be; N J;_1) satisfy v >' A;. Also, L(B, \;) has multiplicity one in
Be;, hence in Be;/(Be; N J;—1). Fix a filtration of Be; with top section A(B, \;) =
L(B,\;) and with other sections of the form A(B,v), A < v € A. If A(B,v) is
the first section in this filtration (counting from the bottom) with nonzero image
A(B,v)in A(A, \,)| g, U1A(B, v) has nonzero image in A(4, \;)|p (by adjointness),
so WIA(B,v) # 0 and v € AT. Therefore, v <T A;. Since <7 is compatible with
<', we obtain that ¥ = A\; and so (2.7.3) must hold. This completes the proof of
(2).

Now assume the hypotheses of (3). We must verify that conditions (B1)-(B3)
n (2.2) hold.

Because each e; € B is primitive and B is directed, the algebra e;Be; = k.
Thus, (2.7.2) implies that e;(A/J;_1)e; = e¢;Be; = k, so the image of e; in A/.J;_4
must also be primitive. Let L(A, A;) be the corresponding irreducible A-module,
i. e., L(A, \;) is isomorphic to the head of (A/J;,_1)e;. We let \; € A also index
the irreducible B-module corresponding to €;, i. e., ¢;L(B, \;) # 0. In this way,
we regard AT as a subset of A. (Observe that the ¢; are not equivalent, since the
Ji are distinct.) Now condition (B3) holds, since we are assuming that <=<p;,
directs B, so that A(B,\) = L(B, \) even for all A € A.

Since e; € J;, the module e;(A/J;—1) = e;(J;/Ji—1) is an indecomposable sum-
mand of the right A-module J;/J;—_1. Thus, e;(A/Ji—1) = V(A, \;)*. It follows from
(2.7.1) again that ¥V(A, \;) is a B-submodule of (¢;B)* = I(B,\;) = V(B,\;).
So (B2) holds.

It remains to prove, under the assumption of Hypothesis (1.1), that §+:§:ﬁn
is compatible with <. But if L(A, i) is a composition factor of V(A, A), then, by
(2.1), the socle L(B, p1) of WL( A, i) is a composition factor of ¥V (A, ), and hence
of V(B,\). Thus, p < A, as required. 0O
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(2.8) Remark. Suppose that in (2.7), it is assumed that the directed algebra B
arises as a path algebra. (It is always naturally the image of a finite dimensional
path algebra.) Then, under the hypotheses of (1), it is easy to see that the condition

(2.8.1) eiAej Z J]‘ 4 ejBei 7é 0

holds for all 7,j. Conversely, in this case, part (3) remains true if the condition
that Hypothesis (1.1) holds is replaced by condition (2.7.1). We leave the easy
details to the reader. Finally, we remark that (2.7) can be reformulated in terms
of prealgebras. In that case, we could always assume that B is a path algebra.
(Alternatively, even in the subalgebra case, one could replace the right hand side of
(2.7.1) by the more complicated “path” condltlon oy, 1, with oy =3, 1, =1
and e;Be;1q # 0 for all ¢ < n.)

In the following corollary, we use the fact that if A is a quasi-hereditary algebra
with weight poset (AT, <), then the opposite algebra A°P is also a quasi-hereditary
algebra with weight poset (AT, <%). If {J,} is a <*-adapted defining sequence for
A, it remains a <T-adapted defining sequence for A°P.

(2.9) Corollary. Let A be a qausi-hereditary algebra (with weight poset (AT, <T)).
Suppose B and B~ are quasi-hereditary subalgebras of A which have the same weight
poset (A, <). Assume that B is a Borel subalgebra of A and that (B™)°P is a Borel
subalgebra of A°P. Also, assume that {Jo} 1is @ <-adapted defining sequence of A,
and that there exist idempotents e; € B N B~ which are primitive in both B and
B~ and satisfy e;L(B,\;) # 0, ¢;L((B™)°?, \;) # 0.

Then there 1s a “filtered triangular decomposition”
(2.9.1a) A=B"B.
More precisely, we have

(2.9.1b.) A=JB eB.

Proof. By (2.7a), we have ;B + Ji_1 = e;A+ Ji—1 and B7e; + Ji—1 = Ae; + Ji4
for all z. Thus,

(2.9.2) B eB+Ji_1 =Ae; A+ T4

for all¢. Since Jo = 0 and J; = Aej A, (2.9.1b) follows immediately from (2.9.2). O
(2.10) Remarks. (1) The above corollary is inspired by a similar result for Schur
algebras proved by Green [G2]. In turn, Green’s result was extended to ¢-Schur

algebrasin [PW; (11.6.1)]; see §8. Recently, Du and Rui [DR; (3.5], 5.5) have proved
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such a factorization for ¢-Schur®-algebras. These algebras do not obviously arise
from Lie theory, but are interesting for the representation theory of finite groups
of Lie type in the non-describing characeristics. Dyer [Dy] proved a suggestive and
similar factorization, in an entirely different context; but he also assumes a strong
duality, so (2.9.1a) is again a consequence. (See §3.)

The following result establishes that any quasi-hereditary algebra A has a Borel
subalgebra B. In the next section, we will show that, under suitable assumptions,
nice properties of A imply that B can be chosen to have similar nice properties.
In the situation below, we even obtain that the irreducible A-modules restrict to
irreducible B-modules. Such Borel subalgebras are called strong; we will return to
that notion below in §3.

(2.11) Theorem. Let A be a quasi-hereditary algebra (with weight poset (AT, <1)).
Assume that §+:§:ﬁn and that Hypothesis (1.1) holds. Then A has a Borel subal-

gebra B with same weight poset as A. The algebra B can be chosen so that A = AT
and every irreducible A-module restricts to an irreducible B-module.

Proof. First, assume that A is a basic algebra. Let \j,---, )\, be a <T-adopted
listing of AT, and form the associated <T-adapted defining sequence (2.6) for A.

Let Ay be a Wedderburn complement for rad(A) in A, and let e5,--- e, € Ag
be a corresponding complete set of primitive orthogonal idempotents, listed so that
dime,L(A,\;) = &;; for all 4,j. Since A is basic, the e; form a basis for the
commutative algebra Ag. If f; = €1 +--- 4 ¢;, then J; = Af; A.

The subalgebra

B=A,3% Z e;rad(A)e;
1<j

has weight set A = AT. Since

e;rad(Ae;, 1<y,
HomB(Bei,Bej) = ¢;Be; = k, =7,
0, 1> 7,
the composition factors L(B, A;) of the radical of Be; satisfy ¢ < j. Hence, B-mod
is directed by defining A\; < A; if and only if ¢ > j. Replace < by <ix.

Now we verify that the equalities (2.7.1) hold. For any ¢, (A/.J;—1)e; = A(A, \;),
so that e;(A/J;—1)e; = Homa(Ae;, A(A, \;)) = k. Hence,

(2.11.1) e;Ade; Cke; + Ji—q.

Since
e; B = ke; + Z e;rad(A)e;,
7>t
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we see that

e; A = ke; + Z e;rad(A)e;

j
= ke; + Z e;rad(A)e; + Z e;rad(A)e;
J>t <
=¢;B mod J_q,
by (2.11.1) and the fact that e; € J;—q for j < ¢. This proves that (2.7.1) holds.
Hence, B is a Borel subalgebra of A. By construction, the irreducible A-modules

restrict to irreducible B-modules.
Any algebra which is Morita equivalent to the basic algebra A has the form

A" = End, <@(Aei)@m">op

for some sequence myq, - - - , my, of positive integers. (For example, when each m; =1,

we recover A.) Then
B' = Ends (@ (Be)™™)

is a subalgebra of A’ which is Morita equivalent to B. Thus, B’ defines a Borel
subalgebra of A', and the proof is complete. [

In the notation of (2.11), it follows similarly that the subalgebra

B =4,3 Z e;rad(A)e;
>3

has the property that (B7)°" is a Borel subalgebra of A°P?. Observe that both
B-mod and (B7)° -mod are directed by defining A; < A; if and only if ¢ > j.
Then <7 is compatible with this poset structure. Trivially, we have B~ B = A.

We conclude this section with the following proposition. Although it was inspired
by Theorem 2.7, it can, in fact, be proved directly.

(2.12) Proposition. Suppose B is a Borel subalgebra (with weight poset (A, <)) of
a quasi-hereditary algebra A (with weight poset (AT, <T)). Assume that Hypothesis
1.1 holds for A-mod. Then:

(1) Let e € B be an idempotent such that eL(B,\) # 0 for each A\ € AT. Then
eAe 18 Morita equivalent to A, and eBe 1s a Borel subalgebra of eAe.

(2) There exists an idempotent e € B such that eBe is a Borel subalgebra (with
weight poset (AT, < |x+) of A (with the same weight poset (AT, <1)). We can even
assume that eBe 1s basic.

Proof. As discussed above (2.3), we may as well assume that §+:§:ﬁn and that
the poset structure < on A directs B-mod. We will prove (1); (2) is then an easy
consequence from Morita theory.
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Let & be the Serre subcategory of B -mod generated by the irreducible B-modules
L(B,\) for which eL(B,\) # 0. Then B-mod/S = eBe-mod (see footnote 4
above). Let j* : B-mod — eBe-mod be the quotient functor. The functor ¥' =
7P : A-mod — eBe-mod has left adjoint \I/; = U5, and it is easy to verify that
the conditions (1)—(4) of (2.2) hold. O

In the context of the above result, we will say that Borel category or subalge-
bra has only dominant weights provided A = A" as sets. We mention that this
condition is necessary and sufficient for ¥ to kill only zero objects. (Note that
the functor ¥ never kills any nonzero object or map.) It can always be achieved
by suitably choosing the idempotent e above. This provides a replacement for the

flawed [K1; appendix, Thm. F].

