STRATIFYING ENDOMORPHISM ALGEBRAS
ASSOCIATED TO HECKE ALGEBRAS

JIE DU*, BRIAN PARSHALL** AND LEONARD ScOTT**

*School of Mathematics, University of New South Wales
Sydney 2052, Australia

**Department of Mathematics, University of Virginia
Charlottesville, VA 22903-3199, USA

ABsTRACT. Let G be a finite group of Lie type and let k be a field of characteristic
distinct from the defining characteristic of G. In studying the non-describing rep-
resentation theory of G, the endomorphism algebra S(G, k) = Endig(P indIG,Jk:)
plays an increasingly important role. In type A, by work of Dipper and James,
S(G, k) identifies with a g-Schur algebra and so serves as a link between the rep-
resentation theories of the finite general linear groups and certain quantum groups.
This paper presents the first systematic study of the structure and homological alge-
bra of these algebras for G of arbitrary type. Because S(G, k) has a reinterpretation
as a Hecke endomorphism algebra, it may be analyzed using the theory of Hecke
algebras. Its structure turns out to involve new applications of Kazhdan-Lusztig cell
theory. In the course of this work, we prove two stratification conjectures about
Coxeter group representations made in [CPS4] and we formulate a new conjecture
about the structure of S(G, k). We verify this conjecture here in all rank 2 examples.

Let G be a finite group of Lie type. Thus, G is the subgroup of fixed points
G? for a rational endomorphism ¢ of a reductive algebraic group G defined over
an algebraically closed field F' of positive characteristic. For a field £ of char-
acteristic distinct from that of F', consider the endomorphism algebra S(G, k) =
Endie (@B popind%k). Here indGk denotes the (right) permutation module over k
defined by the set {Pg}4ecq of right cosets of the parabolic subgroup P in G. Work
of Dipper and James for G = GL(n) (cf. below) suggests that the algebras S(G, k)
play an important role in the representation theory of kG for all types. This paper
presents the first systematic study of these algebras. We establish new results con-
cerning the structure and cohomology of S(G, k) valid for all G. In the process, we
also prove several conjectures made in [CPS4; §6] for finite Coxeter groups, and we
indicate new directions for further study.

Let (W, S) be the Coxeter system defined by the BN-pair structure on G, let H;,
be the corresponding Hecke algebra over k, and let H Jk, J C€ S, be the subalgebra
of Hy, associated to the Coxeter system (Wy,J). The index representation on H .
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is denoted IND ;. Dipper-James [DJ3; (2.24)] prove for G = GL(n,q) that S(G, k)
can be reinterpreted as a Hecke endomorphism algebra:

(1) Ende | @D ndSk | 2 Endj; @indg’;kINDJ
PDB JCS

In fact, their argument applies, almost without change, to establish (1) in the case
of a general reductive group G. For G = GL(n, q), it follows from (1) that S(G, k)
is Morita equivalent to the g-Schur algebra S,;(n,n) over k (as first defined by
Dipper-James [DJ3]). Thus, the representation theory of S(GL(n,q), k) is closely
related to the representation theory of the quantum general linear group GL,(n, k).
See [D2], [PW]. This connection between the representation theories of quantum
groups (over fields of positive characteristic), g-Schur algebras, Hecke algebras, and
general linear groups in non-describing characteristic has been developed in recent
work of Dipper-James [DJ1,2,3], Dipper [D1,2], and others.

In addition, ¢-Schur algebras have been proved in [PW] to be quasi-hereditary
in the sense of [CPS2]. Thus, they arise by means of a recursive construction
closely associated, in spirit at least, to the geometric theory of perverse sheaves.
(Conversely, by [PS], the category of perverse sheaves on a suitable topological
space is equivalent to the module category for a quasi-hereditary algebra.) When
G # GL(n), it is possible that S(G, k) will again be quasi-hereditary, subject to
restrictions on k and F.! However, in this paper, we are interested in proving
results about S(G, k) for all fields k and all types. Section 3 presents examples
in which S(G, k) is not quasi-hereditary. Fortunately, these examples suggest that
the algebras do possess an interesting structure, not unrelated to quasi-heredity,
which has been introduced in [CPS4] under the guise of stratified algebras. An
algebra A has a stratification of length n if there is a sequence 0 = Jy C J; C
-+ C J, = A of ideals such that, for : > 1, the inflation functor induces an isomor-
phism Ext % ,; (M, N) = Ext% ;. (M, N) for all A/J;-modules M, N. When each
Ji/Ji—1 is a projective (left) A/.J;_1-module, we call the stratification standard. An
algebra A is quasi-hereditary if and only if it has a standard stratification of length
equal to the number of irreducible A-modules.

In general, it is desirable to obtain stratifications of an algebra of as long a length
as possible (that length never exceeding the number of irreducible modules). Block
indecomposable symmetric algebras, such as the blocks of finite group algebras, do
not even possess a non-trivial standard stratification of length > 2. However, that
situation changes when passing to endomorphism rings: Endgg(k @ kG), for G a
non-trivial finite p-group and p = char k, has a non-trivial standard stratifcation of
length 2 [CPS4; (6.1)]. The generation of many substantial examples of stratifica-
tions of length > 3 is a main consequence of the present paper. The stratifications

LSuppose, for example, that G = Sp(2n,q), p # 2, and q is not a primitive 2mth root of 1
in k for some m < n. Then, by [DJ4; (4.17)], Hy, is Morita equivalent to a finite direct product
of Hecke algebras associated to direct products of (two) symmetric groups. Using this Morita
equivalence, the quasi-heredity of g-Schur algebras, and the fact that a tensor product of quasi-
hereditary algebras is quasi-hereditary [W; (1.3)], it follows that S(G,k) is quasi-hereditary in
this case. Geck and Hiss have pointed out to us that [GrH] contains a detailed argument.



we present are not, in general, standard. However, we conjecture that there are
standard stratifications of related algebras of much longer length, closer to that ob-
tained for the quasi-hereditary algebra. As discussed above, many of the stratified
algebras we discuss appear to be important for the non-describing representation
theory of finite groups of Lie type.

A main theme of [CPS4] concerned sufficient (and sometimes necessary) condi-
tions, in terms of an abstract “Specht module” theory for an algebra R, guaran-
teeing that an endomorphism algebra A = Endg(T) have a stratification. In that
direction, [CPS4] presented several conjectures involving finite Coxeter groups W.
In brief, the first conjecture asserts that Endgy (@ ; ind}y, k) admits a stratification
with at least three strata, while the second conjecture makes more precise asser-
tions involving an appropriate Specht module theory. A third conjecture (which
was joint work with the first author of this paper) was also briefly discussed—see
§2.5 below. The present paper extends these conjectures to include Hecke alge-
bras associated to finite Coxeter groups. We then prove the first two conjectures
and lay the groundwork for an attack on the third conjecture. That conjecture
(given in (2.5.2)) proposes a long stratification—of length equal to the number of
two-sided Kazhdan-Lusztig cells in the Coxeter group—for a related algebra. In
type A (now treated in [DPS]), the proposed construction can be chosen to yield a
quasi-hereditary algebra, viz., the g-Schur algebra.

Our paper is organized as follows. Section 1 is largely foundational. In §1.1, we
set up a general framework for a modular representation theory of Hecke algebras
over regular rings of Krull dim. < 2 based on a result of Auslander-Goldman [AG1].
In particular, we adapt in this more general setting some familiar results of Brauer.
The remainder of §1 develops the theory of stratifying systems for algebras over
general commutative, Noetherian rings, indicating somewhat stronger results when
working over a regular ring of Krull dim. < 2.

Section 2 takes up the theory of Hecke endomorphism algebras. Although our
motivation comes from finite groups of Lie type, we consider more generally the
generic Hecke algebras (over Z[t?,¢2]) associated to an arbitrary finite Coxeter
system and we allow specializations t? — ¢ in a field k in which ¢ is not necessarily
the image of a prime power. (Note that even in the finite group case, it is useful
to allow ¢ to be more general, e. g., an indeterminate, to allow for preliminary
specializations to rings of Laurent polynomials over fields.) After some preliminary
work in §62.1, 2.2, we study various “cell filtrations” in §2.3 for induced represen-
tations. In this section, the Kazhdan-Lusztig cell theory for Coxeter groups [KL],
[L2] plays an important role. The main result of this subsection, Theorem (2.3.9),
establishes a remarkable homological property for cell filtrations of certain induced
modules. These ideas combine with those of §1 to prove our main results in §2.4.
Thus, by means of the isomorphism (1), Theorem (2.4.4) verifies, as a special case,
that the algebras S(G, k) above have a stratification of length > 3; see (2.4.9).
Another special case of this theorem proves the first two conjectures for Coxeter
groups made in [CPS4]; see (2.4.5) and (2.4.6). A further interesting consequence is
that the algebra S(G, k) satisfies a kind of “non-describing characteristic” version
of Kempf’s vanishing theorem for the cohomology of homogeneous line bundles on
flag varieties; see (2.4.7) and the discussion in (2.4.8). Finally, §2.5 considers the
third conjecture [CPS4; fn. 26], proving one main formal consequence.



Section 3 treats in some detail some cases when G has type By or Gz. In
particular, in §3.5 we verify Conjecture (2.5.2) for all rank 2 groups of Lie type.
(As mentioned above, [DPS] proves the conjecture in type A.) Finally, an appendix
(84) proves—Ilargely for the convenience of the reader—a semisimplicity criterion
for modular Hecke algebras. Although this criterion is known (see, e. g., Gyoja
[Gy] and Fleischmann [F]), our proof (discovered independently) is more direct for
our purposes.

We thank M. Geck and G. Hiss for providing us with some references.

Notation. By a quasi-poset, we mean a set A having a reflexive and transitive
relation <. A quasi-poset A always determines a surjective map = : A — A,
A — m(A) = A, from A to a (unique, up to isomorphism) poset A in which, given
MpEA A< p <= X< pin A. Writing A ~ p if and only if A = [i defines an
equivalence relation ~ on A—its equivalence classes are called the cells of A.

For an algebra A over a commutative ring Z, let 7C (resp., C3) denote the cat-
egory of finitely generated left (resp., right) A-modules. If A is a finitely generated
Z-module, we say A is finite over Z. If Z — Z' is a ‘a morphism of commutative
rings, put Az = A®z Z’, and, for M € Ob(;C), put Mz =M@z Z' € Ob(z C).
Similar conventions hold for C . Given an abelian category C, proj(C) denotes the
full subcategory of projective objects. Unless otherwise explicitly stated, all com-
mutative rings will assumed to be Noetherian. Thus, when A is finite over Z , the
categories ;C and C_¢ are abelian categories.

1. INTEGRAL THEORY AND STRATIFICATIONS

We show in §1.1 how a “Brauer theory” can be developed for algebras defined
over regular local rings of Krull dim. < 2.2 In §1.2, we discuss stratifying systems
for ;C, where A is an algebra which is finite and projective over a commutative
ring Z. In §1.3, we specialize to assume that Z is a field.

1.1. Application of a result of Auslander-Goldman. A local triple is a triple
(O, K, k) consisting of a commutative local domain O having fraction field K and
residue field £ = O/m. A local triple (O, K, k) determines a second local triple
(O, K, k) if the completion O = l'gn O/m¢ is a domain. Then © C O and K is
an extension field of K. This occurs, for example, when O is a regular local ring.
Then O is also a regular local ring and Krull dim. O = Krull dim. O.

