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Abstract. Let G be a �nite group of Lie type and let k be a �eld of characteristic
distinct from the de�ning characteristic of G. In studying the non-describing rep-
resentation theory of G, the endomorphism algebra S(G;k) = EndkG(

L
J ind

G
PJ
k)

plays an increasingly important role. In type A, by work of Dipper and James,
S(G; k) identi�es with a q-Schur algebra and so serves as a link between the rep-
resentation theories of the �nite general linear groups and certain quantum groups.
This paper presents the �rst systematic study of the structure and homological alge-
bra of these algebras for G of arbitrary type. Because S(G;k) has a reinterpretation
as a Hecke endomorphism algebra, it may be analyzed using the theory of Hecke
algebras. Its structure turns out to involve new applications of Kazhdan-Lusztig cell
theory. In the course of this work, we prove two strati�cation conjectures about
Coxeter group representations made in [CPS4] and we formulate a new conjecture
about the structure of S(G; k). We verify this conjecture here in all rank 2 examples.

Let G be a �nite group of Lie type. Thus, G is the subgroup of �xed points
G� for a rational endomorphism � of a reductive algebraic group G de�ned over
an algebraically closed �eld F of positive characteristic. For a �eld k of char-
acteristic distinct from that of F , consider the endomorphism algebra S(G; k) =

EndkG(
L

P�B indGP k). Here ind
G
P k denotes the (right) permutation module over k

de�ned by the set fPggg2G of right cosets of the parabolic subgroup P in G. Work
of Dipper and James for G = GL(n) (cf. below) suggests that the algebras S(G; k)
play an important role in the representation theory of kG for all types. This paper
presents the �rst systematic study of these algebras. We establish new results con-
cerning the structure and cohomology of S(G; k) valid for all G. In the process, we
also prove several conjectures made in [CPS4; x6] for �nite Coxeter groups, and we
indicate new directions for further study.

Let (W;S) be the Coxeter system de�ned by the BN-pair structure on G, let eHk

be the corresponding Hecke algebra over k, and let eHJk, J � S, be the subalgebra

of eHk associated to the Coxeter system (WJ ; J). The index representation on eHJk
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is denoted INDJ . Dipper-James [DJ3; (2.24)] prove for G = GL(n; q) that S(G; k)
can be reinterpreted as a Hecke endomorphism algebra:

(1) EndkG

0@M
P�B

indGP k

1A �= End
eHk

0@M
J�S

ind
eHk

eHJk
INDJ

1A :

In fact, their argument applies, almost without change, to establish (1) in the case
of a general reductive group G. For G = GL(n; q), it follows from (1) that S(G; k)
is Morita equivalent to the q-Schur algebra Sq(n; n) over k (as �rst de�ned by
Dipper-James [DJ3]). Thus, the representation theory of S(GL(n; q); k) is closely
related to the representation theory of the quantum general linear group GLq(n; k).
See [D2], [PW]. This connection between the representation theories of quantum
groups (over �elds of positive characteristic), q-Schur algebras, Hecke algebras, and
general linear groups in non-describing characteristic has been developed in recent
work of Dipper-James [DJ1,2,3], Dipper [D1,2], and others.

In addition, q-Schur algebras have been proved in [PW] to be quasi-hereditary
in the sense of [CPS2]. Thus, they arise by means of a recursive construction
closely associated, in spirit at least, to the geometric theory of perverse sheaves.
(Conversely, by [PS], the category of perverse sheaves on a suitable topological
space is equivalent to the module category for a quasi-hereditary algebra.) When
G 6= GL(n), it is possible that S(G; k) will again be quasi-hereditary, subject to
restrictions on k and F .1 However, in this paper, we are interested in proving
results about S(G; k) for all �elds k and all types. Section 3 presents examples
in which S(G; k) is not quasi-hereditary. Fortunately, these examples suggest that
the algebras do possess an interesting structure, not unrelated to quasi-heredity,
which has been introduced in [CPS4] under the guise of strati�ed algebras. An
algebra A has a strati�cation of length n if there is a sequence 0 = J0 ( J1 (
� � � ( Jn = A of ideals such that, for i � 1, the in
ation functor induces an isomor-
phism Ext �A=Ji(M;N) �= Ext �A=Ji�1(M;N) for all A=Ji-modules M;N . When each

Ji=Ji�1 is a projective (left) A=Ji�1-module, we call the strati�cation standard. An
algebra A is quasi-hereditary if and only if it has a standard strati�cation of length
equal to the number of irreducible A-modules.