3. BOREL SUBALGEBRAS AND KAZHDAN-LUSZTIG THEORY

In this section, we use the construction of Borel subalgebras given in Theorem
2.7 to obtain Borel subalgebras for an important class of quasi-hereditary alge-
bras which arise in the representation theory of algebraic groups, quantum groups,
etc. The main result, given in Theorem 3.5, is inspired by a similar (but slightly
weaker) unpublished result of the first two authors and E. Cline — See Corollary
3.6. As another application, we deduce a result of Dyer [Dy], giving a “triangular”
factorization of A. (Again, we prove a somewhat stronger result.)

Let A =D, -, An be a positively Z-graded (finite dimensional) algebra over k,
and assume that Ay is semisimple. (In what follows, we will refer to such algebras
simply as “graded” algebras.) Let C8" be the category of finitely generated Z-graded
A-modules. If M =&, M, € Ob(C#"), then, for any integer ¢, the “twist” M(z) is
the graded A-module obtained from M by shifting the grading ¢ steps to the right,
e. g, M(t), = My_;.

Let A% be the set of weights of A-mod. Since rad(A4) = @,
any irreducible A-module L(\), A € A", as a graded A-module, concentrated in
degree 0. Then the graded modules L(A)(i), A\ € AT, ¢ € Z, are representatives
from the set of isomorphism classes of irreducible objects in C8'.

The reader should keep in mind the useful fact that, given M, N € Ob(C8"), we
have the isomorphism

A,,, we can regard

(3.1) Ext& (M, N) = ) Extge (M, N(i)).

relating the “ungraded Ext®-groups” with the “graded Ext®-groups”.
The graded algebra A is called tightly graded provided that A is isomorphic to the
graded algebra grd = @, rad(A)"/rad(A4)"! obtained from the radical filtration

of A. Equivalently, Ay is semisimple and A is generated as an Ag-module by its
term Ay in degree 1. We will make use of the following very elementary result.

16



(3.2) Lemma. Let A be a tightly graded algebra. Let L,L' be irreducible A-
modules (viewed as graded A-modules concentrated in degree 0). Suppose m,n € Z

are integers such that Extpe(L'(m), L(n)) # 0. Then m + 1 = n.

Proof. After twisting, we can assume that m = 0. Let 0 - L(n) = E —- L' — 0
be a non-split graded extension of L' by L(n). Take 0 # v € Ey which maps to a
nonzero element in L' = L. Then F = Av = Agv @ Ajv @ ---. Since Ay generates
A as an Ag module, A;v # 0 and so the socle L(n) of E must have degreen = 1. O

The main result (3.5) below will assume that the following Hypothesis holds.

(3.3) Hypothesis. Let C = A-mod be a highest weight category with weight
poset AT. For any A\, € AT, the “restriction map” (induced by the surjection
A(A) = L(A))

(3.3.1) Ext! (L(\), L(p)) — ExtY(A(N), L(p))  is surjective.

(3.4) Remark. In order to motivate the above hypothesis we recall some re-
sults from [CPS5, CPS6, CPS8, CPS9]. Again, let C be a highest weight category
with weight poset A*. Let ¢ : AT — Z be a function (the “length function” on
weights). We say that C has a Kazhdan-Lusztig theory (relative to () provided that,
given A, i € AT, the non-vanishing of either Extg(A(N), L()) or Exti(L(\), V()
implies that {(A) — () = n (mod 2).

In case C has a Kazhdan-Lusztig theory, the surjectivity of the maps (3.3.1) holds
for all weights A, p [CPS6; (4.3)]. (An analogue even holds for all n.) In fact, in
all the standard examples arising in the representation theory of algebraic groups,
quantum groups, and the category O, the surjectivity condition (3.3.1) essentially
implies the existence of a Kazhdan-Lusztig theory; see [CPS6]. This fact will hold
in situations in which there is a suitably rich supply of “Hecke operators.”

Now suppose that C = A-mod and that the algebra A is graded as above. Then
C8" is a graded highest weight category in the sense of [CPS5]. In this setting, it is
also possible to consider pairity conditions along the lines of those expressed by a
Kazhdan-Lusztig theory for C. Namely, we say C%" has a graded Kazhdan-Lusztig
theory relative to the length function ¢ : A — Z provided the non-vanishing of either
Extee(A(v), L(A)(m)) or Extee(L(A), V(v)(m)) implies that m = n = (X)) — {(v)
mod 2. From (3.1), it follows that if C8" has a graded Kazhdan-Lusztig theory, then
the ungraded category C has a Kazhdan-Lusztig theory. Conversely, [CPSS8; (3.9)]
proves that A-mod has a graded Kazhdan-Lusztig theory if and only if it has a
Kazhdan-Lusztig theory and A is a Koszul algebra.®

5A graded algebra A (with Ay semisimple) is Koszul provided that for simple Ag-modules
L, L' and m,n,p € Z, we have

Extl,. (L(m), L'(n)) #0 = n—m =p.
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Recall that a Borel subalgebra B of a quasi-hereditary algebra A is said to “have
dominant weights only” provided that the weight set A of B equals the weight
set AT of A. In the following result, we establish the existence of such a Borel
subalgebra B when A is tightly graded and Hypothesis 3.3 holds. This result
should be compared to Theorem 2.10. The motivation for the definition of B below
(as well as in (2.10)) comes from [Dy].

(3.5) Theorem. Let A be a basic quasi-hereditary algebra (with weight poset
(AT, <t=<t. ) which satisfies Hypothesis 1.1. Also, assume that A is tightly
graded and that Hypothesis 3.3 holds. Then A has a tightly graded Borel subalgebra
B (with weight poset (AT, <T)) such that <=<'=<piw=<T. In addition, we can

require that
(3.5.1) Exth(L(B,\), L(B, 1)) = Ext}(L(4,\), L(4, 1)
for all p >% X in AT.7

Proof. Let {ex} be a complete set of primitive orthogonal idempotents in A, indexed
by the set AT. We can assume that each ey € Ag, and that 1 = > e since A is
basic. Define B to be the subalgebra of A generated by Ay and the subspaces
exAie, for A >t .

The set AT also indexes the isomorphism classes of irreducible B-modules: the
distinct irreducible A-modules restrict to give the distinct irreducible B-modules.
Since

dim Extlz(L(B,\), L(B, 1)) = dim exAje, = dim Ext} (L(A4, \), L(A, u)),

B -mod is directed by <* and (3.5.1) holds. By construction, B is tightly graded.
We put <=<Ton A =AT.

Pick a <*-adapted defining sequence {J,}, cf. (2.6). We will use (2.7(3)) to
show that B defines a Borel subalgebra of A. If the defining sequence corresponds
to the listing Ay, -+, A, of AT, then write ¢; = ¢y,. Certainly, ¢; € J;\J;—;. We
will show that (2.7.1) holds.

First, consider the case : = 1. We want to prove that
(3.5.1) e1A C e B.

Since €1 B C e1 A automatically as right B-modules, we obtain (after taking linear
duals) a surjection

(3.5.2) (erA)* = V(A4 M) — I(B,\) = (e1B)".

Koszul algebras are tightly graded. In fact, tight grading uses only the p = 1 case; this provides
a converse to (3.2).

"This means that the quiver of B is a “full directed subgraph” of the quiver of A, in the sense
that that if A < y, then the number of edges from node A to node p in the quiver of B equals the
number of edges from A to g in the quiver of A.
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Since [V(A, A1) : L(A,\1)] = 1, we see that [V(A,\1)|p : L(B,A\1)] = 1. Of
course, L(B, A1) occurs with multiplicity 1 in I(B, A1) and is, in fact, the B-socle
of I(B, A1), so L(B, A1) cannot be killed by the homomorphism (3.5.2). If L(B, A1)
is the B-socle of V(A, A1), then it follows that (3.5.2) is an isomorphism.

Since V(A, A1) is a graded A-module, it is a graded B-module. The B-socle
of V(A, A1) is the B-submodule annihilated by the graded ideal rad(B), so it is
graded, too.

Let N = L(B, ) be in a homogeneous summand of the B-socle of V(A, A1) for
some p # A1. Let M = AN be the (graded) A-submodule of V(A, A1) generated
by the one-dimensional subspace N. Because rad(A) = @5 An, L(A, 1) is the
head of M. Let M' be a maximal A-quotient module of M all of whose composition
factors L(A, 7) have the property that 7 is not strictly greater than p. Then there
exists a (graded) A-module morphism A(A, u) — M' covering the image of N in
M'" — hence, M' is a homomorphic image of A(A, u). Since L(A, A1) lives in the
socle of M, M' # M. Hence, for some v > u, there is a commutative (push-out)

diagram

0 - K - M - M’ -0
s A

0 ——L(A,v) - E' - M’ -0

of (graded) A-modules with exact rows and surjective vertical maps. (We are not
specifying the grading degree of L(A,v), though it has one.) Let 0 — L(A,v) —
E L A(A, 1) — 0 be the extension obtained by pulling E' back through the
surjection A(A, u) — M'.