In the representation theory of finite groups, O is usually taken to be a discrete
valuation ring. The general local triple will generally “give birth” to a number
of further local triples involving discrete valuation rings, through localization or
factoring out by ideals (see (1.1.4) below). It is not, however, convenient to restrict
our general set-up to the discrete valuation ring case, because it is too restrictive
for the modular representation theory of Hecke algebras. In that case, it is useful

2A very general Brauer theory is developed in [GR]. For some of the discussion in this paper,
e. g., (1.1.3), we could quote their results. However, when working over regular rings of Krull
dimension < 2 (the relevant case for Hecke algebras considered here), a simpler theory exists,
which is in some ways stronger. For example, (1.1.1) shows the existence of lattices, just as in the
classical theory over discrete valuation rings.



to allow O to be a regular local ring of Krull dim. < 2. See §3 for some specific
examples.

Our first result uses a theorem of Auslander-Goldman [AG1; Cor., p. 17]: If
O is a reqular local ring of Krull dim. < 2 and if M is a finitely generated O-
module, then the dual O-module Hom@(M O) is projective (= free). We adopt the

convention that if R is a finite O- algebra, then an R-lattice X is an R-module which
is a finitely generated free O-module.

(1.1.1) Proposition. Let O be a reqular local ring of Krull dim. < 2 and form
the local triple (O, K, k). Let R be an algebm which is finite and free over Q.
Suppose that X is a finitely generated (right) Ry -module. Then X = Xg for some
R-lattice X.

Proof. By standard methods, there exists a finitely generated R-submodule Xo of
X such that X = (X,) . As noted above, [AG1] implies that X§ = Home (X, O) €
Ob(zC) is O-free (of finite rank). Hence, X = X}* ¢ Ob(Cg) is O-free of finite
rank. Since X, o is O-torsion free, the natural evaluation map Ev : X 0 — X o* defines
an injection of R-modules which becomes an isomorphism upon applying — ®o K.
Identifying X with an R-submodule of X gives Xg =~ X, as required. [

Suppose that X7,---, X, are the distinct (up to isomorphism) irreducible Ri-
modules. By (1.1.1), X; & X,k for R-lattices X;, 1 < i < m.

12

(1 1.2) Corollary. Assume the hypotheses of (1.1.1). Let X; = Xig, - Xm
XmK be as above. Then:—

(a) Any irreducible }Nik—module L is a composition factor of some )N(ik, 1<t <m.

(b) If X = Xg )?;( for R-lattices X and X', then X}, and )N(,’C have the same
Ry.-composition factors (with the same multiplicities).

Proof. (a) Every irreducible Rg-module is (trivially!) a composition factor of some
X;. This is the only property of Xy, -+, X, we use. Form the local triple (6, I?, k).
The system X, 5, -, X »
R 7z—module is a composition factor of some member. Thus, we can assume that
O is complete.

Let L € Ob(CEk) be irreducible. Choose a projective cover P — L in Cg .

Since O is complete, there exists P € Ob(proj(C )) with P, = P. For some i,
Homp (Pk,&;) # 0. Since X; is O-free and P is R-projective, Homz (P X;) is
a projective O-module of finite rank. Also, Homg (P, Xi) = Hom (P X)) £ 0.

Thus, L occurs with nonzero multiplicity in Xik, as required.

of }NBIA(—modules has the property that any irreducible

(b) As in (a), we can assume that O is complete. Let P be a projective indecom-
posable module in the category of Rk modules, and choose a projective R-module

5



P such that ng = P. Then

dim Homg (P, X;) = dim Hom (P X)j = dim Hom ~ (P X))k

= dim Homgp (Pk, X) = dim Homp (P, X')s,
= dim Homg (P, X;).

Thus, the head of P appears with the same multiplicity in X r as it does in X [

Let )N(I, cen ,)?m be R-lattices for Xy, , X, as above. Let Lq,---, L, be the
distinct irreducible Ry-modules. By (1.1.2(b)), the multiplicities dij = [)?Jk : L]
are independent of the choice of X j. Let D = (d;j) be the corresponding n x m
decomposition matrix. Also, let C'= (¢;;) be the n x n Cartan matrix of Ry, i. e.,

if P(j) denotes the projective cover of L; in the category of right Ry-modules, then
cij = [P(j) : Li]. Now we can easily prove the following result:

(1.1.3) Theorem. Let (O,K, k) be a local triple in which O is a regular local
ring of Krull dim. < 2. Let R be an algebra, finite and free over O, such that both
Ryi and Ry,/rad(Ry,) are split semisimple. Then C = D - DT

Proof. Since R K s split semisimple, we can assume that O is complete. Thus, there
exists P(i) € Ob(proj (Cz)) satisfying P(i)x = P(i). Using R-lattices Xy,---, X;
for Xy, ---, X, respectively, a standard calculation completes the proof:

¢ij = dim Homp (P(i), P(j)) = dim Homgp (P())k,P(j) k)
= Z[ﬁ(i);{ L B[Pk : ]

= " dim Homg, (P(i)x, Xix) - dim Homg (P(j)x, Xexc)
t

= " dim Homg_(P(i), Xy) - dim Homg_(P(5), Xur)
t

= Z[j?tk : Lz][j\(;tk : LJ] == Zditdjt- [
t t

(1.1.4) Remarks. (a) The results (1.1.1), (1.1.2), and (1.1.3) generalize well-
known work of Brauer. Use of [AG1] has allowed us to treat these results all in a
concise and familiar way. As mentioned above, [GR] contains a more general Brauer
theory, which has (1.1.3) as a special case, but contains no analogue of (1.1.1).

(b) Many discrete valuation rings do arise in the context of more general local
algebras. For instance, suppose that p € Spec O has height 1. Then the localization
O, is always a discrete valuation ring, if O is integrally closed. Also, if O is regular
of Krull dim. 2 and p € m?, then O/p is a discrete valuation ring, since its maximal
ideal m/p is generated by one element.



1.2. Integral stratifying systems. Let Z be a fixed commutative ring. Let A
be a Z-algebra which is finite and projective over Z.

(1.2.1) Lemma. For Pe Ob(proj(7C)), the following statements are equivalent:

(1) Every irreducible A-module L appears in the head of P (i. e., L is a homo-
morphic image of P).

(2) Pisa progenerator of ;C; equivalently, A is a direct summand of pom for
some positive integer m.

(3) If Z' is any commutative Z-algebra, then every irreducible Az -module ap-
pears in the head of Pz:.

Proof. First assume that (1) holds. To see (2), we show that A is a homomorphic
image of a finite direct sum of copies of P. Since A is Noetherian as a Z-module, it
has a left ideal I which is maximal with respect to being a homomorphic image of
some P®™ for r positive integer m. If I * A choose a € A\I and let J be a maximal
left ideal in Aa + I containing I. By hypothesis, (Aa +1 ) /J is a homomorphic
image of P. Hence, there exists a morphism P — Aa + I whose image K is not
contained in I so K+1isa homomorphic image of a finite direct sum of copies of
P. This contradicts the maximality of I, so I = A, proving (1) = (2).

If (2) holds, then Az is a direct summand of ]Bg?,m for any commutative Z-

algebra Z'. This implies that any irreducible A z module is a homomorphic image
of Pz:. Therefore, (2) = (3). Finally, (3) = (1) by taking 2’ = 2. O

(1.2.2) Lemma. Let P € Ob(proj( C)). The following statements are equivalent
for any M € Ob(;C)):

(1) Hom z(P, M) # 0;
(2) Homyz (Py, My,) # 0 for some field k = Z/m;
(3) Hom (]Bk, Mk) # 0 for some field k which is a Z-algebra.

Proof. Assume (1). Replace Z by Z, for a maximal ideal m € Supp(Hom A(P M))
to assume that Z is a local ring with residue field k. Suppose that Hom 3 1, (Pk7 M, k)
0, so any A-module morphism P — M has image contained in mM. For some
positive integer n (the number of generators of m as an O-module), there is a sur-
jective morphism M®" — mM. Since P € Ob(proj(3C)), it now follows that any
morphism P — M has image contained in m2M. Continuing, we see that any
morphism P — M has image contained in ﬂm’]\7 , which is 0 by Krull’s theorem.
This contradicts (1), so (1) = (2 ) The implication (2) = (3) is trivial.

For any field k = Z/m, Mk is a A-module homomorphic image of M. Because

P is projective, we obtain that (2) = (1).
Assume that (3) holds for some field k& which is a Z-algebra. Then k£ is an

extension field of k' = Z,/p, for some p € Spec Z. Since Homjy | (Pk/ Mk,)k o

7



Hom (P, My,), so (3) = (2) for A, over Z,. Thus, (1) holds for A,, and so
holds for A itself. Thus, (3) = (1). O

We will use below some notational conventions regarding filtrations of modules,
closely adhering to that given in [CPS4; §§1.4,1.5] (where many further details on
the discussion can be found) A decreasmg filtration G on X € Ob(;C) (of length
m) is a sequence G: X = GO D G1 2.+ D G — 0 of submodules of X. By

convention, put G;=0fori>mand G; = X for i < 0. For any 4, the ith section
of G is Gr;G = Gz/Gz—{—l

Generally, we work with decreasing filtrations on zC, and increasing filtrations
on Cz. An increasing filtration FonY e Ob(C3) consists of a sequence F:0=
FOCF'C...C F" =Y of submodules of Y. Define F' =0 for i < 0 and F =Y
for i > n, and, for any i, put Gr'F = Fi+l/Fi,

Now suppose that T is an (Z, lN%)—bimodule. Despite the ambiguity, it is conve-
nient to let (—)® denote either of the contravariant functors

(1,2.3) (—)0 = Homg(—,f) : ZC — CE’ (—)0 = Homﬁ(—,f) : CE — A’C

These induce functors (—)® : 7Cq. — C%lt and (—)° : C%lt — 7Cq,- Here 7C..
(resp., C%lt) denotes the category whose objects are pairs (X,G) (resp., (Y, F))
consisting of X € Ob( +C) (resp Y € Ob(C ))) together with a decreasing (resp.,
increasing) filtration G on X (resp., F on Y) and whose morphisms are defined
in the natural way. For example, given (Y, F) € Ob(Cﬁlt), we have (Y, F)°
(Y°,F°) e Ob(;C,, ), where (F°); = (Y /F*")°. In particular, observe that Gr; F* C
(Gr*F)°, though equality need not hold. We will use several times below (see the
proof of (1.2.10), for example) the following fact: Suppose (Y, F) € Ob(Cgt) and
Ext%(f//ﬁi“,f) = 0 for some i. Then Gr;F° = (Gr*F)°. This follows easily
from the long exact sequence of cohomology.

The definition below of a stratifying system for ;C generalizes that given in
[CPS4; §6.4] for fields.

(1.2.4) Definition. Let A be a finite quasi-poset. Suppose for A € A there is

given A(A) € Ob(;C) which is projective over Z. Then {A(X)}\ is a stratifying

system for 7C provided that, for each A € A, there is given P(A) € Ob(proj(;C))

and a surjective morphism P(A) — A()\) satisfying the following three conditions:
(1) For A, pu € A, if Hom z(P(A), A(p)) # 0, then X < p.

(2) For A € A, there is given a decreasing filtration G* of P(\) (of length t()\))
with Gr;G* = A(vx;) (0 <i <t(A)) where A <wy,; € Aand vy o= A

(3) Any irreducible A-module is a homomorphic image of some A(\).

Suppose condition (2) is replaced by the stronger condition:

(2') For A € A, there is given a decreasing filtration G* of P(\) (of length £()))
satisfying Gr; G = A(V)\ ;) where A < 7y ; for 0 <4 < t(\) and vy = A

8



In this case, we say the stratifying system is strict.