In general, it is desirable to obtain strati�cations of an algebra of as long a length
as possible (that length never exceeding the number of irreducible modules). Block
indecomposable symmetric algebras, such as the blocks of �nite group algebras, do
not even possess a non-trivial standard strati�cation of length � 2. However, that
situation changes when passing to endomorphism rings: EndkG(k

L
kG), for G a

non-trivial �nite p-group and p = char k, has a non-trivial standard stratifcation of
length 2 [CPS4; (6.1)]. The generation of many substantial examples of strati�ca-
tions of length � 3 is a main consequence of the present paper. The strati�cations

1Suppose, for example, that G = Sp(2n; q), p 6= 2, and q is not a primitive 2mth root of 1

in k for some m � n. Then, by [DJ4; (4.17)], eHk is Morita equivalent to a �nite direct product
of Hecke algebras associated to direct products of (two) symmetric groups. Using this Morita
equivalence, the quasi-heredity of q-Schur algebras, and the fact that a tensor product of quasi-
hereditary algebras is quasi-hereditary [W; (1.3)], it follows that S(G;k) is quasi-hereditary in
this case. Geck and Hiss have pointed out to us that [GrH] contains a detailed argument.
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we present are not, in general, standard. However, we conjecture that there are
standard strati�cations of related algebras of much longer length, closer to that ob-
tained for the quasi-hereditary algebra. As discussed above, many of the strati�ed
algebras we discuss appear to be important for the non-describing representation
theory of �nite groups of Lie type.

A main theme of [CPS4] concerned su�cient (and sometimes necessary) condi-
tions, in terms of an abstract \Specht module" theory for an algebra R, guaran-
teeing that an endomorphism algebra A = EndR(T ) have a strati�cation. In that
direction, [CPS4] presented several conjectures involving �nite Coxeter groups W .

In brief, the �rst conjecture asserts that EndkW (
L

J ind
W
WJ
k) admits a strati�cation

with at least three strata, while the second conjecture makes more precise asser-
tions involving an appropriate Specht module theory. A third conjecture (which
was joint work with the �rst author of this paper) was also brie
y discussed|see
x2.5 below. The present paper extends these conjectures to include Hecke alge-
bras associated to �nite Coxeter groups. We then prove the �rst two conjectures
and lay the groundwork for an attack on the third conjecture. That conjecture
(given in (2.5.2)) proposes a long strati�cation|of length equal to the number of
two-sided Kazhdan-Lusztig cells in the Coxeter group|for a related algebra. In
type A (now treated in [DPS]), the proposed construction can be chosen to yield a
quasi-hereditary algebra, viz., the q-Schur algebra.

Our paper is organized as follows. Section 1 is largely foundational. In x1.1, we
set up a general framework for a modular representation theory of Hecke algebras
over regular rings of Krull dim. � 2 based on a result of Auslander-Goldman [AG1].
In particular, we adapt in this more general setting some familiar results of Brauer.
The remainder of x1 develops the theory of stratifying systems for algebras over
general commutative, Noetherian rings, indicating somewhat stronger results when
working over a regular ring of Krull dim. � 2.

Section 2 takes up the theory of Hecke endomorphism algebras. Although our
motivation comes from �nite groups of Lie type, we consider more generally the
generic Hecke algebras (over Z[t2; t�2]) associated to an arbitrary �nite Coxeter
system and we allow specializations t2 7! q in a �eld k in which q is not necessarily
the image of a prime power. (Note that even in the �nite group case, it is useful
to allow q to be more general, e. g., an indeterminate, to allow for preliminary
specializations to rings of Laurent polynomials over �elds.) After some preliminary
work in xx2.1, 2.2, we study various \cell �ltrations" in x2.3 for induced represen-
tations. In this section, the Kazhdan-Lusztig cell theory for Coxeter groups [KL],
[L2] plays an important role. The main result of this subsection, Theorem (2.3.9),
establishes a remarkable homological property for cell �ltrations of certain induced
modules. These ideas combine with those of x1 to prove our main results in x2.4.
Thus, by means of the isomorphism (1), Theorem (2.4.4) veri�es, as a special case,
that the algebras S(G; k) above have a strati�cation of length � 3; see (2.4.9).
Another special case of this theorem proves the �rst two conjectures for Coxeter
groups made in [CPS4]; see (2.4.5) and (2.4.6). A further interesting consequence is
that the algebra S(G; k) satis�es a kind of \non-describing characteristic" version
of Kempf's vanishing theorem for the cohomology of homogeneous line bundles on