Apply the functor Hom4(—, L(A,v)) to the short exact sequence

0 — rad(A(A, p)) — A(A, u) — L(A, 1) — 0.
The resulting long exact sequence of Ext®%-groups and (3.3) imply that the extension
0— L(A,v) - rad(E) — rad(A(4, 1)) — 0

(where rad(E) = f~'rad(A(A4,u))) in A-mod splits. Thus, 0 — L(4,v) —
rad(E') — rad(M') — 0 also splits, so that rad(E') = L(A,v)@ Z, where the
graded A-module Z maps isomorphically onto rad(M"). Thus, the graded A-module
E'/Z is a homomorphic image of M with exactly two composition factors: L(A, p1)
in its head and L(A,v) in its socle. Because M = AN, the image of N in E'/Z
generates E'/Z. It follows that 0 — L(A,v) — E'/Z — L(A,u) — 0 does not
split in A-mod. Since A is tightly graded, (3.2) implies that the grade of L(A,v)
in E'/Z must be one less than the grade of L(A, ). Hence, e, A1e,E'/Z # 0. But
eyAre, Crad(B) and rad(B)N = 0, a contradiction.
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We conclude that the B-socle of V(A, A1 )|p is isomorphic to L(B, A1) and hence
the surjection (3.5.2) is an isomorphism, as required to show that (3.5.1) holds.
This proves that (2.7.1) holds for + = 1. The algebra A = A/J; is still tightly
graded and satisfies Hypothesis 3.3 (by elementary recollement theory for highest
weight categories). It contains the subalgebra B = B/(B N J;) which is generated
by Ay = Ag/(Ap N Jy) and the eAﬁleu for A > pin AT\{\;}. The proof that
(2.7.1) holds for all i now follows by induction on #A*. O

As a consequence, we have the following result, part (1) of which is an unpulished
result of Cline, Parshall, and Scott:

(3.6) Corollary. Assume that A-mod has a graded Kazhdan-Lusztig theory rela-
tive to a length funciton ( : AT — Z. Then:

(1) The quasi-hereditary algebra A has a directed, tightly graded subalgebra B
satisfying (2.7.1) as well as the quiver relation (3.5.1).

(2) If A satisfies Hypothesis 1.1, then B above can be taken to be a Borel subal-
gebra.

Proof. This follows immediately from the discussion in (3.4) and (3.5). O

We can next prove the following result, proved under weaker hypotheses (essen-

tially those of (3.6)) by Dyer [Dy].

(3.7) Corollary. Assume that A is a tightly graded quasi-hereditary algebra (with
weight poset AT with §+:§$m) satisfying Hypothesis 5.5. There exist directed,
tightly graded subalgebras B and B~ such that A = B~ B. If Hypothesis 1.1 holds,
then B 1s a Borel subalgebra, and if the “opposite” of Hypothesis 1.1 holds, then
B~ 1s an “opposite” Borel subalgebra.

Proof. We define B as in (3.5), and take B~ to be the subalgebra of A generated
by Ag and the subspaces exAje, for A <t 1 (in the notation of the proof of (3.5)).
Then the proof of (2.9) applies to give the factorization A = B~ B. (Notice this
uses only (2.7.1) and its “opposite”.) The last assertion is clear. [

We will say that a Borel subalgebra B is strong if every irreducible A-module
restricts to an irreducible B-module. In this case, B must have dominant weights
only (i. e., AT = A), since, as with any subalgebra, every irreducible B-module
must occur as a composition factor of some irreducible A-module. (This is not au-
tomatic in any prealgebra or categorical concept. However, there is a corresponding
categorical strong concept, the requirement on a Borel category that WL(C,\) be
irreducible for each irreducible object L(C,\) in C, together with the requirement
that B have dominant weights only.)

(3.8) Proposition. Suppose A is a quasi-hereditary algebra with a strong Borel
subalgebra B. Then

dim Ext!, (A(A4,\), L(A, 1)) < dim Ext5(L(B, \), L(B, i)
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for all N\, ;n € AT.
Proof. Let

(3.8.1) P, —Py— L(B,A\)—0
be the first terms of a minimal projective resolution of L(B, ). Thus,
dim Homp (P, L(B, 1)) = dim Extz(L(B, \), L(B, i)).
Applying Uy to (3.8.1) gives a projective presentation
UP — U Py — A(AN) — 0
of A(A,\) = U L(B, ). Consequently,
dim Homa (U Py, L(A, ;1)) > dim Ext',(L(A4, \), L(A, u)).

Comparison with the equality above and using WL( A, p1) = L(B, ;1) gives the desired
result. [

(3.9) Remarks (Equivalence with the Lusztig conjecture). In the representation
theories of reductive groups over an algebraically closed field k of characteristic
p > 0, quantum groups (or enveloping algebras) at a root of unity, and in the struc-
ture of the category O for a complex semisimple Lie algebra, there is a “Lusztig”
(or “Kazhdan-Lusztig”) conjecture predicting the characters of certain irreducible
modules. As proved in [CPS6, CPST7], all these conjectures are equivalent to the
existence of a Kazhdan-Lusztig theory for certain associated highest weight cate-
gories C, using an appropriate length function £ : AT — Z. In some of these cases, a
Koszul structure exists on the underlying quasi-hereditary algebra A (C =2 A-mod);
e. g., O has a Koszul structure; see, for example, [PS2]. A Koszul structure likely
holds in the infinitesimal setting of [CPS7], using the Koszul results in [AJS]. Thus,
in these cases, (3.6) can be applied to show that the associated quasi-hereditary
algebras A possess strong Borel subalgebras, which are tightly graded and satisfy
the quiver relation (3.5.1). The fact that the truth of these conjectures imply the
existence of a Kazhdan-Lusztig theory, show, using (3.6) and (3.5.1), that these
strong Borel subalgebras also satisfy a parity condition:

(3.9.1) ExtL(L(B,\),L(B,j)) #£0 = ((A)—(u) =1 (mod 2), VA, ue At

At the same time, if a quasi-hereditary algebra A has a strong Borel subalgebra
satisfying the parity condition above (for some (), (3.8) implies that following con-
dition holds for A:

(3.9.2)  Exty(A(A,N), LA, 1)) #0 = ((\) — () = 1 (mod 2) YA,y € A,

21



In the cases under consideration, the parity condition (3.9.2) implies the Lusztig
conjecture or Kazhdan-Lusztig conjecture (see [CPS6, CPS9]).

In particular, we may conclude that, in the infinitesimal characteristic p case,
the existence of a strong Borel subalgebra satisfying the parity condition (3.9.1)
implies and is even equivalent to the Lusztig conjecture. A similar statement holds
for the Kazhdan-Lusztig conjecture for O, which is known to be true, but, as yet,
has no algebraic proof.

A similar program (connecting Kazhdan-Lusztig theory with the existence of
what are essentially strong Borel subalgebras with an exact functor ¥) had been
proposed by Koénig [K4], but has apparently not been completely carried out. The
above remarks provide a reasonable substitute theory.

4. HOMOLOGICAL, EXCELLENT AND EXACT BOREL CATEGORIES

We keep the notation of §2. Thus, let C be a fixed highest weight category with
finite weight poset (AT, <T). We have defined in §2, the idea of a Borel category
B — C. In this section, we present various strengthening of the conditions on a
Borel category. As we will see in later sections, these categories do arise in the
representation theory of algebraic and quantum groups.

It will often be convenient to work in the language of bounded derived categories.
Thus, given a additive, right exact functor ¥ : 4 — & (of highest weight categories),
there is a left derived functor LW : D*(A) — D®(€) of bounded derived categories.
If U is left exact, then there is a right derived functor R¥ : D*(A) — D®(&). If
¥ is exact, we usually just denote LY and R¥ simply by ¥. The following result,
taken from the [K1; appendix]| will often be used. It complements (2.1).

(4.1) Lemma. Let U :C — B be an ezact, additive functor having a left adjoint
Uy, Assume that B is a highest weight category with weight poset (A, <) such that
AT C A. The following statements are equivalent:

(1) TV(C,\) =2 V(B,\) for all X € AT,

(2) For w € A,
A(C,w), weAT,

Proof. 1t 1s known that LW, is a left adjoint to RW, the right derived functor of .
Also, since ¥ is exact, we have ¥V =2 R¥YV for V € Ob(C). Thus,

(4.1.1) Hompu oy (LYA(B,w), V(C,A)) = HomPye ) (A(B,w), TV(C, \)).

Note that LU A(B,w) € Ob(D*<Y%(C)). Thus, the equivalence between (1) and (2)
follows from (4.1.1) and (1.1) and its dual, together with (1.2). O

The following presents the basic idea of a homological Borel category for C. It is
a slightly more flexible notion of a similar concept for algebras introduced by the
second author in [K1; appendix], with the “homological” adjective.
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(4.2) Definition. Let ¥ : C — B define a Borel category, in the sense of (2.2). We
say that B is a homological Borel category if for A € AT, we have UV(C, \) =
V(B,\). (Equivalently, by (4.1(2)), L¥1A(B,w) is isomorphic to A(C,w) if w € AT

and is zero otherwise. )

Since V(C,\) = L(C,\) for A € AT minimal, we see that WL(C,\) = V(B, )
for such A. From this, it follows by an easy induction argument that, given any
A€ AT, WL(C,\) is a nonzero subobject of V(B,\). In particular, $L(C, \) has
socle isomorphic to L(B, \). Therefore, because U is exact and any nonzero mor-
phism A(C,A) — V(C,A) (which is unique up to nonzero scalar factor) has image
isomorphic to L(C, ), and hence gives a nonzero morphism VA(C, A\) — ¥V(C, \)
forall A € AT,

(4.3) Remark. Let ¥ : C — B be an exact, additive functor of highest weight
categories C and B having weight posets AT and A, respectively. Assume that AT
is a subposet of A. Also assume that

IV(C,N) 2 V(B,A), TAC,A)=A(B,A) VAeAt

(The second condition above is condition (4.2(3)), and the first condition is dual to
it. The two conditions rarely occur together.) Then AT is an ideal of A with respect
to the minimal partial ordering <ui,, and ¥ induces an equivalence C = B[AT].
To see this, let 7 € AT, There is a unique (up to scalar) nonzero morphism
©:A(C,7) — V(C,7), and Im(yp) identifies with L(C,7). A similar statement holds
for B, so WL(C,7) 2 L(B,7)if ¥(p) # 0 and = 0 if ¥(p) = 0. Suppose u <! . A €
AT. By the definition of <! . | there exists a sequence pr = v4,--+ ,v; = Ain A such
that, for 1 <i < t, L(B,v;) is a composition factor of V(B,v;41) or A(B,viyq1). If
vir1 € AT, the exactness of ¥ now implies that v; € AT. Thus, x4 € AT, so that
AT is an ideal in (A, <uin), and ¥ factors through 7,: B[A] — B, giving an exact
functor ¥:C — B[AT].