Suppose that we are given a stratifying system for ;C with respect to a quasi-
poset A. Define an equivalence relation on A by putting A ~ pu if and only if
A(N) 2 A(p). By (1.2.4(1)), the corresponding equivalence classes are contained
in cells of A. Hence, there is a quasi-poset structure on the set A, of equivalence
classes so that the quotient map A — Amin, A — A, is a morphism of quasi-posets.
If we put A(A) = A(X) for all A € Ay, and any A € A, then {8(5\)}5\ is a stratifying
system for 7C. We do not require A being minimal in (1.2.4) because, in practice,
the larger quasi-posets A sometimes appear naturally; see (2.4.3) and (2.5.2) below.
Also, in (1.2.4), we do not insist that A(}) is indecomposable. When Z is a field

and the stratification is strict, the indecomposable components of the A()) all have
simple heads [CPS4; (6.4.6)], and can be uniquely defined in terms of their heads
and the order relation, cf. [CPS4; (2.2.2(d)].

When {A(A)} is a stratifying system for C, we call the A(\) the standard
objects for zC. We now give conditions for checking that a collection of modules is
a stratifying system. (In particular, the notion behaves well under base change.)

(1.2.5) Lemma. Let A be a ﬁm'tf quasi-poset, and for each A € A, let &(A) €
Ob(zC). For A € A, assume that A(X\) € Ob(proj(Cz)) and that there is given
(P(X),G*) € Ob(5Cq,,) where P(X) € Ob(proj(zC)) and G* satisfies (1.2.4(2)).

Then the following four statements are equivalent:
(1) {A(N)}ren is a stratifying system for iC.

(2) {A(N)i}rea is a stratifying system for 1,C for any k = Z/m, where m is a
maximal ideal of Z.
(3) {K(A)k}AEA is a stratifying system for z C, for each field k which is a Z-
algebra.
(4) {A(N) 2 }en is a stratifying system for i,,C, for each commutative Z algebra
2.

Finally, assume that (1.2.4(2')) holds and, in the statements of (1), (2), (3),
(4) above, the phrase “stratifying system” is replaced by “strict stratifying system”.
Then the resulting statements are equivalent.

Proof. Assume that (1) holds, and let Z" be as in (4). Each A(X)z: is a homo-
morphic image of P(\)z: € Ob(proj(gZ,C)). Also, each A(A)z/ is a projective
Z'-module. Tf Homy_ (P(A)z/, A(p)zr) # 0, then, by (1.2.2), for some field k

which is a Z’-algebra, Hom g, (P(A\)k, A(p)r) # 0; so that (1.2.2) implies that
Homg(]g()\), z(u))jé 0, whence A < p by hypothesis. Thus, (1.2.4(1)) holds over
Z'. Because each A(\) € Ob(proj(Z)), G%, is a decreasing filtration of P(\)z/ as
required by (1.2.4(2)). Using (1.2.1) with P = &, P(\) we see that any irreducible
Az-module is a homomorphic image of some A()) z/; thus, (1.2.4(3)) holds for the

A(X)z/. Hence, (1) = (4). The other implications are clear. We leave the proof
of the final assertion on strictness to the reader. [



Later we will use the following result on Ext. We omit the standard proof (by
dimension shifting). See [CPS4; (6.4.2)] for a similar argument.

(1.2.6) Lemma. Suppose that {Z()\)}AEA is a stratifying system for zC. Lel
M\ it € A be fived elements satisfying Ext (A()\), A(p)) # 0 for some nonnegative

integer i. Then X < p. Suppose further, in the notation of (1.2.4(2)), that i > 0,
and)\<y)\]f0rall]>03 Then X < [i.

An ideal J of A is called a stratifying ideal provided that J is a Z-direct sum-
mand of A and, for any M,N € Ob( 3 /jC), inflation defines an isomorphism

EXt:Z/~(M N) = Extg(M,N). A sequence 0 = JNO - J~1 C - C JNn — A of

stratifying ideals in A is called a stratification of length n. If each ji/ji_l is a
projective (left) A/J;_1-module, the stratification is called standard.

If two algebras A and A’ are Morita equivalent, it is obvious that a stratifying
system for ;C determines one for 3,C. The following result shows that if A has a

stratification of length n, so does any Morita equivalent algebra. (See, for example,
[CPS4; (2.1.6(a))] where a similar result is proved.)

(1.2.7) Lemma. Suppose that A has a stratification 0 = Jo C J; C - C Jp = A
of length n. Let P € Ob(proj( C)) be a progenerator of 7C and consider the Morita
equivalent algebra A’ = End ; (P) Then A’ also has a stratification of length n. If
the stratification for A is standard, that for A" can be taken to be standard also.

Proof. Tt is well-known that J — Hom g(lg, J. 13) defines an equivalence between the
lattice of ideals of A and that of A’. If J is a Z-direct summand of A (i. e., the
inclusion J C A is split as Z—modules) then it is easy to see that Hom A(P JP)
is a Z-direct summand of A’. Also, since P is a progenerator, given an ideal J of
A the full subcategory 3 /~C of 7C has objects which are precisely the homomor-
phic images of finite direct sums of copies of 15/ JP. Therefore, the equivalence
Hom g(]g7 —) : € — 7 C restricts to define an equivalence 3 /~C = iy 7,.C, where
J = HomA(P, JP). Thus, J is a stratifying ideal of A if and only if J' is a
stratifying ideal of A’. This establishes the first assertion of the lemma.

IfJ e Ob(proj(C)), then J = Homg(lg, JP) € Ob(proj(7,C)). Since Al =
Endg/j(lg/jlg) and P/JP is a progenerator for 4,5C, the second assertion fol-
lows. O

The argument for [CPS4; (6.4.5)] and (1.2.7) give the following result.

(1.2.8) Theorem. Assume that ;C has a stratifying system {A(N)}rea. The

algebra A has a stratification 0 = Jo - J1 - C J,=A of length n = #A. If the
stratifying system is strict, then the stmtzﬁcation can be chosen to be standard.

The following hypothesis (generalizing [CPS4; (6.4.7)]) gives a criterion for strat-
30f course, this latter condition always holds if {A(X)} is a strict stratifying system.
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ifying 7C, when Ais an endomorphism algebra.

(1.2.9) Hypothesis. Let R be a finite and projective algebm over Z. Let T be
a ﬁmtely generated right R- module, projective over Z, and put A =End; (T ) As-
sume T = ®>\6A T@mA s a fized direct sum decomposition, where A is a finite quasi-
poset. (No assumption that the TA are mdecomposable or even non-isomorphic is

zmposed) For A € A, assume given an R-submodule SA — TA and an increasing
filtration Fy of T (of length t(X)) such that the following three conditions hold:

(1) For A € A, there is a fived sequence vx o, Vx1," " s Va¢(n)—1 0 A such that
vxo = A and, fori > 0, vx; > A For 0 < i < t(\), there is given a fived
isomorphism Gr'Fy\ = S

Ux,i®
(2) For \,p € A, Homx (SM,T)\);&O = A< p.
(3) For all A € A, we have ExtR«(TA/F/{, T) =0 for all i.

In establishing the following result, we use the notation (1.2.3).

(1 2.10) Theorem. Assume that Hypothesis (1.2.9) holds. For A € A, put

A(X) = Homz (SA, T) and assume that each A(X) is Z-projective. Then {A(X)}rea
is a stmtzfymg system for ;C with respect to A. If the inequalities in (1.2.9(1)) can
be replaced by strict inequalities vy ; > A for all i > 0, the system is strict.

Proof. Put (P(X),G*) = (T, F))°, i. e., G} = (fA/F};)Q, Vi. The discussion imme-
diately above (1.2.4) and (1.2.9(3)) imply that each Gr;G* = (GriFy)°, so (1.2.4(2))
holds. Since each A(X) € Ob(proj(Cz)), each P(A) € Ob(proj(Cz)), too. Thus,
A =@, P(\)®™ is Z-projective.

Observe that (1.2.9(3)) also implies that each A()) is a homomorphic image of
P()). Since HomA(P(A),A(u)) Homz (SH,TA) (1 2.9(2)) = (1.2.4(1)).

Finally, for any field & which is an Z-algebra, A, D, ( )92 50 any irre-
ducible Ag-module is a homomorphic image of some P()). Since the sections of G*
have the form K(u), i € A, any irreducible A-module is a homomorphic i image of
some A(p), so (1.2.4(3)) holds. The final assertion is clear. [

In (1.2.13) below we give a method for checking that (1.2.9(3)) holds when Z is
a domain with fraction field K such that Ry is semisimple. When Z =k is a field
(and R is not semisimple), it is generally not easy to verify that condition (1.2.9)(3))
holds—in fact, in many cases, it may fail, even though A has an interesting strat-
ification; see §3.2 below. One way to obtain a stratification in the field case is to
check (1.2.9) over a larger ring Z having k as a homomorphic image, using (1.2.10)
over Z and (1.2.9). Of course, this requires at least that all data defining A over
k exist over Z (something which often happens). For another, more complicated,
way to work strictly over k itself, see §1.3 below.

In (1.2.10), it was necessary to assume that the A()) are Z-projective. In some
important cases, this comes for free, using the following result. For M e Ob(Cz),
put M* = Homz (M, Z), and let Ev : M — M** be the natural evaluation map.
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(1.2.11) Lemma. Let Z be a regular ring of Krull dim. < 2 having fraction field
K. Let Y € Ob(Cz), and let V be a K-subspace of Yi. Assume that Y = X* for

some X € Ob(Cz). (In particular, this holds if Y = Y**.) Then V = LYy is
Z-projective.

Proof. We show that Ext L (V, M) = 0, VM € Ob(Cz). If some Ext L (V, M) # 0,
then ExtL(V, M) = Extlz (‘7,3, N) £ 0 for p € Supp(Ext L(V, M)) Thus, we
can assume Z is local. By [AG1; Cor., p. 17], Y and V* are Z-free of finite rank.
In particular, Ev : Y 3 Y* is an isomorphism. Form the commutative diagram

Ev =~ 6

‘7 . . (‘7**)1( ;*V

bl :

? ~ . ?** > (?**)K L"?K
Ev ¢

in which # and § are the natural inclusions, v = 6**, and «,( are the natural
(injective) localization maps. Identifying Y and Y**, it follows that V** C Y NV,

and so Ev : V — V** is an isomorphism. By [AG1; Cor., p. 17] again, V is
Z-projective, as required. []

Thus, we can improve upon (1.2.10) when Z is a regular ring of Krull dim. < 2.

(1.2.12) Corollary. Assume that Hypothesis (1.2.9) holds and that Z is a regular
ring of Krull dim. < 2. For A € A, put A(\) = Homz (SA, T). Then {A(N)}y is a
stratifying system for 3C. If the inequalities vy ; > X in (1.2.9(1)) can be replaced
by strict inequalities vy ; > X for all i > 0, the system is strict.

Proof. To apply (1 2.10), we show each 8()\) is Z-projective. We can assume that Z
is local. Because T is Z-free, Homg(S \, T) is a direct sum of Z-modules isomorphic
to S%, so is Z-free by [AG1] again. Hence, Homz (Sx, T)** = Homz(Sy,T), so
(1.2.11) applies with Y = HomZ(SA, ) and YV = HomRK(SAK,JN”K). O

We conclude this subsection with a useful criterion for verifying that (1.2.9(3))
holds. In this result, we do not require that A be Z-projective.

(1.2. 13) Lemma. Assume that Z is a commutative domain with fraction field K .
Let A be a finite Z-algebra such that Ak is semisimple. Let M T be finitely gener-
ated left (or right) A-modules and assume that T is Z-torsion free. The following
two statements are equivalent:

(1) For every d € Z, the natural map
(1.2.13.1) Hom 7 (M,T) — Homyz (M/dM,T/dT)
18 surjective.
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(2) Ext L(M,T) = 0.

Proof. For 0 # d € Z, multiplication by d defines a short exact sequence 0 — T' LS
T — T/dT — 0, and, therefore, an exact sequence

(12.13.2) Homz(M,T) % Homz(M,T/dT) - Ext%(M,T) % Ext L(M,T).