ag varieties; see (2.4.7) and the discussion in (2.4.8). Finally, x2.5 considers the
third conjecture [CPS4; fn. 26], proving one main formal consequence.
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Section 3 treats in some detail some cases when G has type B2 or G2. In
particular, in x3.5 we verify Conjecture (2.5.2) for all rank 2 groups of Lie type.
(As mentioned above, [DPS] proves the conjecture in type A.) Finally, an appendix
(x4) proves|largely for the convenience of the reader|a semisimplicity criterion
for modular Hecke algebras. Although this criterion is known (see, e. g., Gyoja
[Gy] and Fleischmann [F]), our proof (discovered independently) is more direct for
our purposes.

We thank M. Geck and G. Hiss for providing us with some references.

Notation. By a quasi-poset, we mean a set � having a re
exive and transitive
relation �. A quasi-poset � always determines a surjective map � : � ! ��,
� 7! �(�) = ��, from � to a (unique, up to isomorphism) poset �� in which, given
�; � 2 �, � � � () �� � �� in ��. Writing � � � if and only if �� = �� de�nes an
equivalence relation � on �|its equivalence classes are called the cells of �.

For an algebra eA over a commutative ring Z, let
eAC (resp., C

eA) denote the cat-

egory of �nitely generated left (resp., right) eA-modules. If eA is a �nitely generated

Z-module, we say eA is �nite over Z. If Z ! Z 0 is a morphism of commutative

rings, put eAZ0 = eA
Z Z 0, and, for fM 2 Ob(
eAC), put fMZ0 = fM
Z Z 0 2 Ob(

eA
Z0
C).

Similar conventions hold for C
eA. Given an abelian category C, proj(C) denotes the

full subcategory of projective objects. Unless otherwise explicitly stated, all com-

mutative rings will assumed to be Noetherian. Thus, when eA is �nite over Z, the
categories

eAC and C
eA
C are abelian categories.

1. Integral theory and stratifications

We show in x1.1 how a \Brauer theory" can be developed for algebras de�ned
over regular local rings of Krull dim. � 2.2 In x1.2, we discuss stratifying systems
for

eAC, where eA is an algebra which is �nite and projective over a commutative
ring Z. In x1.3, we specialize to assume that Z is a �eld.

1.1. Application of a result of Auslander-Goldman. A local triple is a triple
(O; K; k) consisting of a commutative local domain O having fraction �eld K and
residue �eld k = O=m. A local triple (O; K; k) determines a second local triple

( bO; bK; k) if the completion bO = lim
 
O=mi is a domain. Then O � bO and bK is

an extension �eld of K. This occurs, for example, when O is a regular local ring.

Then bO is also a regular local ring and Krull dim. bO = Krull dim. O.
In the representation theory of �nite groups, O is usually taken to be a discrete

valuation ring. The general local triple will generally \give birth" to a number
of further local triples involving discrete valuation rings, through localization or
factoring out by ideals (see (1.1.4) below). It is not, however, convenient to restrict
our general set-up to the discrete valuation ring case, because it is too restrictive
for the modular representation theory of Hecke algebras. In that case, it is useful

2A very general Brauer theory is developed in [GR]. For some of the discussion in this paper,
e. g., (1.1.3), we could quote their results. However, when working over regular rings of Krull
dimension � 2 (the relevant case for Hecke algebras considered here), a simpler theory exists,
which is in some ways stronger. For example, (1.1.1) shows the existence of lattices, just as in the
classical theory over discrete valuation rings.
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to allow O to be a regular local ring of Krull dim. � 2. See x3 for some speci�c
examples.

Our �rst result uses a theorem of Auslander-Goldman [AG1; Cor., p. 17]: If

O is a regular local ring of Krull dim. � 2 and if fM is a �nitely generated O-
module, then the dual O-module HomO(fM;O) is projective (= free). We adopt the

convention that if eR is a �nite O-algebra, then an eR-lattice eX is an eR-module which
is a �nitely generated free O-module.