If A € AT is minimal, $L(C,\) = PA(C,\) & A(B,)\) = L(B,)\). An easy
induction shows that WL(C,\) = L(B,\) for all A € AT. Thus, <pj, C <! and

min >

the result follows from the Comparison Theorem [PS1; § 5] (see also [CPS4; (1.5)]).

In the following definition, we present several strengthenings of the notion of a
Borel category for C. Note that each definition presents an independent concept.
In particular, part (1) is equivalent to a definition by Koénig [K1].

(4.4) Definition. Let ¥ : C — B define a homological Borel category for C as in
Definition 4.2.

(1) We say that B is an exact Borel category for C if A = A™;

(2) We say that B is an excellent Borel category for C provided ¥ has a right
adjoint ¥, and there is a function j : A — AT such that, for all A € A, we have

(4.4.1) RU,V(B,\) = V(C.f)), VAeA
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and such that the adjunction map
VU, V(B,A)— V(B,A) is surjective.

(3) We say that B is a complete Borel category provided that the adjunction
functor LYW — idps(¢) is an isomorphism in the derived category D). (In
particular, U1 — ide is an isomorphism.)

(4.5) Proposition. Assume that U : C — B defines an excellent Borel category.
Then:

(1) For A€ AT, f(A\) = A

(2) For A € AT, UA(C,\) has a multiplicity free A-filtration in B. Any u € A
satisfying f(pr) = X occurs precisely once as a section in a A-filtration of WA(C, \).

(3) U defines a complete Borel category of C.

Proof. Let A € AT. We have already argued that, for a general Borel category, we
have Homg(PA(C,\), ¥V(C,\)) # 0. Hence,

0 # Homg(PA(C,\), ¥V(C, )
= Homp(VA(C,\),V(B, X))
=~ Home(A(C,A), ¥, V(B,)))
= Home(A(C,\), V(C, (1))

Therefore, by (1.1), A = §(A), as required by (1).
For A € A*, u € A, we have, for any integer n,
dim Hom%b(c)(\PA(C, A), V(B, 1)) = dim Hom%b(B)(A(C, A), U .V(B, 1))
= dim Hom%b(B)(A(cv /\)7 V(C, f(/“L))
= O, 005 f(n)-

From the n = 1 case, it follows that WA(C, ) has a A-filtration. On the other
hand, if M has a A-filtration in the highest weight category B, then

dim Hompg(M,V(B, 1))

calculates the multiplicity of A(B, i) as a section in any A-filtration of M. There-
fore, we see that any ¢ € A with f(u) = A occurs precisely once in a A-filtration of

UA(C, A). This completes the proof of (2).

To prove (3), we show that the adjunction functor 6 : LYW — idpeey is
an isomorphism. Because LU/ is an exact functor on triangulated categories,
a standard truncation argument shows that it suffices to prove that 6(L(\)) is
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an isomorphism for all A € AT, where L()\) is regarded as a complex concen-
trated in degree 0. By (2), LUITA(C,A) = A(C,\), so that 8(A(C,\)) is ei-
ther an isomorphism or the zero map. However, §(A(C, \)) is the adjunction of
the identity map WA(C,\) — WYA(C,\). Hence, (M) is an isomorphism for
M = A(C,\), A € AT. In particular, 8(L(C,)\)) is an isomorphism if \ is min-
imal in AT. Now consider a non-minimal A € AT, and form the exact sequence
0— Q(\) — A(C,\) — L(C,\) — 0inC. By induction, 8(Q(A)) is an isomorphism,
while 8(A(C, \)) is an isomorphism. It follows that 8(L(C, \)) is an isomorphism.
This proves (3). O

(4.6) Proposition. Every exact Borel category of C is homological.
Proof. This fact is obvious from our definitions.® O

The following result shows that when a highest weight category C has a complete
Borel category B, then we can view C as fully embedded in B. Thus, the situation
is completely analogous to the case for a reductive algebraic group G, where the
category of rational G-modules can be viewed as fully embedded into the category
of rational B-modules for a Borel subgroup B. (This depends on the completeness
of the variety G/B, which explains our choice of terminology.) When B is an
excellent Borel category, the third part of the result below gives a homological
characterization of the strict image of C in B. As we will see in §7, in the case
of algebraic groups, we do have excellent Borel categories, so that this result gives
a new characterization of the category of rational G-modules as a subcategory of
the category of rational B-modules. In fact, our main results there show that this
extends to the case of “generalized ¢-Schur algebras” associated to quantum groups
at a root of unity.

(4.7) Proposition. Suppose ¥ : C — B defines a complete Borel category of C.
Then:

(1) O defines a category equivalence of C (resp., D*(C)) onto its image in B
(resp., D®(B)).

(2) The triangulated category D®(C) is equivalent to the quotient of D*(B) by the
épaisse subcategory consisting of all objects N € Ob(D(B)) satisfying

(4.7.1) Hom?3,s 3)(N,V(B, ) = 0Vn € Z, VA e AT

(3) Assume that B is an excellent Borel category. The M € Ob(D®(B)) which
are isomorphic to an object of W(DP®(C)) are precisely the objects satisfying

(4.7.2) Hom%b(B)(A(B, v),M)=0, Yn€Z, Yvc A\\AT.

8This result is perhaps more interesting from the (categorical version of) Konig’s formulation
[K1] of an exact Borel subalgebra, and it is also true and immediate with that interpretation.
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In particular, if M € Ob(B) satisfies (4.7.2), then M lies (up to isomorphism) in
the image of C under W. (In this case, the reader can replace Hom%b(lg) in (4.7.2)
by Extg.)

Proof. 1t is enough to prove both (1) and (3) in the derived category cases. But
(1) follows since LYW = idpec).

Next we prove (3). For any M = WN, we have Homp: g (A(B,v), TN) =
Homp (o (LYIA(B,v), N) = for all v € A\AT by (4.1), (4.7), and the definitions.
Conversely, assume that M € Ob(D%(C)) satisfies (4.7.2). We will show that the
adjunction map YRV, M — M is an isomorphism. For this, it is enough to check
that the induced map

(4:73) :[':[OIIlDb(B)(‘Xv7 \I/R\I/*M) — :[':[OIIlDb(C)(‘Xv7 M)

is an isomorphism for all X € Ob(D?(B)). But, because B is excellent, the derived
category D°(B) is generated by the WA(C, \), A € AT, and the A(B,v), v € A\AT.
Hence, (4.6.1) implies that to prove (4.7.3) is an isomorphism for all X, it suffices
to check that, for all integers n and all A € AT, that the map

is an isomorphism. However, since

the map (4.7.4) has a right inverse defined by ¥, and, taking the full embedding
into account, it is therefore an isomorphism.

Finally, to prove (2), let € be the full subcategory of D®(B) consisting of all
N € Ob(D*(B)) satisfying (4.7.1). Then & is clearly épaisse in the sense of Verdier
[V], while L¥1(&) = 0, by properties of the adjoint pair (L¥;, ¥) since any nonzero
object in D®(C) has a nonzero morphism to some V(C,\)[n]. Thus, there is a
commutative diagram

D"(B) ——~D"(B)/€
N
D*(C)

in which 7 is the quotient functor. Now 7#W provides a right inverse to 7. To show
that it also gives a left inverse, it suffices to show that the adjunction morphism

(4.7.5) X — UL, X

has mapping cone C lying in &, for any X € Ob(D’(B)). However, if LU, is applied
to the map in (4.7.5), it becomes an isomorphism. Thus, LU1C = 0, so

Hompy (5 (C, V(B,A)) = Homips ) (C, ¥V(C, A)
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for all A\ € AT n € Z. This completes the proof of (3). O

The following propositions indicate some further properties of these various types
of Borel categories.

(4.8) Proposition. Suppose ¥ : C — B defines a homological Borel category. Then
UV(C,\), A € AT fized, is characterized in Ob(B) by the property that ¥V (C, \) has
B-socle L(B, ), has only B-compostion factors L(B,v) with v < X, and is mazimal
with these two properties (i. e., it 1s not a subobject of a larger B-object with these
properties ).

Proof. The indicated properties characterize V(B,\) as an object in B. Thus, the
result follows from the definitions. [

(4.9) Proposition. Assume that ¥ : C — B defines an exact and complete Borel
category. Then U 1s an equivalence of categories.

Proof. Assume that B is both exact and complete. Because B is directed, A(B, \) =
L(B,\) for all A. Because LUIA(B,\) = A(C, \), it follows that the higher de-
rived functors of ¥y all vanish. Thus, ¥ is an exact functor. Since ¥'\V(B,\) =
UV (C,A) =2 V(C,\) by hypothesis, the result follows from (2.3). O

(4.10) Proposition. Suppose that U : C — B defines an exact Borel category for
C. Let C' be a direct sum of blocks of C. Then C' also has an exact Borel category.