Since Homg(ﬁ, T/dT) = Hom; (M/dﬂ, T/dT), o identifies with the map in

1.2.13.1).
( Assurr)le (1) holds. Since Ag is semisimple, Ext i’%K (Mg, Txg) = Ext}z(ﬁ, Tk =
0, so that Ext }Z(M, T) is a finitely generated torsion Z-module. Choose 0 # d € Z
in the annihilator of Ext IIZ(M’ T). Since the map (1.2.13.1) is surjective, (1.2.13.2)
shows that multiplication by d induces an injection Ext L(M,T) — Ext L(M,T).
Hence, Ext ,IZ(M’T) =0, and (2) holds.
The implication (2) = (1) is also clear from (1.2.13.2) (and does not require

/(d)

that Ax be semisimple). [

1.3. The stratification hypothesis over a field. Hypothesis (1.3.2) below
provides a way to construct a standard stratification of an endomorphism algebra
A over a field k. One way to do this has already been indicated in §1.2, using
(1.2.10) over a larger ring Z, together with (1.2.5) (and (1.2.8)). However, in the
absence of an integral structure, the appropriate stratification hypothesis is quite
complicated. Nevertheless, the more elaborate conditions in (1.3.2) can often be
checked directly. We illustrate this explicitly in §3—the only place this subsection
plays a role in this paper.

Let A be a finite dimensional algebra over k. We will say that 4C is standardly
stratified if it has a strict stratifying system {A(A)}rea (in the sense of (1.2.4),
taking Z = k, A = A, etc.) such that: (i) each A(X), A € A, has an irreducible
head L(A); (i) if A # p, then L(A) 2 L(y); and (iii) each P(A) = P(A), A € A, is
indecomposable. By [CPS4; (2.2.3)], A has a standard stratification of length n if
and only if 4C is standardly stratified with #A = n.*

Let A, R be finite dimensional algebras over k£ and let T' be a finite dimensional

(A, R)-bimodule. We assume that
(1.3.1) { (1) In Cr, T'= @ens Y,\@m*, Y, distinct indecomposable;
- (2) A = Endg(T).

The P(A\) = Hompg(Y),T), A € A, are the distinct projective indecomposable mod-
ules for 4C. The following hypothesis was first presented in [CPS4; (3.1.1)]:

(1.3.2) Hypothesis. Let R, T, A be as in (1.3.1). For each A € A, there is given
a fixed R-submodule S) A Yy and a fixed (increasing) filtration F of Yy of length
t(A). Let ¢ = Hompg(ex,T) : P(A) = Hompg(Sx,T). Put vy = dim Im ¢,.

4One can similarly define a notion of standardly stratified category over a local triple, though
a complete treatment requires the theory of semiperfect rings. We defer that project to a future
paper. For some discussion in the discrete valuation ring case, see [CPS4; (4.7)].
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These data are subject to the following four conditions:

(1) A has a fixed quasi-poset structure. For A € A, there is given a fixed sequence
Ux,0,UA1s " s Uag(n)—1 in A such that vyo = A and, for ¢ > 0, vy; > A. For
0 < < ¢(\), there is a fixed isomorphism S,, , = Gr'F).

(2) For \,p € A, 0 < i < t(N), let Yy/F% EN Y,, be a morphism. Then there

exists a morphism Y, | 5N Y,, making the following diagram commutative:

Y\/F} Y,
(1.3.2.1) €un t.
SVx,i YVx,i
LV}\,i

Here €, , is the composite of S,,, , = Gr'F) and the inclusion Gr*Fy — Yy /F}.

(3) For A\, u € A, let ¢x ), = Hompg(ea,Y),) : Homg(Yy,Y,) = Hompg(Sy,Y,). If
¢ 7 0, then pp < A,

(4) For A, p € A, let ax, = ##{t|vr; = p}. Then 3,  maay v, = dim A.
The following result follows from [CPS4; (3.1.3)].

(1.3.3) Theorem.  Assume Hypothesis (1.3.2) holds. Then AC is standardly
stratified with respect to A, using the standard objects A(X) = Im¢py, A € A.

(1.3.4) Remark. [CPS4; (3.3.2)] provides a converse to (1.3.3). Thus, Hypoth-
esis (1.3.2) is essentially required in order to standardly stratify 4C, through an
endomorphism ring structure on A.

2. HECKE ENDOMORPHISM ALGEBRAS

In §2.1, some generalities involving Hecke algebras are taken up. Quite general
“cell filtrations” are briefly discussed in §2.2. These concepts are applied in §2.3
to establish important properties of the “dual left cell filtration” and the “dual
right-set filtration” for certain induced representations. Using the results of §1, we
prove the main stratification results in §2.4. In particular, (2.4.5) and (2.4.6) prove
the first two conjectures in [CPS4; §6]. Finally, §2.5 discusses a stronger conjecture
involving standard stratifications.

Except in §2.2, Z denotes the ring Z[t? ¢t~2] of Laurent polynomials.

2.1. Hecke algebras. To begin, let G = {G(q)} be a family of finite groups of
Lie type having irreducible Coxeter system (W,S)—cf. [CR; (68.22)]. For each
q, fix a Borel subgroup B(q) and define index parameters ¢s € Z, s € S, by

[B(q) : *B(q) N B(q)] = ¢°. The corresponding generic Hecke algebra H over
Z = Z[t%,t72] has basis 7, w € W, satisfying the relations:
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(2 , 1) { Tsw sw > w,
. . T T =
stw tZCSTsw + (t2cs _ 1)7—w sw < w.

We call H a Hecke algebra of Lie type over Z.

More generally, we will allow (W, S) to be any finite Coxeter system. Form
the algebra H over Z with a basis Tw, W € W satisfying (2.1.1) for some system
{cs}ses of integers satisfying c¢s = ¢y if s and s’ are W-conjugate.5

Let Z’ be a commutative Z-algebra. Let ¢ denote the image of t2 in Z’. (The
element ¢ € Z’ should not be confused with the parameter g above for G.) The
algebra Hz has a basis, whose elements are still denoted 7, w € W, satisfying
the relations (2.1.1). In order to reign in the notation, it will be convenient to
denote Hz by H'—this notation will alert the reader that we are considering
Hecke algebras over a ring more general than Z.

Two specific linear characters will often be used. These are the “trivial” repre-
sentation IND and the “sign” representation SGN, defined on generators by:

(212) IND:H —Z' r,q¢* SGN:H —Z' 1,—-1 (se¥).

For w € W, put g, = IND(7,) € Z’. (When it is clear from context, we also use
this notation when 2’ = Z, e. g., g, = t2%.)

Let A be the power set of S. For A € A, let W)\ = (s|s € A) and ﬁg\ =
(1|5 € \) C H'. The set W (resp., *W) of right (resp., left) distinguished coset
representatives of Wy in W indexes a basis {7y wews (resp., {Tw bwerw) for H' as
a module for H § for the left (resp., right) regular action.

The restriction functor resZ : C i — Cg has exact left adjoint
A

Hy
-7 ~ B Th 7T ~
(2.1.3) mdﬁ& : Cﬁ& — Cg M — mdﬁ; (M) = M @ H'.
Let IND, be the trivial representation for ET; Put z) = zwewx Tw- Then

(2.1.4) TATs = QsTx, TeXx = QsTx, VS € A

Thus, the right ideal Z'x) = xxﬁ/’\z, in fT;\Z, realizes INDy. Because {7y} ewx
is a basis for H € Ob(j, C), multiplication defines an isomorphism
A

(2.1.5) ind, INDy % 2, H'.
A

Of course, similar results hold for categories of left modules. We record the following
characterization of the ideals zyxH’ and H'z).

5We observe that these algebras are a special case of the Hecke algebras H, considered in [L2]
with ¢(s) = t2¢s | so the results there apply to the present situation. The algebra H exists for
functions ¢ defined on S with values in an abelian group , —in the present case, consisting of
integer powers of t>~—which are constant on intersections of S with W-conjugacy classes.
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(2.1.6) Lemma. For A € A, we have H'zy = {¢€ € E{/|€Ts = qs&, Vs € A} and
xAH ={£ € H' |16 = qs&, Vs € A}

Proof. If ¢ € xkﬁ’, (2.1.4) implies that 75¢ = ¢s€ for all s € A\. Conversely, suppose
that & € H' satisfies 7,{ = ¢,¢ for all s € \. Write & = )" byTy, where b, € Z'.
For w € W and s € A satisfying w < sw, the equality 7,6 = ¢s¢ implies that

QsbwTw + QsbswTsw = Ts (bwTw + bszsw)

= QSbszw + (bw + (QS - l)bsw)Tsw-

Thus, bsy = by It follows for v € W and u € Wy, that by, = b,. Hence, & € a:,\fNI’,
proving the assertion for 2y H'. The other assertion follows similarly. [

The algebra H' admits a symmetric, associative pairing (,): H x H — Z'
defined on basis elements by

Gw w=uv"1

(2.1.7) (Tups o) = {

0 otherwise.

(See [DJ1; (2.3)] in type A—the argument is the same in general.) Consider the
duality functors

(2.1.8) { (_):

(_)E’n :Cﬁ, — ﬁ,C

. ~ = def ~
given by M — M* = Homg: (M, Z").
(—)fg/ : ﬁ,C — Cﬁ,

(2.1.9) Lemma. For A € A, we have (a:AfT;)* = ﬁ;\l)\ and (ﬁ;\xx)* = xxﬁg

Proof. If M € Ob(Cg) is Z-projective, then (M*)z: = (Mz:)*. Therefore, it
suffices to prove the result when 2’ = Z.

If dy = IND(zy) € Z, then 23 = dyz)y # 0. For u € W» and v € *W,
(2.1.7) and the equality (W*)™! = AW imply that (\7y,TvZr) = daquby -1

Hence, (, ) = %(, ) ozH x Hxy — Z defines a perfect pairing, with the basis

{zx7y}uewr of oy H dual to the basis {g o2 }y-1ewn of Hzy. Thus, oH —
(Hzy)*, & — (£, —), gives the required isomorphism of H-modules. This proves one
claim in (2.1.9); the second is similar. [

2.2. Cell filtrations. In this subsection, Risan algebra over Z. Here Z can be an
arbitrary commutative, Noetherian ring (and not just the ring Z[t2, t=2] of Laurent
polynomials as in the previous subsection). Let {7s}scs be a fixed generating set

for R. Let Y € Ob(Cg) be Z-free with basis {0} xea indexed by a finite quasi-poset

A. In some situations, the cell structure on A leads to cell filtrations on Y. For
example, assume that

(2.2.1) e =Y a)0,, (af) € Z) Vse S, VA€
B
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Fix a listing
(2.2.2) ¢,

of the cells in A such that, given A € &; and p € ¢, if A < [i, then i < j—i. e.,
the “larger cells are listed to the right of the “smaller” cells. The (increasing) cell

filtration F = F~ onY (of length m) is defined by putting
(2.2.3) Fi = span (O | A € €;,5<13), 0<i<m (Let € =0).

For 0 < i < m, Gr'F is a free Z-module with basis {0x + Fi Iaee -

We can also consider the category zC of left modules for R. Suppose X e Ob(5C)
is Z-free with basis {px}rea indexed by the finite quasi-poset A and satisfying

(2.2.4) Toox =3 b3, (b) € 2) Vse S, VaeA.
B

The (decreasing) cell filtration® E=EXon X (of length m) is defined by putting
(2.2.5) E; = span (py| A € €, 5 <m —i).

Suppose that X € Ob(3C) is Z-free with basis {pA}AEA satisfying (2.2.4) for a

finite quasi-poset A. The dual ¥ = (X)* = Homz(X, Z) € Ob(Cg) is a free Z-
module with basis {0x}rca defined by 0x(p,) = dx 4, p € A, which satisfies (2.2.1)

for the opposite quasi-poset A°P, putting a( ) = b(s). Letting € = &,,_;41, we
obtain (X*,F) € Ob(Cgt) as described in (2.2.3) for the listing €{P, -, €%, On
the other hand, the decreasing filtration E of X defined in (2.2. 5) determines, after

taking duals, an increasing filtration E* on X* by setting (E*)t = (X/E;)*. We
call E* the dual left cell filtration of the right R-module X*.