(1.1.1) Proposition. Let O be a regular local ring of Krull dim. � 2 and form

the local triple (O; K; k). Let eR be an algebra which is �nite and free over O.
Suppose that X is a �nitely generated (right) eRK-module. Then X = eXK for someeR-lattice eX.

Proof. By standard methods, there exists a �nitely generated eR-submodule eX0 of

X such that X = ( eX0)K : As noted above, [AG1] implies that eX�0 = HomO( eX0;O) 2
Ob(

eRC) is O-free (of �nite rank). Hence, eX = eX��0 2 Ob(C
eR) is O-free of �nite

rank. Since eX0 is O-torsion free, the natural evaluation map Ev : eX0 ! eX��0 de�nes

an injection of eR-modules which becomes an isomorphism upon applying �
O K.

Identifying eX with an eR-submodule of X gives eXK
�= X , as required. �

Suppose that X1; � � � ;Xm are the distinct (up to isomorphism) irreducible eRK-
modules. By (1.1.1), Xi �= eXiK for eR-lattices eXi, 1 � i � m.

(1.1.2) Corollary. Assume the hypotheses of (1.1.1). Let X1
�= eX1K ; � � � ;Xm �=eXmK be as above. Then:{

(a) Any irreducible eRk-module L is a composition factor of some eXik, 1 � i � m.

(b) If X �= eXK
�= eX 0K for eR-lattices eX and eX 0, then eXk and eX 0k have the sameeRk-composition factors (with the same multiplicities).

Proof. (a) Every irreducible eRK-module is (trivially!) a composition factor of some
Xi. This is the only property of X1; � � � ;Xm we use. Form the local triple ( bO; bK; k).
The system X1 bK ; � � � ;Xm bK of eR

bK -modules has the property that any irreducibleeR
bK�module is a composition factor of some member. Thus, we can assume that

O is complete.

Let L 2 Ob(C
eRk
) be irreducible. Choose a projective cover P � L in C

eRk
.

Since O is complete, there exists eP 2 Ob(proj(C
eR)) with

ePk �= P . For some i,

Hom
eRK

( ePK ;Xi) 6= 0. Since eXi is O-free and eP is eR-projective, Hom
eR(
eP ; eXi) is

a projective O-module of �nite rank. Also, Hom
eRk
(P; eXik) �= Hom

eR(
eP ; eXi)k 6= 0.

Thus, L occurs with nonzero multiplicity in eXik, as required.

(b) As in (a), we can assume that O is complete. Let P be a projective indecom-

posable module in the category of eRk-modules, and choose a projective eR-module
5



eP such that ePk �= P . Then

dim Hom
eRk
(P; eXk) = dim Hom

eR(
eP ; eX)k = dim Hom

eR(
eP ; eX)K

= dim Hom
eRK

( ePK ;X ) = dim Hom
eR(
eP ; eX 0)k

= dim Hom
eRk
(P; eX 0k):

Thus, the head of P appears with the same multiplicity in eXk as it does in eX 0k. �

Let eX1; � � � ; eXm be eR-lattices for X1; � � � ;Xm as above. Let L1; � � � ; Ln be the

distinct irreducible eRk-modules. By (1.1.2(b)), the multiplicities dij = [ eXjk : Li]

are independent of the choice of eXj. Let D = (dij) be the corresponding n � m

decomposition matrix. Also, let C = (cij) be the n� n Cartan matrix of eRk, i. e.,
if P (j) denotes the projective cover of Lj in the category of right eRk-modules, then
cij = [P (j) : Li]. Now we can easily prove the following result:

(1.1.3) Theorem. Let (O; K; k) be a local triple in which O is a regular local

ring of Krull dim. � 2. Let eR be an algebra, �nite and free over O, such that botheRK and eRk=rad( eRk) are split semisimple. Then C = D �DT .

Proof. Since eRK is split semisimple, we can assume that O is complete. Thus, there

exists eP (i) 2 Ob(proj(C
eR)) satisfying

eP (i)k �= P (i). Using eR-lattices eX1; � � � ; eXt

for X1; � � � ;Xm, respectively, a standard calculation completes the proof:

cij = dim Hom
eRk
(P (i); P (j)) = dim Hom

eRK
( eP (i)K ; eP (j)K)

=
X
t

[ eP (i)K : Xt][ eP (j)K : Xt]

=
X
t

dim Hom
eRK

( eP (i)K ; eXtK) � dim Hom
eRK

( eP (j)K ; eXtK)

=
X
t

dim Hom
eRk
(P (i); eXtk) � dim Hom

eRk
(P (j); eXtk)

=
X
t

[ eXtk : Li][ eXtk : Lj] =
X
t

ditdjt: �

(1.1.4) Remarks. (a) The results (1.1.1), (1.1.2), and (1.1.3) generalize well-
known work of Brauer. Use of [AG1] has allowed us to treat these results all in a
concise and familiar way. As mentioned above, [GR] contains a more general Brauer
theory, which has (1.1.3) as a special case, but contains no analogue of (1.1.1).