Proof. Let A’ be the weight poset of (', so that A’ is a subposet of AT. Let
7 : C — C' be the natural projection functor. Form the the Serre subcategory
E of B consisting of all objects which have composition factors L(B, p) for some
€ AT\A'. Since LU L(B, 1) = A(C, p) for all u € A, it follows that 7¥(€) = 0.
Thus, 7P, : B — C' factors through a natural functor ¥, : B/€ — C'. If p: B — B/&
is the quotient functor, then U, is a left adjoint to the exact functor ¥ = p¥|c.

If A ¢ A', then p maps the injective envelope V(B,\) of L(B,\) to the injective
envelope of pL(B,\) = L(B/E,\). It follows that ¥V(C',\) = V(B/E, ) for all
such \. Hence, ¥ defines B/€ as an exact Borel category for C'. 0O

Finally, we wish to study the issue of realizing C and B as module categories
A-mod and Bmod for finite dimensional (quasi-hereditary) algebras A and B, re-
spectively, so that B is a subalgebra of A and ¥ is induced by the natural restriction
of scalars. We will use the notation introduced in (2.4) above. In practice, the mor-
phism ¢ : B — A defined there need not be an injection (and so need not identify B
with a subalgebra of A). As discussed in §2, one can replace B by its image B’ in
A and still obtain a Borel subalgebra of A, but the properties of this section may
not hold for B’. However, there are two important cases in which B does identify
with a subalgebra of A.

(4.11) Theorem. Assume that B is a Borel category associated to the highest
weight category C. Let B = Endg(P)°? and A = Ende(U1P)°P for some projective
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generator P of B. Then the map « : B — A, obtained by putting «(b) = ¥i(b), is an
injective algebra homomorphism provided that B 1s either an exact or an excellent
Borel category.

Proof. By (2.4), we can assume that B = B-mod and C = A-mod. Suppose first
that B is an exact Borel category for C. Then AT = A. For A € A, UV(A4,)\) =
V(B,\). Thus, if b € B is such that «(b) = 0, we have that b annihilates each
V(B,\). But B-mod is directed for the poset structure on A, so that, given A € A,
V(B,\) 2 I(B,)). It follows that b annihilates each injective module I(B, \).
Hence, b annihilates an injective generator for B -mod, so that b = 0, as required.

Now assume that B is an excellent Borel category for C, and again let b € B
lie in the kernel of «. As in the exact case above, it is enough to show that b
annihilates each injective module I(B,\), A € A. Because ¥, has an exact left
adjoint, ¥, I(B,\) is an injective A-module. Since b annihilates YU, I(B,\) by
assumption, it suffices to show that I(B, A) is a homomorphic image of YW, I(B, A).
But for any weight 1 € A, the adjunction map ¥V, V(B, 1) — V(B, i) is surjective,
while the direct images R"W,V(B, i) vanish for n > 0. Since I(B,\) has a B-
module filtration with sections of the form V(B, ), an easy induction argument

establishes that UWU,I(B,\) — I(B, \) is surjective. Hence, b=0. O

The notion of an exact Borel subalgebra B of a quasi-hereditary algebra A has
been defined by Koénig [K1]. One requires that B be a directed algebra and that
the induction functor A @p — be exact and carry irreducible B-modules L(B, \)
to standard modules A(A, X). Also, it is assumed that the irreducible A- and
B-modules are indexed by the same poset A.

We also define a subalgebra of a quasi-hereditary algebra A to be an ezcellent
Borel subalgebra provided that B -mod is an excellent Borel category for the highest
weight category A-mod (relative to some poset structure on its weight poset). The
above theorem then says that if B is an exact (resp., excellent) Borel category for
the highest weight category C, then C =2 A-mod for some quasi-hereditary algebra
A having an exact (resp., excellent) Borel subalgebra B with B = B -mod.

(4.12) Corollary. Let B be an exact (resp., excellent) Borel category associated
to a highest weight category C. Assume that B = B-mod and C = A-mod with B
an exact (resp., excellent) Borel subalgebra of A. Let J be the annihilator in A of
all A-modules having composition factors L(B,v) for v € ,. Then:

(1) Assume B is exact, and let , be an ideal in A. Then C[, ] = A/J-mod, and
J 1s an idempotent ideal in A. We have B[, | = B/(J N B). Also, B[, | is an ezact
Borel category for Cl, |; thus, B/(J N B) is an exact Borel subalgebra of A/ J.

(2) Assume that B is exact, and let , ¥ be an ideal in AT. Let , be the ideal
in A generated by ,. Write C[, ¥] = A/J, and J is an idempotent ideal in A.
Then B[, ] = B/(J N B). Also, B[, ] is an excellent Borel category for C[, T]; thus,
B/(BNJ) is an excellent Borel subalgebra of A/ J.

Proof. Assume the hypotheses of (1). Let J' be the ideal in B consisting of all ele-
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ments b annihilating all B-modules having composition factors of the form L(B, \),
A€ ,. Then B[, ] 2 B/J' -mod. We need to prove that J' = BN J. The ideal
J' (resp., J) can be characterized as the annihilator in B (resp., A) of all injective
objects in BJ, ]| (resp., C[, ]). Since B is an exact Borel subalgebra of A, any injec-
tive object in C[, |, when regarded as a B-module, decomposes into a direct sum
of various V(B,~), v € ,. Thus, J' C BN J. Conversely, B N J annihilates any
V(A,7v),v€,,s0 BNJ CJ" The other assertions in (1) are now clear.

Now consider (2). First, we have , N AT = | *. Next, if ¥ € , T, then
U A(B,y) & A(A,y) € Ob(C[, *]). Since L(B,~) is a homomorphic image of
A(B,~) and ¥y is right exact, it follows that ¥L(B,~) € Ob(C[, T]) for all v € , .
This implies that ¥y maps the objects in BJ, ] to objects in C[, ¥]. A similar argu-
ment, but working with the V(A4,~), v € , T, shows that ¥ maps C[, *] to B[, |.
Similarly, if v € ,, then v < 4" € , T, so that f(v) < §(+') = 4/, implying that
f(v) € , . Tt follows that (U, ¥, ¥,) defines an adjoint triple from C[, *] to BJ, ]
so that B[, ] is an excellent Borel category associated to C[, ], using the restriction
of f to, . The proof of (2) can now be completed as the proof of (4.11). O

(4.13) Remark. Suppose that G is a connected algebraic group defined over
an algebraically closed field k of positive characteristic p (for simplicity). The
irreducible, rational G-modules are classified by the set AT of dominant weights
for G/rad,(G), the quotient of G by its unipotent radical rad,(G), once a fixed
maximal torus and Borel subgroup of G have been chosen. The set A1 has a natural
poset structure. Let hy(G) be the hyperalgebra of G (see [CPS2]).

We consider pairs (H, @) consisting of a semisimple, simply connected algebraic
group G and a closed subgroup H which satisfy the following:

Property E: Let , T be a finite ideal in AT and consider the category C[, T] of
finite dimensional rational G-modules with composition factors isomorphic to L(~),
v €, . Let ann(hy(G)) be the annihilator of C[, | in hy(G). Define annp(hy(H))

to be the annihilator in hy(H ) of the Serre subcategory of rational H-modules gen-
erated by C[, ]. Then hy(H )/ annr(hy(H)) is a subalgebra of hy(G)/ annr (hy(G)).

For example, if U denotes the unipotent radical of a Borel subgroup of G, then
the pair (U, G) does not satisfy property E, since it clearly fails when , * = {0}.
However, if H is a parabolic subgroup of G, then the pair (H,G) does satisfy
property E. In case H = B, the result can be rephrased as follows (as has been
essentially obtained by Woodcock [W; (3.3)]): For A € X, consider a function
f € K[B] having the property that all weights p in the B-module generated by f
satisfy p <¢ A. Then f has the form f = ¢|p for some function ¢ € K[G] such that
all composition factors L(«y) of the G-module generated by ¢ satisfy v < A.

Similar remarks hold in the case of quantum enveloping algebras. See §6 below.

5. APPLICATIONS TO INFINITESIMAL ALGEBRAIC AND QUANTUM GROUPS

In the first part of this section, we assume that k = F,, the algebraic closure of
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the prime field of characteristic p > 0. Let & be a root system with weight lattice
X. Let G be a semisimple, simply connected algebraic group with root system
®, defined and split over F,. Let Fr:G — G be the Frobenius morphism. Fix a
maximal split torus T and let B be a Borel subgroup containing T, corresponding
to the positive roots. Then X identifies with the character group X(T') of T.

For an integer r > 0, we form the group schemes G, T = (F")~!(T) (the pull-back
of T through the rth power of the Frobenius morphism) and B, T = (F"|g)~Y(T).
Let C, be the category of finite dimensional rational G,T-modules. Similarly, let
B, be the category of finite dimensional rational B,T-modules. Though they have
infinite weight poset, both C, and B, are highest weight categories with poset X,
given its ordinary partial ordering: A < p <= p — A is a sumn of positive roots.
Also, B, is directed by this partial ordering. (See [CPS3].) It is well-known that
the restriction functor j*:C, — B, has an exact left adjoint j; which satisfies the
condition j1L(B,, ) 2 A(Cp, A) for all A € X. Thus, B, satisfies all the axioms for
a Borel category, except for the finiteness condition on the weight poset and that of
C,. This may be taken as the definition of a Borel category in case B and C are both
highest weight categories with infinite posets. In the next few paragraphs, we will
demonstrate, that as might well be expected, this set-up leads to Borel categories
for highest weight categories associated to C, which have finite weight posets.