(2.2.6) Proposition. In the notation of the previous paragraph, F= (E)*.

Proof. The left R-module )Z/EZ has basis consisting of the cosets py + Ei, A e g
with j > m — i. Hence, (X/F;)* C X* has basis consisting of the 05, A € €; with
4 > m —i. On the other hand, F* is spanned by the 0y, A € Qﬁ?p with 7 <. Since
Qf?p = C—j+1, it follows that (E*)i = F', as required. O

2.3. Cell filtrations for Hecke algebras. Return to the setting of §2.1 for a
generic algebra H associated to a general finite Coxeter system (W, S) and system
{cs € Z}scs satisfying c¢; = ¢; if s and ¢ are W-conjugate. Recall that A denotes
the power set of S.

In order to apply §2.2, we will need to modify the Kazhdan-Lusztig basis for the
generic Hecke algebra

(2.3.1) Hy = H ® Z,, where Zy = Z[t,t7'].

6We denote the filtration by E, rather than our customary @, because the latter is reserved
for the filtrations in (1.2.4(2)).
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By [KL] (in the “untwisted” case c; = 1, all s) and [L2] (in the “twisted” case),
there is a Zy-basis {C}, }wew for Hy satisfying

, t2esC! | if sw < w
(2.3.1a) 7,0l =

=y, + 1 Cg, +t > M, C, otherwise

for s € S,w € W. The sum in (2.3.1a) is over z < w such that sz < z, and the
M}, € Z are certain recursively defined elements (which are symmetric and may
vanish). Also,

t2e=C! if ws <w
(2.3.1b)  Clry = {

—C, + 150, +1% Y MP,  _.C, otherwise
for s € S,w € W. Here the sum is over z < w satisfying zs < z. (Apply the
involution j [L2; p. 104] to formulas (6.3), (6.4) in op. cit.) When Hj is untwisted,
the formulas simplify somewhat; cf. [KL; §2].

By the definition of the basis elements C} (see [KL] and [L2; p. 101]), we clearly

obtain a basis {C}}wew for H, where
(2.3.2) Cl=q/?Cl, yew.

It will be convenient to also call this basis the Kazhdan-Lusztig basis for H. Writing
q = t2°, we can rewrite (2.3.1a) as an equation in H as follows:—

N qsCi, if sw < w
(2.3.2a) T:Cy = N N —~ .
-ChH+cf,+>, M;,CF, otherwise

for s € S,w € W. Here Mjw € Z. There is an analogous version of (2.3.1b):-

. o+ qsCF, if ws < w
2.3.2 = =
( ) w’ —CH+Cl,+ >, M? Cr otherwise.

z=law—1Yz">

The formulas (2.3.1a,b) lead to three quasi-poset structures <, <p and <pr on
W. See [KL; p. 167], [L2; p. 105] for precise definitions. The corresponding cells
are the left, right and two-sided Kazhdan-Lusztig cells, respectively, in W (relative
to the system {cs}scs—if W is not simply laced, cells corresponding to different
systems may be different). The left (resp., right) quasi-poset (W, <) (resp., (W, <g
)) satisfies the condition (2.2.4) (resp., (2.2.1)) for the left (resp., right) regular
action of the algebra R = H on Y = H, using the generators {7s}ses for R and
the distinguished basis {C }pew for Y. Also, (2.2.4) is valid using the quasi-poset
(W, <rr) and the algebra R = H ®z H° with generators {7s ® 1,1 ® 75}scs and
the left module Y = H with basis {C}F }uew.

In §2.4, we will use yet another quasi-poset structure, the right-set order <™, on
W. Given w € W, its right-set (resp., left-set) is defined by R(w) = {s € S| ws <
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w} (resp., L(w) = {s € S|sw < w}). Then u <R v <= R(u) O R(v) defines a
1.

d
quasi-poset structure on W. It is well-known ([KL; (2.4)], [X; (1.20)]) that
(2.3.3) u<pv = u<Ruy

so we can define the right-set of a left cell w by putting R(w) = R(y) for any y € w.

Let Z’ be a commutative Z-algebra. As in §2.1, denote Hz by simply H'. The
basis {C}},, determines a basis, whose elements are still denoted C., for H'. The
formulas (2.3.2a,b) remain valid.

(2.3.4) Lemma. Let s € S, z € H'. If 1y = qsx (resp., Tsx = qsx), then
x =3, a,Cf where a, #0 = s € R(y) (resp., ay, #0 = s € L(y)).

Proof. Suppose x7s = gsx, but that x ¢ span (C’j|s € R(y)). By (2.3.2b), we
can assume that ay, # 0 = s ¢ R(y). Among those y with a, # 0, choose
yo of maximal length. Since yos > yo, (2.3.2b) implies that Cf . appears with
non-zero coefficient in x7; = ¢5&, a contradiction. A similar argument applies when
TeX = qsx. [

Using this fact, we establish the following simple, but important, result.

(2.3.5) Lemma. For any A € A, {CHIXNC R(y)} (resp., {CF IAC L(y)}) is a
Z'-basis for H'xy (resp., xH').

Proof. If A € R(y), then C;f 7y = ¢,C;f by (2.3.2b). Thus, C}f € H'zy by (2.1.6).
Now apply (2.3.4) (and (2.1.6) again). O

By (2.3.5) and (2.3.3), condition (2.2.4) applies to H'z) € Ob(#,C), using the
basis {C,f | R(y) 2 A}, the quasi-poset structure <® induced on its indexing set,

and the generators {7s}scs for H'. The cells of <® correspond bijectively to the
elements of A, so, following (2.2.2), fix an ordering S = Ay, -+, Agzs = () on A such
that A\; € A\; = ¢ > j. Then A € A determines a subsequence A )‘imx

A consisting of those p € A satisfying A € p. Thus, the (decreasmg) right-set
filtration EMRZ" on H'zy and the (increasing) dual right-set filtration F,\ R,Z' OL
axH' = (H'zy)* are defined as per (2.2.5)—explicitly,

117...

E{\’R’Z’ =span (Cf | R(y) = Xi;,j <ma—i), 0<i <my,
(2.3.6) and E%‘lzz =0;

ﬁi,R,Z’ = (ﬁIISUA/E{\’R’Z’)*, 0 <i<my.

To simplify notation, we will usually denote EMRZ and ﬁA,’R,Z’ by EMR and ﬁA7R,
respectively. It will be clear from context that we are working over Z'.

In §2.5, we use a finer filtration on zy\H'. Let Q be the set of left (Kazhdan-
Lusztig) cells of W (for the system {cs|s € S}). For A € A, put Qy ={w e QA C
R(w)}. By (2.3.3) and (2.3.5), the Z'-basis {C;f |X € R(y)} of H'z partitions
into subsets {Cf }yew, w € Qx. Fix a listing wy, -+, wy, of Q as in (2.2.2). Thus,
if v € wj,y € wj and z <p y, then 4 < j. This listing induces a similar listing
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Wx 1, > Wan, Of Q. (Observe that wy ny is the left cell w containing the longest
word in Wj. ) Then the left cell filtration EXZ' = E> of H'zy, and the dual left cell
filtration F,\ zr = F>\ of x >\H are defined by putting:

E{\:Span(C’j|y€w>\7j,j§n>\—i), 0<i<mny,
(2.3.7) and Eﬁ} = 0;
Fi = (Hzy/EM*0<i<n,y.
The following lemma establishes a very strong property of these filtrations.

(2.3.8) Lemma. For A € A, consider filtrations ﬁ,\,R and Fy defined in (2.3.6)
and (2.3.7), respectively, over Z. For p € A, and any commutative Z-algebra Z',
base change defines isomorphisms

(1) Homp(wx H/F} p, v, H) 2 S Homp_ ((wxH/F} )z 5, Hz)

(2.3.8.1) { N o N
(2)H0m (.I')\H/FA,CUMH)ZI —>Homﬁzl((m,\H/F}\)gf,a:NHZf)

for alli. Also, the Z'-modules in (2.3.8.1(1)) (resp., (2.3.8.1(2))) are free of rank
TR dof #{y e WIR(y) = Xi,,t <mx—iandp C L(y)} (resp., Tx ;i def #{y €

Ay
Wy €wxj,j<nx—tand p C L(y)}). Finally, fori < j, the natural maps

(2.382) { Hom (a:AH/F)\ R,qu)Z: — Homﬁ(foT/ﬁ'};,R,xuﬁ)Z,

HOHlﬁ(CEAH/FA,CUMH)ZI — Homﬁ(;c,\fl/ﬁ’};,:cuﬁ)zl

R

’ R
have Z'-free cokernels, of ranks Txi — Mg

and T 5 — Tapu,j, respectively.

Proof. We give the argument for F\ R—that for F) is the same.
If M,N € Ob(Cz) are Z-projective, then Homz (M N) = Hom (N* M*). A

similar statement holds for H’-modules. Since (;U,\H/F}\R)* = E;‘ Ry and (z,H)*

H z,, (2.3.8.1) is equivalent to showing that base change
(2.3.8.3) Hom g (Hz,, B)™) 2 5 Homg, (H'z,, %Y%), Vi,

defines an isomorphism. By Frobenius reciprocity, a morphism f : H’ Ty — E;\ 2’7,1 is
completely determined by specifying = = f(z,) € E;\ 2’7,1 satisfying 7,2 = g2 for all
s € p. By (2.3.4) and (2.3.6), the possible = are merely all Z’-linear combinations
of those C,f such that R(y) = A, for some t < my —i and p C L(x). Thus, both
sides of (2.3.8.3) are Z’-free of the same rank, and base change carries a basis of
the left hand side to one of the right hand side.

Finally, the discussion in the previous paragraph shows that the maps in (2.3.8.2)
carry a basis to a subset of a basis of the image spaces. [

With an eye to using (1.2. 9) we now establish the following important homolog-

ical result for the filtrations F \,R and F) defined in (2.3.6) and (2.3.7), respectively.
Recall that in defining these filtrations, we have fixed a linear ordering compatible
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with inclusion on the power set A of S. Also, observe that ﬁ@(tz) is a separable
algebra. This fact follows immediately from [AG2; (4.7)], since the finite group al-
gebra QW is separable. Hence, if Z — Z’ is an inclusion of integral domains, H'.,
is semisimple over the quotient field K’ of Z. This fact justifies the parenthetic
assertion in the statement of the theorem.

(2.3.9) Theorem. Let Z — Z' be a homomorphism into an integral domain Z'
with fraction field K'. Put H' = Hgz and assume that Hy., is semisimple. (In
particular, Hy, is semisimple if Z — Z' is an inclusion.) Then:—

(a) For \,n € A, we have

(2.3.9.1) Ext L, (sxH'/F} », 2, H') = 0 Vi.
Similarly,
(2.3.9.2) Ext &, (exH'/F}, 2, H') = 0 Vi.

(b) For \,ju € A, both Hom 3z (F/\ vaqu) and Homﬁ,(ﬁf,xuﬁ’) are Z'-free

R : _
for all j. They have ranks vy, — vy, . and vy, — 1 4 5, respectively, where ry , =

rz\%u,o = 7Txpu,0 05 the number #W, \W/Wy of W,-Wy double cosets in W.

Proof. Assertion (a) follows from (1.2.13) and (2.3.8).
Next, observe that for any j, (2.3.9.1) implies that Hom 5 (F/\ R qu ) identifies
with the cokernel of the natural map

Homg, (xxﬁ'/ﬁ)’\.,n, qu:T') — Homz, (a:AfT', xuf[').