(b) Many discrete valuation rings do arise in the context of more general local
algebras. For instance, suppose that p 2 SpecO has height 1. Then the localization
Op is always a discrete valuation ring, if O is integrally closed. Also, if O is regular
of Krull dim. 2 and p 6� m2, then O=p is a discrete valuation ring, since its maximal
ideal m=p is generated by one element.
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1.2. Integral stratifying systems. Let Z be a �xed commutative ring. Let eA
be a Z-algebra which is �nite and projective over Z.
(1.2.1) Lemma. For eP 2 Ob(proj(

eAC)), the following statements are equivalent:

(1) Every irreducible eA-module L appears in the head of eP (i. e., L is a homo-

morphic image of eP ).
(2) eP is a progenerator of

eAC; equivalently, eA is a direct summand of eP�m for
some positive integer m.

(3) If Z 0 is any commutative Z-algebra, then every irreducible eAZ0-module ap-

pears in the head of ePZ0 .
Proof. First assume that (1) holds. To see (2), we show that eA is a homomorphic

image of a �nite direct sum of copies of eP . Since eA is Noetherian as a Z-module, it
has a left ideal eI which is maximal with respect to being a homomorphic image of

some eP�m for positive integer m. If eI 6= eA, choose a 2 eAneI and let eJ be a maximal

left ideal in eAa + eI containing eI. By hypothesis, ( eAa + eI)= eJ is a homomorphic

image of eP . Hence, there exists a morphism eP ! eAa + eI whose image eK is not

contained in eI, so eK + eI is a homomorphic image of a �nite direct sum of copies ofeP . This contradicts the maximality of eI, so eI = eA, proving (1) =) (2).

If (2) holds, then eAZ0 is a direct summand of eP�mZ0 for any commutative Z-
algebra Z 0. This implies that any irreducible eAZ0 module is a homomorphic image
of ePZ0 . Therefore, (2) =) (3). Finally, (3) =) (1) by taking Z 0 = Z. �

(1.2.2) Lemma. Let eP 2 Ob(proj(
eAC)). The following statements are equivalent

for any fM 2 Ob(
eAC)):

(1) Hom
eA(
eP ;fM) 6= 0;

(2) Hom
eAk
( ePk;fMk) 6= 0 for some �eld k = Z=m;

(3) Hom
eAk
( ePk;fMk) 6= 0 for some �eld k which is a Z-algebra.

Proof. Assume (1). Replace Z by Zm for a maximal ideal m 2 Supp(Hom
eA(
eP;fM))

to assume that Z is a local ring with residue �eld k. Suppose that Hom
eAk
( ePk;fMk) =

0, so any eA-module morphism eP ! fM has image contained in mfM . For some
positive integer n (the number of generators of m as an O-module), there is a sur-
jective morphism fM�n � mfM . Since eP 2 Ob(proj(

eAC)), it now follows that any

morphism eP ! fM has image contained in m2fM . Continuing, we see that any

morphism eP ! fM has image contained in
T
mifM , which is 0 by Krull's theorem.

This contradicts (1), so (1) =) (2). The implication (2) =) (3) is trivial.