Now let , C X be a finitely generated ideal, and let - = C,[, | and BL = B, [, ].
Both CL and B! are highest weight categories with weight posets , , and the functor

*

j* restricts to define a functor j*:CL — BL. Then ji|s, has image contained in
CL, so that it provides a left adjoint (still denoted 7)) to j*:CL — BL. Clearly,

HL(BL X)) =2 A(CE, ) for all A €, .

(5.1) Lemma. Let Q C, be a finite coideal, and let CL(Q) denote the quotient
category CL/CL[,\Q). Then the functor j*:CL — BL induces an ezact functor
J*CH(Q) — BL(Q) which has an exzact left adjoint Jy. Furthermore, BL(Q) is
directed and JL(BL(Q),\) = A(CL(Q),\) for A € Q.

Proof. Certainly, BL () is directed. It is clear that there is a (unique) commutative
diagram

in which 7#* and o* are the quotient functors. By [F; (15.23)] (and its evident dual
versions), o* has both left and right adjoints o1, 0, which provide sections for o*.
Similarly, 7* has both left and right adjoints m, 7., providing sections for 7*.

Since 71, = ider(g), J* = J'r*m. = o%j*m, has left adjoint Ji = 7101

Clearly, .J, is right exact. If V' — W is a monomorphism in BL(Q), by [F; (15.5(b))],
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there is an exact sequence 0 — E — o1V — oW, where the weights of the com-

position factors of E do not lie in 2. Now the exactness of j; and 7* and the fact

that 77 E = 0 imply that iV — JiW is a monomorphism. Thus, Ji is exact.
The directness of BL () implies there is an exact sequence

0— F(\) — o L(BY(Q),\) — L(BL,A) — 0, VAeQ,

in BL,

where 7* 1 F(X) = 0. It follows that
JLBL(Q),\) = 7" jiL(BL, \) = 7*ACL, \) = A(CE (), \).

This establishes the lemma. [
Now we can prove the following result.

(5.2) Theorem. Let, C X be a finitely generated ideal, let & C , be a finite
coideal, and consider the quotient category CL(Q) = CL/CL[,\Q]. There exists a
quasi-hereditary algebra A = Aq such that A-mod = C,.(Q) and such that A has an
exact Borel subalgebra.

Proof. By the discussion above and (4.2(1)), B,(£2) is a exact Borel category for
the highest weight category C,(€2). The result then follows from (4.2). O

Using (5.2) and (4.6), we obtain the following result which says that the blocks
of the category CL () can be represented by quasi-hereditary algebras having exact
Borel subalgebras.

(5.3) Corollary. With the notation and assumptions in (5.2), let D be a direct
summand of CL(Q). Then there exists a quasi-hereditary algebra Ap such that
D = Ap -mod and such that Ap has an exact Borel subalgebra.

The above theorem and its corollary can be quantized to obtain similar results
for “infinitesimal” quantum enveloping algebras. We only formulate the theorem
and leave the corollary to the interested reader.

Now let k be an arbitrary algebraically closed field. For 0 # ¢ € k, let 3 = 4,
be the quantized enveloping algebra with root system ® and parameter ¢. Let
$H =N, and B =B, be the maximal toral subalgebra and the Borel subalgebra of
i corresponding to positive roots, respectively. Then X can be identified with the
group of integral weights of type 1 for the algebra §.

Suppose that p is an odd prime. If & has a component of type Gy, we assume
that p > 3. Let ¢ be a primitive /th root of 1, where | = p® for some ¢ > 0. (The
restriction on ! comes from [APW]: one might hope that the restriction can be
weakened. In fact, in the dual situation for type A, [ is only assumed to be an odd
positive integer, see [PW].) Then there is a Frobenius homomorphism from  to
the ordinary universal enveloping algebra of the semisimple Lie algebra with root
system ®. Let u be the kernel the Frobenius homomorphism in the category of
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Hopf algebras. We can now form the algebra u- §) and denote by C,1 the category
of u - $H-modules which are integral and of type 1 as )-modules. Similarly, one can
also form Borel analogue b of u and the algebra b - ). Let B, ; the category of
b - $H-modules which are integral and of type 1 as $)-modules. Then the categories
Cq1 and B, 1 are highest categories with weight poset (X, <). Also, By 1 is directed.
For aideal , C X, we also denote C} | = Cy1[, ] and By ; = Bg1[, ]. We have the
following theorem.

(5.4) Theorem. Let, C X be a finitely generated ideal, let & C , be a finite
coideal, and consider the quotient category Ci () = Ch,/CL [, \Q]. There emists
a quasi-hereditary algebra A = Ag such that A-mod = C,1(R2) and such that A has
an exact Borel subalgebra.

6. THE EXCELLENT ORDERING

In this section, we take up the existence of excellent Borel subalgebras of various
quasi-hereditary algebras associated to reductive groups and quantum groups and
enveloping algebras. We begin with a modified definition of the excellent ordering.

As before, let ® be a root system (and fix a set of positive roots). Let X4 C X
the set of dominant weights, and W the Weyl group of ®. For A € X, we denote
by AT the unique weight in WA N X, and let A= = wo A", where wy is the longest
element in W. The ezcellent partial ordering on X is defined by the rule that p <, A
if 7 < AT in the ordinary partial ordering or, if 4 = A~ and A = wA~ (z,w € W),
then z < w in the Chevalley (Bruhat) ordering. For A, p € Xy, pp <c A <= pu < A
(in the ordinary partial ordering).

This definition is given by the second author in [K1; appendix], and the original
excellent ordering defined in [vdK] is a refinement of this. We will use the notation
U=, and B = B, as introduced before (6.4). (Thus, p, [ and ¢ are as described
there.) As shown in [APW], the restriction functor Resg from the category C, of
integral Y-modules of type 1 to the category B, of integral B-modules of type 1 has
a right adjoint Ind%. The adjunction transformation Res% Ind% — id induces the
usual evaluation map. For an integral B-module M, Ind%(M) is usually denoted
by H®(M). We have also the right derived functors H’(—) = R’ Inds(—). The
category C, is a highest weight category with weight poset X. It has V-objects
V(Cy, A) = H°(A7) and A-objects A(Cy, \) = H(=A)* for A € X

For any simple root «, one has a minimal parabolic subalgebra B, containing
B. The induction functor H(—) = Indg“ (—) and its derived functors H)(—) are
defined similarly.

Let A = wA™ € X, and let w = 5159 -5, be a reduced expression of w, where
Si = Sqa, is the reflection with respect to a simple root a;. Let H(—) = Hgvz(_)

Then we define a B-module
N(X\) = H{(Hy(--- H)(A7)---)).

The following proposition summarizes some facts about these modules.
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(6.1) Proposition. (1) The module N(\) depends only on \; it is independent of
the choice of w and the choice of the reduced expression of w.

(2) If A\ e X4 (i. e., w=1wy), then N(\) = H'(A\7)|s.
(3) If = < w are elements in W and g = zA7, A\ = wA™, then the evaluation
homomorphisms induce a surjective homomorphism @, -2 N(X) — N(p).

(4) The weight space N(X)x 1s one-dimensional, and it serves as the B-socle of
N(A).

(5) All weights p of N(\) satisfy pp <e \; if AT = u™, then p is a weight of N(\)
iff 1 <e A

(6) N(—=\)* is the B-submodule of A(Cy, A1) generated by a weight vector of
weight A.

(7) H'(N(N)) = H°(A\7), and the evaluation map H°(N(N\)) — N(\) is surjec-
tive. Moreover, H'(N(X)) =0 for ¢ > 0.

In order to prove this proposition and (6.3), we work in the set-up of [APW].
That is, let R be the local ring Z[v]n, where v is an indeterminate and m is the
maximal ideal generated by v — 1 and an odd prime p. (As above, when dealing
with a root system having a component of type Gz, assume p > 3.) Let k be the
algebraic closure of the residue field F, of R. Let ¢ be a primitive /th root of 1,
where [ = p® > 1. Thus, there is a ring homomorphism R — k sending v to ¢. If we
define the quantized enveloping algebra i, and B, over the ring R instead over the
field k, then the base change R — k allows us to compare the representation theory
of i, and B, with the representation theory of the semisimple algebraic group G
over k with root system ® and its Borel subgroups, while the base change R — k
gives a path from the representation theory of U, and B, to the representation

theory of U, and B,.

Proof of (6.1). As in [APW; §5], define, for A € X, Ngr(A) by working with L,
instead of 4,. By [APW; §3 & §5], Nr(A) is a free R-module, and the base change
R — k sends Ng(\) to N(X), while the base change R — k sends Ngr(A) to Ni(A),
the corresponding module defined for the corresponding algebraic group.

Now, to show (1)—(3) and (5), one may consider Ng(\) instead. For (1), see
[APW: (5.9) & (5.10)]; for (2), see [APW; (5.6)]. For (3), [APW; (5.1)] gives a
surjective homomorphism ¢y, .: N(woA™) — N(zA7) for any z € W (depending on
a reduced expression for z). Then (3) follows from the fact that, for any z < w, we
have @i, > = Qw,:Pw,,w for a suitable B -module homomorphism ¢y, .: N(wA™) —
N(zA7). The truth of (5) follows from the that of the same statement for algebraic
groups, see [vdK; (2.6)].