Thus, (b) follows from the final assertion of (2.3.8), together with elementary prop-
erties of distinguished double coset representatives. [J

We remark that the semisimplicity criterion (4.2.2) below gives necessary and
sufficient conditions for the algebra HJ. in the theorem above to be semisimple.

2.4. Stratifying Hecke endomorphism algebras. As before, let A be the
power set of S; we will make A info a quasi-poset in (2.4.3) below. For A € A, let

Ty = ;U,\H so that T;\‘ >~ Hax) by (2.1.9). Put

(2.4.1) T =T € Ob(Cy).
AEA

For A € A, let ﬁA,R be as in (2.3.6), and define
(2.4.2) ST = Fyx 2 Gr"F ».

From the definitions, §:1\z is independent of ordering of A. Also, any nonzero section
Gr'Fy g has the form S;’f for some p € A satisfying A C p. Each ST is Z-free.
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(2.4.3) Lemma. Assume that #S > 1, andlet E =S € A and( =0 € A. Let <
be the smallest quasi-poset structure on A containing the set {(A\,u) € A x A| X C

w1 or Hom (S;’?, SR) # 0}. Then #A > 3. Also, & (resp., () is the unique maximal
(resp., mmzmal) element in the quasi-poset A. Further, we have

(2.4.3.1) SE=IND,  SF=SGN.

Proof. Clearly, GroESR = E£ R s spanned by C’j,’o, where wy € W is the longest
word. By (2.3.2a), GroES™® = IND, so S® = IND* = IND. Also, GroES™® is
spanned by the coset C}" + E?R, so GroES® 2 SGN by (2.3.2a) again. Thus,
gR = SGN. This proves (2.4.3.1).

For A\ # £, we claim that Hom 5 (S’R SR) = 0. In fact, any nonzero morphism
ng — Sz\z, upon taking duals and composing with the quotient morphism Hz A —
§Z\3*, yields a nonzero morphism f : I:T@\ — ,SN’éR* = IND vanishing on GriEMR.
By Frobenius reciprocity, f is determined by f(zx) = cz¢ (0 # ¢ € Z). Thus,

F(xe) = F(Cperw Tw - 1) = AIND(Xcxp Tw)e # 0. Since z¢ € GriEMR, this
contradiction proves our claim. It follows ¢ is the unique maximal element in A.
Since Hgyy) is semisimple,

Homp (ST, S%) #0 <= Homg(SK,ST)#0 VA u€A.

If A € A satisfies Homg(gf, §?) # 0, then Hom 7 (SGN, gf) # 0. As above, this

implies there is a nonzero morphism Hz x» — SGN. By Frobenius reciprocity, A = (.
Hence, ¢ = () is the unique minimal element in A.

Finally, #S > 1, so #A > 3, and #A > 3. O

We are now ready to establish that the algebra A = End i (T) has a stratification
of length > 3. By (1.2.8), it suffices to show that the module category ;C has a

stratifying system {&(’Y)R},yer‘ for a quasi-poset , satisfying #, > 3. In fact,
we will take , = A, the power set of S with the quasi-poset structure defined by
(2.4.3).

(2.4.4) Theorem. Assume that #S > 1, let 2’ be a commutative Z-algebra, and
put H = Hz/. Let A' = End 3 ,(Tz). Then:—

(a) The data consisting of T = Daca Ty, gz\z and ﬁ,\,R satisfy Hypothesis
(1.2.9).

(b) For A € A, put A(A)® = Hom (S:’\a, T). Then each A()\)Z, is Z'-free, and

{K(A)E,}A is a stratifying system for A,C with respect to the quasi-poset structure
defined on the power set A of S in (2.4.3). Also, there is an isomorphism

(2.4.4.1) Endg(f)g/ = Endﬁ[, (TZI).

Finally, if € = S and ( = 0, then A(é)z, is A’—pmjeetwe and has Z'-rank 2%,
while 1 = rank A(Q)R, < rankA(u) B, pu # C.
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Proof. Fix an ordering—as per (2.2.2)—on A compatible with the quasi-poset struc-
ture defined in (2.4.3). The isomorphism (2.4.4.1) follows from the ¢ = 0 case of
(2.3.8). Next, consider the case 2’ = Z, writing A = End (T) For A € A, we have

defined gz\z < Ty and the increasing filtration F \,R Ol T)\ which satisfies (1.2.9(1))
(relative to some sequence vy g = A,y 1,---) for the quasi-poset structure < on
A defined in (2.4.3). Also, (2.3.9.1) implies that (1.2.9(3)) holds. Next, suppose
that Hom ~ (S’f, ) 7 0 for some A, p € A. Then for some v, ; € A (corresponding
to a section Gr® F r of T 1), Hom (SF,SR ) # 0. Thus, by the semisimplicity
of Hyyry, Homg (S’R ,SR) # 0, so that < v,; < A by (2.4.3). Thus, (1.2.9(2))
holds, completlng the proof of (a).

By (2.3.9(b)), each A(M)R is Z-free. Thus, by (1.2.10), {A(A)R}, is a stratify-
ing system for zC. Now apply (1.2.5) to complete the proof that {ANE} is a
stratifying system for 3,C. The final assertion of (b) follows from the definitions. [

In general, AV, = Homg(gf, T)z: does not coincide with Homg, (§>\2' , fg:)
(In fact, it identifies with the image of Hom (zx\H',Tz/) in Hom 5 (S/\Z,,TZ:) )
This is a main reason for working in an 1ntegral context, even if one is primarily
interested in the endomorphism algebra A over a field.

We indicate some important consequences of this result.

(2.4.5) Corollary. Let 7 be a discrete valuation ring of characteristic zero.
Then Conjecture [CPS4; (6.4.10)] holds for the group algebra ZW of the finite
Cozeter group W.

Proof. Indeed, [CPS4; (6.4.10)] is essentially the same as the conclusion of (2.4.4)
for the group algebra ZW, specializing ¢ — 1 and using 2’ = Z.

(2.4.6) Corollary. Assume #S > 1 and let 2’ be as in (2.4.4). Then the al-
gebra A" = Endg, (Tz:) has a stratification of length > 3. In particular, [CPS4;
Conjecture (6.3.1)] holds.

Proof. The first assertion is immediate from (2.4.4) and (1.2.8), and, again the
conjecture mentioned is the case Z =k, 2 — 1. O

(2.4.7) Corollary.  With ¢ as in (2.4.3) and A" as in (2.4.4),
Ext%, (A, AQF) =0  Vi>o.

Proof. ¢ is the unique minimal element A and ,SN’? occurs with multiplicity 1 in
Frw», 50 apply (1.2.6) and (2.4.4). O

(2.4.8) Remark. Suppose (W,S) has type A,_1 and ¢; = 0, Vs € S. Let k be
a field of characteristic p > 0. Then Endz, (T%) is Morita equivalent to the Schur

algebra S(r,r) over k. Also, A(()R i corresponds to the determinant representation
det for S(r,r). If C denotes the category of rational SL, (k)-modules, there is a full
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embedding Db(g(m)C) < DP(C) of derived categories (see, e. g., [D; §2], [CPSI;
(4.5), (4.6)]), so (2.4.7) is closely related to the vanishing

(2.4.8.1) Ext 5r, i) (det, det) = H'(SL,.(k), k) =0 Vi > 0.

See [CPSK; (3.4)], where the proof of (2.4.8.1) requires the deep Kempf vanishing
theorem for homogeneous line bundles. Thus, taking note of the isomorphism (1),
we might view (2.4.7) as a kind of “aftershock” of Kempf’s theorem in the non-
describing representation theory of finite groups of Lie type! (Similar remarks hold
for the g-Schur algebras.)

As a special case of (2.4.4), we have the following result concerning the algebras
S(G, k) defined in the introduction.

(2.4.9) Corollary. Consider a family G = {G(q)} of finite groups of Lie type,
and let k be a field of characteristic p relatively prime to q. Assume that G(q) has
rank > 1. Let B(q) be a Borel subgroup of G(q). Then the algebras

(2.4.9.1) S(G(q). k) = Endya) | @ mdpDk
P(9)2B(q)

have a stratification of length > 3.

[a¥)

Proof. Using the isomorphism (1) in the introduction, we see that S(G(q), k) =
End i, (Tx), where H is the generic Hecke algebra associated to G and k is viewed
as a Z-module by the mapping t? — ¢. Now apply (2.4.4). [

We next sketch a further interesting application of (2.4.4); a second argument is
indicated after the proof.

(2.4.10) Corollary. Let Z' be a commutative Z-algebra. For A € A, gfz, has a
(cohomological) resolution by H'-modules each of which is a direct sum of copies of
modules T,z with p > X.

Proof. We can assume that 2’ = Z. A standard argument (see [CPS4; (2.3.1)])
based on (1.2.4(2)) shows there is a projective resolution P* — A(A)R, in which
each P is a direct sum of modules P(u) with 1 > A. In this resolution, all ker-
nels and cokernels are filtered by A(p)®’s. The filtration GMVR = ﬁ/{)R of P(\)

obtained by applying (—)°® = Homﬁ(—,f) to the filtration ﬁA,R of T has sec-
tions obtained by applying (—)° to the sections of F\ g. The argument for [CPS4;

(6.4.8)] shows this process reverses and that, consequently, Ext%(A(u)R,T) = 0.

Thus, the desired resolution is obtained by applying the functor Hom ;(—,T") to
P*— AN®R. O

One can prove (2.4.10) more directly, using (2.3.8), and even show the resolutions
obtained can be taken to be finite—details are left to the reader. These resolutions
appear to be dual to the generalizations of the Coxeter complex obtained in [M].
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We conclude this subsection with the following rank 2 result. We will consider
some explicit examples when H is a Hecke algebra of Lie type in §3.

(2.4.11) Corollary. Assume that Hisa generic Hecke algebra over Z associated
to a finite Coxeter system (W, S) of rank 2 together with a system {cs}scs of integral
parameters. For any commutative Z-algebra Z', let A’ = End g, (Tz). Then the
stratifying system {K(A)E,}A (given in (2.4.4)) is strict. In particular, A’ has a
standard stratification of length > 3.

Proof. By (2.4.4(a)), Hypothesis (1.2.9) holds for the data f\,gz\a, ﬁ,\,R, etc. By
(1.2.8) and the last assertion of (1.2.10), it suffices to show in (1.2.9(1)) that

(2.4.11.1) Uri>A,  VYAEA, i>0.

If S = {u,v}, then A consists of the four elements ¢ = 0, p = {u},v = {v}, and
¢ = {u,v}. Also, ¢ is the unique minimal element and ¢ is the unique maximal
element. Thus, (2 4.11.1) holds  trivially if A =g or . If A= por v, (2.3.6) implies
that GrOFAR = S)\ and Gr! FAR = S£ are the two nonzero sections of ﬁA7R.
Hence, (2.4.11.1) holds in this case, too. O

Consideration of type B3 shows that this result does not extend to higher rank.
Instead, a role for standard stratifications, as well as dual left cell modules, is
suggested by Conjecture (2.5.3) in the next subsection.

2.5. More on cell filtrations. = We discuss possible stratifications arising from
a refinement of the “Specht modules” ,SN’;’? (2.4.2). Even in type A, the module §Z\€
is not always a classical Specht module (e. g., as defined in [DJ1; §4]), though this
is true for the modules S » defined below.

As in §2.3, let A be the power-set of S and let Q be the set of left (Kazhdan-
Lusztig) cells in W. The quasi-poset structure <z, on W induces a poset structure,
still denoted <y, on Q. (In fact, (€2, <r) is the poset associated to the quasi-poset
(W7 SL))

Consider the dual left cell filtration F' = Fg on H = z¢H defined in (2.3.7). For
w € €, let S’ be the corresponding dual left cell module—i. e., if w = w;, then
S, = Grm—iF. For \ € A, lS’wA >~ Gr'™ ’FA, where the wy ; and the (increasing)
dual left cell filtration Fy of Ty = 2y H is defined in (2.3.7).