For any �eld k = Z=m, fMk is a eA-module homomorphic image of fM . BecauseeP is projective, we obtain that (2) =) (1).
Assume that (3) holds for some �eld k which is a Z-algebra. Then k is an

extension �eld of k0 = Zp=pp for some p 2 SpecZ. Since Hom
eAk0

( ePk0 ;fMk0)k �=

7



Hom
eAk
( ePk;fMk), so (3) =) (2) for eAp over Zp. Thus, (1) holds for eAp, and so

holds for eA itself. Thus, (3) =) (1). �

We will use below some notational conventions regarding �ltrations of modules,
closely adhering to that given in [CPS4; xx1.4,1.5] (where many further details on

the discussion can be found). A decreasing �ltration eG on eX 2 Ob(
eAC) (of length

m) is a sequence eG : eX = eG0 � eG1 � � � � � eGm = 0 of submodules of eX. By

convention, put eGi = 0 for i > m and eGi = eX for i < 0. For any i, the ith section

of eG is Gri eG = eGi= eGi+1.
Generally, we work with decreasing �ltrations on

eAC, and increasing �ltrations

on C
eA. An increasing �ltration eF on eY 2 Ob(C

eA) consists of a sequence eF : 0 =eF 0 � eF 1 � � � � � eFn = eY of submodules of eY . De�ne eF i = 0 for i < 0 and eF i = eY
for i > n, and, for any i, put Gri eF = eF i+1= eF i.

Now suppose that eT is an ( eA; eR)-bimodule. Despite the ambiguity, it is conve-
nient to let (�)� denote either of the contravariant functors

(1.2.3) (�)� = Hom
eA(�; eT ) : eAC ! C

eR; (�)� = Hom
eR(�; eT ) : C eR ! eAC:

These induce functors (�)� :
eAC�lt ! C�lt

eR
and (�)� : C�lt

eR
!

eAC�lt. Here
eAC�lt

(resp., C�lt
eR
) denotes the category whose objects are pairs ( eX; eG) (resp., (eY ; eF ))

consisting of eX 2 Ob(
eAC) (resp., eY 2 Ob(C

eR))), together with a decreasing (resp.,

increasing) �ltration eG on eX (resp., eF on eY ), and whose morphisms are de�ned

in the natural way. For example, given (eY ; eF ) 2 Ob(C�lt
eR
), we have (eY ; eF )� =

(eY �; eF �) 2 Ob(
eAC�lt), where ( eF �)i = (eY = eF i)�. In particular, observe that Gri eF � �

(Gri eF )�, though equality need not hold. We will use several times below (see the

proof of (1.2.10), for example) the following fact: Suppose (eY ; eF ) 2 Ob(C�lt
eR
) and

Ext 1
eR
(eY = eF i+1; eT ) = 0 for some i. Then Gri eF � �= (Gri eF )�. This follows easily

from the long exact sequence of cohomology.
The de�nition below of a stratifying system for

eAC generalizes that given in
[CPS4; x6.4] for �elds.
(1.2.4) De�nition. Let � be a �nite quasi-poset. Suppose for � 2 � there is

given e�(�) 2 Ob(
eAC) which is projective over Z. Then fe�(�)g� is a stratifying

system for
eAC provided that, for each � 2 �, there is given eP (�) 2 Ob(proj(

eAC))
and a surjective morphism eP (�)� e�(�) satisfying the following three conditions:

(1) For �; � 2 �, if Hom
eA(
eP (�); e�(�)) 6= 0, then � � �.

(2) For � 2 �, there is given a decreasing �ltration eG� of eP (�) (of length t(�))
with Gri eG� �= e�(��;i) (0 � i < t(�)) where � � ��;i 2 � and ��;0 = �.

(3) Any irreducible eA-module is a homomorphic image of some e�(�).
Suppose condition (2) is replaced by the stronger condition:

(20) For � 2 �, there is given a decreasing �ltration eG� of eP (�) (of length t(�))
satisfying Gri eG� �= e�(��;i) where �� < ���;i for 0 < i < t(�) and ��;0 = �.
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In this case, we say the stratifying system is strict.

Suppose that we are given a stratifying system for
eAC with respect to a quasi-

poset �. De�ne an equivalence relation on � by putting � � � if and only ife�(�) �= e�(�). By (1.2.4(1)), the corresponding equivalence classes are contained
in cells of �. Hence, there is a quasi-poset structure on the set �min of equivalence
classes so that the quotient map �! �min, � 7! ~�, is a morphism of quasi-posets.

If we put e�(~�) = e�(�) for all ~� 2 �min and any � 2 ~�, then fe�(~�)g~� is a stratifying
system for

eAC. We do not require � being minimal in (1.2.4) because, in practice,
the larger quasi-posets � sometimes appear naturally; see (2.4.3) and (2.5.2) below.

Also, in (1.2.4), we do not insist that e�(~�) is indecomposable. When Z is a �eld

and the strati�cation is strict, the indecomposable components of the e�(~�) all have
simple heads [CPS4; (6.4.6)], and can be uniquely de�ned in terms of their heads
and the order relation, cf. [CPS4; (2.2.2(d)].