Since N()) is a homomorphic image of H°(A™), by (2) and (3), the multiplicity
of Ain N()) is at most 1. Thus, to prove (4), it suffices to show that socg N(wA™)
has no weight other than wA™ for w € W. We proceed by induction on {(w). It
is trivial if {(w) = 0. Now let w = s,w’ with a simple and ((w) = ((w') + 1.
Suppose that p # wA™ is a weight in socg N(wA™). Let V be the PB,-submodule
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of N(wA™) generated by a nonzero weight vector in socyg N(wA™) of weight .
Being a highest weight module for B, with highest weight © <, wA™, V has no
weight wA ™, hence no weight s,wA™ = w'A7. Because V is a P,-submodule of
N(wA™) = HY(N(w'A7)), the evaluation map N(wA™) — H(w'A7) sends V to a
nonzero submodule of N(w'(A7)), giving a weight vector in socg N(w'(A7)) with
weight other than w'(A7). This is a contradiction, proving (4).

The statement (6) is the dual version of (4) (together with the existence of a
surjective homomorphism H®(A™) —» N(A) ensured by (2) and (3)).

To prove (7), let wy = w'w = w'"w'. Let w" =s189 - 5,, W =8,418r42 " Srtt
and W = Spqq418r+142 - - - S2r4¢ be reduced expressions. By [APW; (5.8)], we have

HON(A)) = HY(H (- B (NN ) = HYHY -,y (A7) )
= HY(H(- HY(H(\7)- ) = H°(\7),

Also, from this it is clear that the evaluation map identifies with the surjective map
N(wgA™) — N(A) given in (3) (up to a B,-module automorphism of N(A)). The
final assertion follows from the spectral sequence in [APW; (5.4)] and the fact (see
[APW: (5.1)]) that

HY{(H (- HY (N(A)---)) =0, Vi>0andl<j<r+t
The proof of (6.1) is complete. O

Note that if we use the definition of the excellent ordering introduced in this
paper instead of van der Kallen’s definition in [vdK], the argument in [vdK] works
well. This is made explicit in [W; Thm. 2.1 and remarks|, who shows that all
standard and costandard modules are the same. Thus, we have the following result
on representations of the Borel subgroup B of the algebraic group G.

(6.2) Theorem ([vdK; (1.6)]). Let B denote the category of rational B-modules.
Then the category B is a highest weight category with respect to the poset (X, <c).
The V-objects are the V(B,A) = N(A), A € X.

Now it is not difficult to quantize Theorem (6.2).

(6.3) Theorem. Let 0 # g € k. Assume that iof q 1s a primitive [th root of unity,
then | = p® > 1 satisfies our conventions before (6.4). Then By is a highest weight
category with respect to the poset (X, <.). The V-objects are the V(By, A\) = N(A),
Ae X.

Proof. The key to the result is to show any injective B-module has an excellent
filtration, i. e., a filtration with N(\)’s as sections. We work in the set-up given
before the proof of (6.1) again. It is suffices to show that any injective B,-module
has an excellent filtration. Suppose I(A) be the injective hull of the one-dimensional
B,-module \. By [APW:; (6.3)], we one can choose a series of positive integers
0 <ny <ng <--- and a series of canonical B ,-injections

(6.3.1) H°(—n1p) @ (A=nip) — H’(—ngp) @ (A—nap) = -+ = I()\)
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such that I(A) = U2, H'(—nip) @ (A — n;p). Also, by [APW; (6.17)], every
H°(—nip) @ (A—n;p) has an excellent filtration. To see I(\) has an excellent fil-
tration, it now suffices to show that one can choose a compatible set of excellent
filtrations for these H’(—n;p) @ (A—n;p)’s. This will follow if we know that

Qi = H*(—nip1p) @ (A—niy1p)/H’(—nip) @ (A—nip)

has an excellent filtration. Clearly, tensoring (6.3.1) over R with k gives the same
series of injections for the corresponding algebraic group. Thus, the sequence

0— H(—n;p) @ (A\—n;p) @p k — H'(—n41p) @ (A—nit1p) Ok — Q; 9r k — 0

is exact. Also, tensoring with the fraction field of R, we have a similar exact se-
quence. It follows that @); is free (and of finite rank) over R (see [APW; (1.21)]), and
that Q; @ gk has an excellent filtration, by [vdK; (1.8)]. Therefore, by [APW; (5.16)],
(Q; has an excellent filtration, as required.

Now, let

(6.3.2) 0=I(N)o CI(A\)1 CIAN)y CIN)z3C---

be an excellent filtration of I(A) with I(A);/I(\)i=1 = N(u;) for ¢ = 1,2,---.
Tensoring over R with k gives an excellent filtration of I(\) @r k, the injective
hull of the one-dimensional module A for the Borel subgroup of the corresponding
algebraic group. Since the category B of modules over the Borel subgroup B is a
highest weight category with respect to the excellent ordering by (6.2), we obtain
that g3 = A and p; > A for all ¢« > 1.

Finally, by base change R — k, the above conclusions remain true. Therefore,
the category B, is a highest weight category with respect to the poset (X, <.). O

7. GENERALIZED q—SCHUR ALGEBRAS AND THEIR BOREL SUBALGEBRAS

In this and the following sections we will use the results in § 3 to give a proof of
the existence of excellent Borel subalgebras for some algebras related to quantum
enveloping algebras or quantum groups. We maintain the notation and conventions
(on ¢, etc.) concerning the quantized enveloping algebras i, B, etc. from the
previous two sections.

Let , 4+ be a finite ideal of X4. Then , = W, 4 is an ideal of (X, <.). Thus, we
can form the highest weight categories C,[, 4] and B[, ]. The latter is defined by
using the poset (, ,<.). However, it is also a highest weight category with poset
(,,<) — it is directed with respect to the partial ordering <. In [DS; §3 & §5], Du
and Scott first defined the generalized g-Schur algebra $(, 1) associated to , . As
constructed there, $(, ;) is a quotient algebra of { with the property that there
is an equivalence H(, ;)-mod = C,[, 4] of categories. Similarly, one can form a
quotient algebra B(, ) of B with the property that B(, )-mod = B[, |, and one
can show there is a natural algebra homomorphism B(, ) — U(, ;).
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Here we will give another concrete construction of the $(, 1) and the Borel
subalgebras B(, ) — the construction via coordinate algebras. Among other things,
this construction provides an easy way to verify that, in type A, the classical g-Schur
algebras and their Borel subalgebras are realized as generalized ¢-Schur algebras
and their Borel subalgebras (see (7.1) below).

Recall that if C' is a coalgebra and V is a right C-comodule, the coefficient
subcoalgebra CEf(V') of V is, by definition, the linear span of the elements in the
defining matrix of V. That is, if {v;} is a basis for V, and the structure map sends
v; to E]‘ v; @ fij, then Cf(V') is the span of these f;;’s. Observe that Cf(V) is a
subcoalgebra of C.

Recall also that if D is a coalgebra spanned by the set = of its group-like elements,
then each £ € = spans an irreducible comodule over D, denoted by £ again. In this
way, = indexes the set of isomorphism classes of irreducible D-comodules. Also,
any D-comodule is completely reducible, i. e., it is a direct sum of irreducible D-
comodules £ € =.

(7.1) Lemma. Let 6:C — D be a surjective homomorphism of coalgebras with
D spanned by the set = of its group-like elements. Let comod-C' be the category of
right C-comodules. For , C 2, let OrC € Ob(comod- C) be the largest subcomodule
of C whose restriction to D (via 0) 1s a direct sum of irreducible comodules indezed
by elements in , . Then

(1) Ct(OrC) = 0rC;
(2) The category comod-OrC is the full subcategory of the category comod-C

consisting of objects whose restrictions to D are direct sums of irreducible comodules
indexed by elements in , .

Proof. Denote by A and ¢ the comultiplication and the counit of C'. Choose a basis
{¢;} for OrC such that each ¢; spans a D-subcomodule isomorphic to v; € , . Let
Alej) = > ¢i @ fij. Then 8(fi;) = 6ij7;-

Let V is a C-comodule whose restriction to D is a direct sum of irreducible
comodules indexed by elements in , . Then V is a subcomodule of a direct sum
of copies of OpC. Thus, V is a comodule over Cf(OrC). Conversely, let V be
a Cf{(OrC)-comodule with structure map 7. Let v € V span a D-subcomodule
isomorphic to £ € =, i. e, (id®@0)7(v) = v @ €. Since V is a Cf(OrC')-comodule,
¢ must be a linear combination of v;’s. It follows that £ = v; € , for some j,
since = is linear independent in D. Thus, the category comod-Cf(OrC) is the full
subcategory of comod-C' consisting of objects whose restrictions to D are direct
sums of irreducible comodules indexed by elements in , .

Since Cf(OrC) is a C{(OrC)-comodule, the restriction of C{(OrC') to D is a
direct sum of irreducible comodules indexed by elements in , . Thus, C{(OrC') C
OrC. The opposite inclusion is obvious, since we have (¢ @ id)A =id. O

We also have the following very easy result on induction functors.

(7.2) Lemma. Let 8:C — D be a homomorphism of Hopf algebras. Let 6, :
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comod- D — comod-C be the induction functor, as defined in [PW; (2.7)]. Then
0.D = C (with A as the structure map), and 8:C — D is the evaluation homo-
morphism.