Forw € Q, A(w) = Hom 7 ,(5,,T) € Ob( zC) is the corresponding left cell module

for A = Endﬁ(f).

(2.5.1) Theorem. Let Z' be a commutative Z-algebra, and put A' = End g, (Tz).
Then A’ = Daca P(\)z:, where P(\) = Hom 5 (TA,T). Each P(\)z: has a (de-
creasing) filtration GM2' satisfying Grm_iG/\ Z = A(w,\,i)gf. Finally, for w € €,
Aw)z: is Z'-free.

Proof. First, suppose 2’ = Z. The filtration G* = (Fy)° (in the notation of (1.2.3))
has the required property, using (2.3.9.2). By (2.3.9(b)), for w € Q, A(w) is Z-free.
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This proves the theorem when Z' = Z. The general case follows by base change
and (2.4.4.1). O

Except in type A, one does not know that (1.2.4(2)) holds for appropriate sum-
mands P(w) of P(\). We expect that this filtration condition does hold if we replace
A’ by a larger endomorphism algebra:

(2.5.2) Conjecture. Suppose that H is a Hecke algebra of Lie type over Z (cf.
§2.1). There exists X € Ob(Cz) such that:

(1) X has a (increasing) filtration with sections of the form S., w € Q.

(2) Let T = TA X, and let Z' be any commutative Z-algebra. Put A%, =
End gz, (T4,) and, forw € Q, At (w)z = Homg, (Sy, TT) 2. Then {A*(w) 2}y is a
strzct stratifying system relative to the quasi-poset (0, <P%) for the module category
g;C.

(2.5.3) Remarks. (a) Of course, A = eﬁ},e for the idempotent projection
e: TZ, — TZ/ Thus, A’ is in some sense approximated by A}, The approximation
is good if X is small or naturally defined. Corollary (2.4.11) and its proof show

that the Conjecture is true (with X = 0) in the rank 2 cases when H is untwisted.
(Observe that <;=<™® for dihedral groups in the untwisted cases.)

(b) Observe that the existence of filtrations by A(w)z’s in (2.5.1) is a non-trivial
consequence of (2.5.2), since A(w) = eAt (w).

(¢) We will prove that Conjecture (2.5.2) holds for all rank 2 Hecke algebras of
Lie type in §3 below. In [DPS], we give a proof of the conjecture in type A. Of
course, in that case, it is known that Ais Z-quasi-hereditary.

3. RANK 2 EXAMPLES

Section 3.1 lays the foundation—and, at the same time, nicely illustrates the
Brauer theory from §1.1—for checking (1.3.2) when W has type By or G2. We then
consider three examples §§3.2—3.4 where Hypothesis (1.3.2) holds, and hence the
algebra A has an interesting standard stratification. In fact, this is true for all rank
2 examples by (2.4.11), though our verification through (1.3.2) has the advantage
of yielding more detailed information. In particular, we can split the modules JN”Ak
and Sf\zk of §2.4 into indecomposable components. This works, on a case-by-case
basis, for all Lie type rank 2 examples, though we are content here to illustrate
the method in the three cases presented. Finally, in §3.5 we verify that Conjecture
(2.5.2) holds in all rank 2 cases.

3.1. Hecke algebras of rank 2. Consider a Coxeter system (W, S) with S =
{u,v}, where u? = v2 = 1, and uv has order m. In (2.1.1), we write g, = t2% €
Z = 7Z[t%,t72%], s € S, where the index parameters c, are associated to a family G
of finite groups of Lie type. We consider the two cases m = 4, 6.

Form the local triple (O, K, k) in which O = Z[t?] (p,®)» Where p is a prime integer
and ® € Z[t?] is a cyclotomic polynomial. Thus, O is a regular local ring of Krull
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dim. 2. Also, ¢, qu,qy will denote the images of t2, qu, qu in either K or k. As noted
in §4, Hg is a split semisimple algebra over K. Write H = Hj, and let Irr(H)
denote the set of distinct irreducible H-modules.

There are four linear characters for Hg, described as follows:

Tu — Qo Tu — —1
¢1:IND:{ T ¢_1ZSGN;{
(311) Ty > Qo Ty — —1
o Tu F Qu Ty — —1
qsl’ : ) ¢—1’ :
T —1 Ty > Q-

Each of ¢41,¢4+1 defines a linear character for H, denoted by the same symbol.
They need not be distinct, but all linear characters are included among them.

When m = 4, there is one further irreducible representation for H k. It has
degree 2 and is defined by:

_ —11 g 0
(3.1.2) b (G ) e (L0 5

When m = 6, there are two further irreducible representations for H K:

—1 1 -1 1
(3.1.3) ¢2:{TUH(O?]“) ¢2,:{T“H(‘jg“)
d —

Tv'_>(qlf—1)7 Ty = (4 1)7

where b = gy + qv + /GuGo and d = qy + ¢y — /quqy- See [CR; (67.14)].

Formulas (3.1.1)(3.1.3) already give natural Hp-lattices for the representations
involved, so they define representations for H, denoted by the same symbols. By
(1.1.2(a)), any irreducible H-module is a composition factor of some ¢;. Since
dim ¢; < 2 and the 1-dimensional modules for fNka, k' an extension field of k, are
already defined over k, if a given ¢; is an irreducible H-module, then it is absolutely
irreducible. Hence, H/rad(H) is split semisimple, so (1.1.3) applies. In practice,
the decomposition matrix D can be easily determined, then the Cartan matrix
C = D - DT computed. Given ¢;, let P(i) denote the projective cover of ¢;. Since
H is a symmetric algebra (cf. (2.1.7)), soc(P(i)) = head(P(i)). When informally
describing modules by their Loewy series, we abbreviate ¢; to i.

By (4.2.2), if p is good for (W, S) and dw (q) # 0 in k, then H is semisimple. For
the possible G of type By and Gs, the dy are:

;

M (1+q?(1+¢>) m=4,¢.=q =4
Q(A+(1+¢*)(1+¢*) m=4q.=q¢q0=7¢
(3.14)  dw={ B+ 1+P)1+0")  m=da = a0 =7
4 (1+9?A+¢*+4¢*) m=6,q.=q,=¢
(5) (

\

1+)(1+) (1 +a¢*+¢°) m=6,q=0q4¢0 =7

For s =u,v,let z, =7, +1. Put T =P, ¢ indgkqﬁl =Hox,HPxr,HD ).
We consider possible standard stratifications for the algebra A = Endg(T) by
verifying Hypothesis (1.3.2) and applying (1.3.3). The quasi-poset A will always
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satisfy A = {—1,0,1} with =1 < 0 < 1. Denote elements of the fiber of A — A
over 7 by 4,4',i", etc.

In each of the examples below, we provide enough detail so that the reader can
easily verify that the four conditions in (1.3.2) hold. In each case, the Y) are
sufficiently small that the required filtration F) is clear once the “Specht modules”
S, have all been indicated.

3.2. Example: m =4, ¢ = q, = q, = —1, p > 2. This Hecke algebra H over k
is associated to the finite groups Sp4(q), where here ¢ is a prime power satisfying

q = —1 (mod p). Here Irr(H) = {¢1,¢2}, and C = (32) (indexing the rows

and columns by ¢1, ¢2). By direct calculation, z,H = ¢ & £ and x,H = ¢y & (,
where £, ¢ are 2 dimensional modules which define a basis for Ext },(¢1, ¢1) = k2.
(Note that dim Homp (z,H,z,H) = 2.) Thus, T = P(1)® ¢$* @D (@ ¢
and P(1) = - 1 — (In this diagrammatic representation, successive rows
1
represent Loewy layers in the module; empty boxes are present largely for visual
clarity.) Put Y_; = P(1), Yo =&, Yor = (, Yo = ¢2, and Yy = ¢. If Sy = soc(Y)),
A € A, it is easy to check that (1.3.2) holds. (However, condition (1.2.9(3)) obviously
fails over k, since Ext L (¢1,¢1) # 0.)

It is also easily seen from the above that the modules gz\-‘}c obtained from (2.4.2)
are S_1, Sor @ Sor, Sor @ Sp, and Sy for A = 0, {u}, {v}, and {u,v}, respectively.
The modules gz\-‘}c are also dual left cell modules §wk as defined in §2.5. The algebra
A = Endg(T) is quasi-hereditary, as can be verified using [CPS4; (3.1.5)]. The
latter provides necessary and sufficient conditions for an endomorphism algebra as
in (1.3.2) to be quasi-hereditary.

3.3. Example: m =4, ¢, = ¢,q» = ¢°> = —1,p > 2. The Hecke algebra H
is that associated to the finite groups SU,(q), where ¢> = —1 (mod p). Here
Irr(H) = {$11,$2}, C = diag(2,2,1) and T = P(1)®2 @ ¢_1 @ P(—1) @ ¢2* @ 992,
Here P(i), i = %1, is a self-extension of ¢; by itself. Observe that x, H = P(1)® ¢o
and .I',UH & ¢1 @ ¢_1 @ ¢2. Let Y—l = P(—l),YO = ¢_1,Y01 = P(l),Y()H = ¢2, and
Y1 = ¢1. Then (1.3.2) holds if Sy = soc(Yy) for all A.

Here gfk identifies with S_1, So» @ Sor, Sor @ So and Sy for A = 0, {u}, {v}, and
{u, v}, respectively. However, the dual left cell modules Sok identify with the S;.
The algebra A = Endg(T) is quasi-hereditary in this case.

3.4. Example: m =6, q, = ¢ # -1, ¢ =¢> = -1, ¢>—q+1 =0, p >
2. Here H is associated to the finite Steinberg groups 3D4(q, ¢3), where ¢ # —1

310
and ¢> = —1 (mod p). Then Irr(H) = {¢1,d_1,¢2} and C = (130). Thus,
001
P(1) = 1 and P(—1) = -1 , respectively. Since e = 1z, is
—1 1 1 -1
1 —1
an idempotent, z, H = P(1) ® ¢o. Also, x, H =Y @ ¢ with Y = [ et N (Use
111

that dim Endg (z,H) = 4.) So we have T = P(—1) @ P(1)®2 @ ¢$* @Y @ ¢;. Put
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Y—l = P(—l) with S—l = SOC(Yv_l)7 YO = P(l) with SO = I‘ad(Yo), Yol =Y with

Sy = -1 , and Yo = ¢y = Spr. Finally, let Y; = S; = ¢1. Then (1.3.2)
-1 1

holds.

Here the modules gz\-‘}c identify with S_q, Sor @ Sorr, So ® Sor, and Sq for A = 0,
{u},{v}, and {u, v}, respectively. Each module Sy® S and Sy & Sy has a length
two filtration with two dual left cell modules §wk as sections, corresponding to the
left cells w = B, C4, and Cs in the notation of (3.5) below). The filtrations are of

B B
- and c,

below C;.) The modules Sy and Sy are not direct summands of any dual left cell
modules. The algebra A = Endg (T) is not quasi-hereditary.

the form , and the order cannot be changed (i. e., B cannot appear

In the same spirit, the other Hecke algebras of Lie type can be analyzed for the
various families G = {G(q)} of rank 2 groups of Lie type and the various possible
congruence relations on ¢ (mod p). There are a total of 26 non-semisimple examples,
as follows by applying (4.2.2) below.

3.5 The conjecture in rank 2 case. We now verify Conjecture (2.5.2) in the
rank 2 case. The untwisted rank 2 case follows from (2.4.11), since the right set
cells agree with the Kazhdan-Lusztig left cells. Thus, the conjecture holds in this
case with X = 0. There are total 4 twisted cases, three of which are described in
(3.1.4(2,3,5)). The following is a complete list for all cases, each of which is followed
by the system (cy, ¢y).