Proof. When D = k, the trivial Hopf algebra over k, and 8: C — k is the counit
ec of C, this result is proved in [PW; (2.7)]. Thus, by the transitivity of induction,
we have in the general situation that 0,D = O.ep.k = (epb)k = ccuk = C. It
also follows that comultiplication A: C' — C' @ C' must define the structure map.
Since D = ep,k, 8 : C — D is the unique morphism 7 of D-comodules satisfying
epn = £¢. Hence, 6 is the evaluation homomorphism, as required. O

Now let k[i] be the coordinate algebra of i, which, by definition, is the union
of (U/annV)* C U* for all finite dimensional integral {U-modules of type 1. (See
[L; §51-2] and [APW; (1.33)].) Then k[4] carries the natural structure of a Hopf
algebra. The category of right k[U]-comodules is isomorphic to the category of
left, integral Y-modules of type 1. Similarly, we can form k[B] (see [APW; (2.4)]
for another definition of the algebra k[B]; two definitions are equivalent by [L]),
and the embedding B — U induces a canonical surjective Hopf algebra homomor-
phisms k[U] — k[®B] (see [APW; (2.7)]). For the maximal toral subalgebra ), the
coordinate algebra k[$)] is nothing but the group algebra of the character group X.
Clearly we also have a canonical surjection k[®B] — k[$)].

Now let , 4 be a finite ideal of Xy and put , = W, ;. We apply (7.1) to the
homomorphisms k[H] — k[H] and k[*B] - k[9], yielding

(7.3) U 1) = (On, kU))". B(.) = (OrkB])" .

Here we use Or, instead of Or for k[U]-comodules.

The algebras U(, ;) and B(, ) are quotient algebras of { and B, respectively.
Moreover, the restriction functor from C, — B, gives a functor Cy[, 4] — B[, . It
follows that the homomorphism k[H] — k[B] induces a coalgebra homomorphism

U: Or, k[U] — Ork[B] (and hence an algebra homomorphism ¥*:B(, ) — U(, 1)).

(7.4) Lemma. The coalgebra homomorphism V: Or  k[U] — Ork[B] is surjective.
Thus, the algebra homomorphism ¢ = U*:B(, ) — U(, +) is injective.

Proof. By (7.2), H°(k[B]) = k[4], and the evaluation map is the canonical sur-
jection k[U] — k[B]. Thus, it suffices to show: (i) H*(Ork[B]) C Or_ k[U]; and
(ii) the evaluation map H°(Ork[B]) — Ork[B] is surjective. By (7.3), B,[, ] is a
highest weight category with poset (, ,<.) and V-objects N(\), so the injective
object Ork[®B] has an excellent filtration. By (6.1(7)), H°(Ork[®B]) has a good
filtration with all sections having highest weights in , 4. Thus, (i) follows. Also, an
easy induction starting from (6.1(7)) shows that the evaluation map H°(V) — V
is surjective for any B-module with excellent filtration. This implies (ii). O

We now verify that 4(, T) can be replaced by a Morita equivalent algebra having
an excellent Borel subalgebra.
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(7.5) Theorem. With the above notation and assumptions, there exists a finite
dimensional algebra Morita equivalent to U(, T) which has an excellent Borel sub-
algebra.

Proof. This follows immediately from §4 and the previous results of this section. [

8. CLASSICAL q—SCHUR ALGEBRAS AND THEIR BOREL SUBALGEBRAS

Continue to let ¢ be a root of unity as before (7.4). Now we consider the classical
g-Schur algebras and their Borel subalgebras. Thus, we assume that ® has type
A,_1. Let A (n) be coordinate algebra of the quantum n X n-matrix semigroup
with parameter ¢q. That is, 4,(n) is the algebra generated by n® generators Xj;,
i,j =1,2,---  n, subject to a set of well-known (homogeneous) relations (see, for
example, [PW; (3.5)]). Infact, A,(n)is a bialgebra and is graded in the natural way,
and the homogeneous component of degree r, denoted A,(n,r), is a subcoalgebra.
The classical ¢-Schur algebra S, (n,r) is defined to be the dual algebra of A,(n,r).
It is known that S¢(n,r) can be realized as the centralizer Endy g, (V") for an
action of the Hecke algebra H(&,) on V" for an n-dimensional vector space V;
see [PW; (11.3.1)]. In fact, this was the approach taken in [DJ].

Let By(n) = Ag(n)/T,(n) (resp., By (n) = Ay(n)/ Iy (n), Tyn) = Ay(n)/Ty(n),
where I (n) (resp., I (n), Jy(n)) is the ideal generated by all X;; with i > j
(resp., © < j, ¢ # j). These are quotient bialgebras. Also, T;(n) is spanned by its
group-like elements; this set X (n) of group-like elements is the set of monomials
X{1X53--- X in the X;;’s. We can also consider the homogeneous components

By(n,r), B, (n,r) and Ty(n,r) of By(n), B, (n), and Ty(n), respectively, and form

the dual algebras
S;’(n,r) = By(n,r)*, S, (n,r) =B/ (n,1)", S(q)(n,r) = Ty(n,r)*.

The set of group-like elements in T (n,r) will be denoted by X(n,r). This set is
stable under the action of the Weyl group W = &,,, and X{1 X3 --- X/» € X(n, r)
is dominant iff 1y > ry > - > 1y, i e, (r1,r2,- -+ ,ry) is a partition of r into at
most n parts. The set of dominant elements in )Z(n, r) will be denoted by )z'(n, )t

The quotient algebra of A,(n) over its ideal generated by det, —1, det, being the
quantum determinant (see, for example, [PW; (7.1.1)]), is the coordinate algebra
k[U] as defined in § 3 (see the Appendix of [APW], or [K2]). Similarly, k[B] and k[$)]
can be obtained from By(n) and T, (n). There is a natural surjective map 7: X(n) —
X, sending X{1 X532 - X/ to (r1 —re)wy + (re —rsjws + -+ + (rp—1 — ry)wn—1,
where w;’s are the fundamental dominant weights. Two elements in X (n) have the
same image in X iff one of them is obtained from the other by multiplying by a
power of X1y X595 -+ X,,. Thus, 7 is injective on the set )Z(n,r) for any r. In the
sequel, when necessary, we will identify )Z(n, r) and its image in X.

(8.1) Theorem. Let , , = n(X(n,r)1), , = (X (n,r)). Then:
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. + 15 a finite ideal of (X1, <), and , =W, 4 s a finite ideal of (X, <.);
SQ(nvr) = i’[<7 +>;'
Sy (n.r) =B(,).

Proof. (1) Since Weyl modules with highest weights in )Z(n, r)4 are comodules for
Ag(n,r), all statements in (1) are clear.

(2) The restriction of the canonical homomorphism A,(n) — k[H] to A,(n,r)
is injective, and has its image in Or_ k[U]. Thus, we need only to show they have
the same dimension. Both the categories comod-A,(n,r) and comod-Or  k[4] are
highest weight categories with weight poset (, 4, <) (see [PW; (11.5.2)] for comod-
Aq(n,7)). Via the canonical homomorphism Ay(n,r) — Or, k[4], all irreducible
objects, A-objects and V-objects in comod-A(n,r) give rise to the correspond-
ing objects in Or  k[U]. Thus, by the Comparison Theorem [PW; (5.8)], the exact
functor comod-A(n,r) — comod-Or  k[U] is an equivalence of highest weight cate-
gories, and so carries indecomposable injective objects to indecomposable injective
objects. However, A,(n,r) is a direct sum of indecomposable injective objects, the
multiplicity of an indecomposable injective object in the sum being the dimension
of its socle. The coalgebra Or_k[U] has the same decomposition. Thus, they have
the same dimension, as required.

(3) As in (2), we have an injective homomorphism B, (n,r) — Opk[®B]. On the
other hand, by (7.3) and (2), we have a surjective homomorphism ¥: 4 (n,r) =
Or kY] — Ork[®B]. However, ¥ is induced by the canonical homomorphism
kU] — E[B] which sends X;; with ¢ > j to 0. Thus, ¥ factors through B,(n,r),
yielding a surjective homomorphism By(n,r) — Ork[8B]. This forces By(n,r) =
Ork[B]. O

In [PW; (11.5.6)], it is proved that, given Sy(n,r)-modules M, N, the groups
Ext3 (n,(M, N) agree with the corresponding Ext*-group for the quantum general

linear group. The analogous result below for the subalgebras S;’(n, r) is new.

(8.2) Proposition. Let gq be the category of rational modules for the “upper

triangular” Borel subgroup Eq of the general quantum linear group G, = GLy(n).
The full embedding

S;’(n, r)-mod — gq

induces a full embedding
D*(S}(n,r)-mod) — D*(B,)
of derived categories. If M, N € Ob(S;’(n,T) -mod), then

ExtSe, (M, N) = Ext (M, N).

Proof. It is easy to see that there is an epimorphism B, x G,, — gq, where B,
is the corresponding Borel subgroup in the quantum special linear group G, =
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SLy(n). (The corresponding statement for G, is proved in [PW; (7.2.2)]. The same
argument works for B, mutatis mutandis.) Let A be a character (one-dimensional

representation) for Eq. The full subcategory By of gq consisting of all rational
Eq modules with the property that all composition factors are isotypical of type
A as a G,,-module via the homomorphism G,, — Eq, Let By a be the image of
gq)\ under the restriction functor gq — B, given by the embedding B, — Eq.
One can see easily that gq)\ (resp., By a) is a direct summand of gq (resp., By),

and the categories B, x and B, are equivalent under the restriction functor. As

a result, we have DV (B, ) = D% (B, ), and the latter is a full subcategory (even

a direct summand) of DT(B,). On the other hand, by (7.1(3)) and [CPS3; (3.9)],
D"'(S;’(n, r)-mod) is a full subcategory of D*(B,). If A is a character of S;’(n, r),
the image of the full embedding D* (S} (n,r)-mod) — D¥(B,) is contained in
D*(By,»), since any module for S;’(n,r) is isotypical of type A as a G,,-module.
This proves the proposition. [
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