(1) 243, (L,2)
(2) %A, (2,3)
(3.5.1) (3) 3D, (1,3)
(4) 2Fy,  (2,4).

By [L2] and [X; p.17]7, the left cells for all cases are of the form

(3.5.2) A =Awo}, B={uwo},C; ={w e W | R(w) = u}\{u}
o C’ng’lwo,D:Bwo,E:Awo
and the two-sided cells are A, B,C =C,UC5, D, E.

(3.5.3) Theorem.  Conjecture (2.5.2) holds for the Hecke algebras of types given
in (3.5.1).

Proof. Using (3.5.2), we explicitly write down the dual left cell filtrations on the
various T = z)\H:

A

~ B ~ A - A ~

H =| C18C> -T{U}H =| Cy .'L'{,U}H = B .’IjsH :‘
D D Cs
E

"The cell structure for 2Fy has been worked out in [DR].
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Here dual left cell modules are denoted by the same symbol as the left cell itself.
Also, the modules C'; and Cy are isomorphic.N This follows since the module C}
is isomorphic to the submodule M,,, of z(,3H spanned by {C},Cy wec,, while

vU w
the module Cy is spanned by {z(,1C; }yec,. Here Cf = 4w'?C,, is the modified
Kazhdan-Lusztig C,-basis for H (cf. (2.3.2)). Now M,, = Cs gives the isomor-
phism between C'; and C5. Since B apparently does not appear as a submodule in
any of the filtrations above, there is no obvious way to standardly stratify ;C using

the Sx. (See also §3.4 above.) However, let T+ = T'® X where X = g . We claim

that (1.2.9) applies and therefore, the conclusion of Conjecture (2.5.3) is satisfied.

Indeed, all the conditions of (1.2.9) clearly hold, except possibly the homological
condition (1.2.9(3)). By (2.3.9.2), it suffices to prove that Ext%(fA/F/{',)?) =0
for all 4. Using (1.2.13), this vanishing property will follow provided we prove that
base change defines a surjection

Homﬁ(fA/Ff\, )?)Z’ — HOl’anl(f)\Zl/FiZ/, 5(:3/).
Taking duals, it is equivalent to show that
(3531) Homﬁ (E%v}? E’;)ZI — HOIIlHI (E/%’U}Z” E;Z’)

is surjective. Since E{Iu}z' is a submodule of f[x{v} generated by C:F ,C+  each

wo? uweo?

map f belonging to the right hand side of (3.5.3.1) is defined by the images x =

f(CF,,) and y = f(CF ). Clearly, y = BCJ  for some 8 € 2’ and 7,@ = q,x. So
T = Z awC'{lt .

we may write
L(w)={v},R(w)=A

Since 7,C,, = —Ci, + Ci, by (2.3.2a), we have

On the other hand, using (2.3.2a) again, we obtain

Tul = Z ay (—CF + CFy 4 ha) + qu, O

wHwop

= _f(cqj_wo) + Z aw(C;l—w + h) + qanoCJz_o-

wHFwop

Thus, Zw;éwo Qo (Co ) 4 hay) + Gy, CTwg = —awOC’JO +BC’$O. So, if wg = uw for
some w with L(w) = {v} and R(w) = A(= {v}), then h, = 0 and ayy + ¢y, =
—ay, + B, and all other o, = 0 by induction on the length of w. Thus, in this
case, * = (0 — (qu + 1)a)Cf,, + aC; for some o € Z’. Hence, each f is defined
by a pair («, 3) and therefore, the elements defined by (1,0) and (0, 1) form a basis
which is independent of Z’.

If wy # ww for all such w # wy, then «,, = 0 for all w # wo and (g, + 1), = f.
So a = ayy, = 1 and 8 = ¢, + 1 define a map which forms a basis over any Z’. This
proves (3.5.3.1) O
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4. APPENDIX: MODULAR HECKE ALGEBRAS

The semisimplicity criterion (4.2.2) below was obtained by Gyoja [Gy; (3.9)],
who discussed more general symmetric algebras over commutative rings and mul-
tiparameter Hecke algebras. (See also [G; (1.3.8)] and [GR; (4.3), (5.3)]. The most
essential cases were also discussed in [F].) Our proof, obtained independently, is
similar in spirit to [Gy], but differs in our use of matrix units, the Brauer theory
(especially the existence of lattices) of §1.1, as well as our focus on the Hecke al-
gebra case. The resulting argument is shorter and more direct for our context; in
particular, no results on W-graphs are required.

4.1 Generic degrees. For a system G of finite groups of Lie type, consider the
generic algebra Ho® over Zy = Z[t,t™!] as given in (2.3.1). Assume that HQ(t) =
Hy ®z, Q(t) is a split semisimple algebra over Q(¢). By [BC] and [L1], this holds
for all Lie types except 2Fy. (For a discussion of the exceptional case, see (4.2.3)
below.) Each x € Irr(ﬁ(@(t)) (= set of irreducible characters of I:TQ(t)) determines a
central primitive idempotent e, € ﬁ(@(t) given by

d
(4.1.1) ex == %:azlx(ml)m, ay = IND(7,) € 2

where d, € Z[t?] is the generic degree of x and dw = >, @y. (In this section, we
reserve the notation ¢, for the image of «, in a field k.) It is known that

1 a
(4.1.2) dy = — 10y Dy,

where the ®; are cyclotomic polynomials in ¢? and m is a product of bad primes
for the ambient algebraic group associated to G; see [C; Ch. 13).°

Summing (4.1.1) over Trr(Hg) gives > d D >, "X(Tw) = 0w 1, after equating 7,-
coefficients (since au, = ay,—1 and x(7,) = X(Tw— )). The coefficient of 7y in 7,7,
IS 0w, ys SO D5 ;—XCY,;lX(TwTyfl) = 0u,y. Hence,

(4.1.3) ZZ —a Y (hTy-1)Ty = h, Yh € fIQ(t).

For x € Trr(Hy), let pX @ Houy — M, (Q(t)), h — (p3;(h)), be a matrix
realization. Let f;; € fNIQ(t)eX satisfy pX(fij) = eij, the (4,7)-th matrix unit in
M, (Q(t)). For ¢ € Irx(Hqquy), ¥(fijTw-1) = 0P (Tw-1), s0 (4.1.3) implies that

(4.1.4) i = X Za_lpﬁ Tw—1)Tw, 1<, <ny.

80ne reason for choosing Hy over H here is that, when Hy is untwisted (i. e., when all ¢s = 1),
Lusztig [L1] has defined an isomorphism ﬁOQ(t) 5 Q(t)W; hence ﬁo@(t) is a split semisimple
algebra. Except in types E7, Eg, the same result holds for the algebras ﬁQ(tz). This fact was
proved earlier by Benson-Curtis [BC], who also consider the twisted H.

9A prime which is not bad is called good. In types Ap,2A, all primes are good. In types
Bn,Cn,Dn,2Dy, 2B, 3Dy all primes are good, except p = 2. For Fy, Eg, 2F4, 2Eg, E7, Ga, 2G>
all primes are good, except p = 2,3. Finally, in type Eg, all primes are good, except p = 2, 3, 5.
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4.2. Modular Hecke algebras. Fix a field £ of characteristic p > 0, choose
0+ g2 € k, and let  : Z — k be the ring homomorphism satisfying m(t) = q2.
We distinguish two cases:

CASE 1: 7 is transcendental over [F,. Form the local triple (O, Q(t),F,(t)), for
the discrete valuation ring O = Z(;,y.

CASE 2: ¢= is algebraic over F,. Form the local triple (O, Q(¢), ko), where
O = Z(, 3) is a regular local ring of Krull dim. 2 (and @ is a suitable cyclotomic
polynomial). Also, we need the local triple (O', K', ky), where O' = O/(p) is a
discrete valuation ring and K’ =T, (¢).

List Irr(ﬁQ(t)) as X1, » Xn, and, using (1.1.1), let X1,-++, X, be Hpo-lattices,
respectively, for the corresponding irreducible ﬁ@(t)—modules Xy, -+, X,. For each
t, put X; = X, € Ob(C 7, )- Now we prove the following irreducibility result.

0

(4.2.1) Theorem. Suppose for some t, 1 < t < n, we have that d,,/dw € O.
Then the Hy,-module X is an absolutely irreducible projective module.

Proof. Write x = xt, X = A, etc. In §4.1, the matrix realization p* can taken
relative to an O-basis of X. By (4.1.4), each fij € Ho because dx/dW € O. Thus,
px(exH@) = M, (0), so X is absolutely irreducible. Finally, e, € Ho defines a
central idempotent e, € Hy,. If s £ t, Xse, = 0 since pXs(ey) = 0, while €, acts
as the identity on X. So (1.1.2) implies that &, is a central primitive idempotent
in Hy,. Since dim Hy,e, = (dim X)2, X is projective. [

We now prove a general semisimplicity criterion. Compare [F] and [Gy]. We
emphasize that in the following theorem ¢ denotes an arbitrary nonzero element
in a field k, and not necessarily the image of a prime power (associated to the
family G) in k. Even if one is ultimately interested in the prime power case, the
semisimplicity of the other specializations can be quite relevant (e. g., one might
want to apply (2.3.9) to the Hecke algebra over the ring of Laurent polynomials
over a finite field, where ¢ would again be a prime power).

(4.2.2) Theorem. Let k be a field of characteristic p > 0 and let 0 # q% € k.
Then Hy, is semisimple if and only if p is a good prime for (W,S) and

(4.2.2.1) > quw=m(dw) #0.

weW

When ka 15 semistmple, it is split semisimple.

Proof. Assume that p is good and dw (¢) # 0. Then (4.1.2) implies each d,, /dw €
O. By (4.2.1), X; € Ob(proj(Hy,)) is absolutely irreducible. By (1.1.2), every
irreducible H ko-module must be isomorphic to some X;. Therefore, H k, and hence
Hk = Hko ®k, k are split semls1mple

Conversely, assume that Hk is semisimple. Then H k, must also be semisimple,
so can assume that £ = ky. We treat the two CASES above separately:
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CASE 1: Since H@(t) is split semisimple, [CR; 1, Ex. 16, p. 142] implies that any
idempotent e € Hk lifts to an idempotent e € H@ Suppose ¢ is primitive. Then
e is primitive in HQ(t) (by (1.1.2(b))). Thus, eHQ(t)e >~ Q(t), whence eHpe =2 O
and ere & k. Thus, Hk is split. Also, central primitive idempotents in ﬁk lift
to central primitive idempotents in ET@ (op. cit.), and every e, is the lift of an
idempotent (so lies in Hp).

Suppose that p is not good. By [C; Ch. 13], we can choose x; € Irr(ﬁQ(t)) SO
that in (4.1.2) p|m. Necessarily, X; is irreducible; see, e. g., [CPS4; (1.5.2(de)].
Since ey, € Ho, (4.1.1) implies x;(ry) € m, Yw € W, Thus, any h € Hj, has zero
trace on X;, which is absurd. Hence, p is good, while dy (¢) # 0, trivially.

CASE 2: Sinceﬁk is semisimple, Hpy is also semisimple. By CASE 1, p is good.
Finally, let € € Hy, be the primitive idempotent corresponding to IND. Then
e=cY ., Tw 0# c € kosoe®=cdw(g)é and dw(q) # 0, as required. [

(4.2.3) Remarks. (a) When W has type A, (4.2.2) has been proved by Dipper-
James [DJ2]. In type B, see Dipper-James [DJ4] and Dipper [D1].

(b) In type 2Fy, fIQ(t) splits after v/2 is adjoined. One can easily modify the
arguments above to conclude that (4.2.2) holds in case v/2 € k.
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