When fe�(�)g� is a stratifying system for
eAC, we call the e�(�) the standard

objects for
eAC. We now give conditions for checking that a collection of modules is

a stratifying system. (In particular, the notion behaves well under base change.)

(1.2.5) Lemma. Let � be a �nite quasi-poset, and for each � 2 �, let e�(�) 2
Ob(

eAC). For � 2 �, assume that e�(�) 2 Ob(proj(CZ )) and that there is given

( eP (�); eG�) 2 Ob(
eAC�lt) where eP (�) 2 Ob(proj(

eAC)) and eG� satis�es (1.2.4(2)).
Then the following four statements are equivalent:

(1) fe�(�)g�2� is a stratifying system for
eAC.

(2) fe�(�)kg�2� is a stratifying system for
eAk
C, for any k = Z=m, where m is a

maximal ideal of Z.
(3) fe�(�)kg�2� is a stratifying system for

eAk
C, for each �eld k which is a Z-

algebra.

(4) fe�(�)Z0g�2� is a stratifying system for
eA
Z0
C, for each commutative Z algebra

Z 0.
Finally, assume that (1.2.4(20)) holds and, in the statements of (1), (2), (3),

(4) above, the phrase \stratifying system" is replaced by \strict stratifying system".
Then the resulting statements are equivalent.

Proof. Assume that (1) holds, and let Z 0 be as in (4). Each e�(�)Z0 is a homo-

morphic image of eP (�)Z0 2 Ob(proj(
eA
Z0
C)). Also, each e�(�)Z0 is a projective

Z 0-module. If Hom
eA
Z0
( eP (�)Z0 ; e�(�)Z0) 6= 0, then, by (1.2.2), for some �eld k

which is a Z 0-algebra, Hom
eAk
( eP (�)k; e�(�)k) 6= 0; so that (1.2.2) implies that

Hom
eA(
eP (�); e�(�)) 6= 0, whence � � � by hypothesis. Thus, (1.2.4(1)) holds over

Z 0. Because each e�(�) 2 Ob(proj(Z)), eG�Z0 is a decreasing �ltration of eP (�)Z0 as
required by (1.2.4(2)). Using (1.2.1) with eP =

L
�
eP (�) we see that any irreducibleeAZ0 -module is a homomorphic image of some e�(�)Z0 ; thus, (1.2.4(3)) holds for thee�(�)Z0 . Hence, (1) =) (4). The other implications are clear. We leave the proof

of the �nal assertion on strictness to the reader. �
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Later we will use the following result on Ext . We omit the standard proof (by
dimension shifting). See [CPS4; (6.4.2)] for a similar argument.

(1.2.6) Lemma. Suppose that fe�(�)g�2� is a stratifying system for
eAC. Let

�; � 2 � be �xed elements satisfying Ext i
eA
(e�(�); e�(�)) 6= 0 for some nonnegative

integer i. Then � � �. Suppose further, in the notation of (1.2.4(2)), that i > 0,
and �� < ���;j for all j > 0.3 Then �� < ��.

An ideal eJ of eA is called a stratifying ideal provided that eJ is a Z-direct sum-
mand of eA and, for any fM; eN 2 Ob(

eA= eJC), in
ation de�nes an isomorphism

Ext �
eA= eJ

(fM; eN) �= Ext �
eA
(fM; eN). A sequence 0 = eJ0 ( eJ1 ( � � � ( eJn = eA of

stratifying ideals in eA is called a strati�cation of length n. If each eJi= eJi�1 is a

projective (left) eA= eJi�1-module, the strati�cation is called standard.

If two algebras eA and eA0 are Morita equivalent, it is obvious that a stratifying

system for
eAC determines one for

eA0C. The following result shows that if eA has a
strati�cation of length n, so does any Morita equivalent algebra. (See, for example,
[CPS4; (2.1.6(a))] where a similar result is proved.)

(1.2.7) Lemma. Suppose that eA has a strati�cation 0 = eJ0 ( eJ1 ( � � � ( eJn = eA
of length n. Let eP 2 Ob(proj(

eAC)) be a progenerator of
eAC and consider the Morita

equivalent algebra eA0 = End
eA(
eP ). Then eA0 also has a strati�cation of length n. If

the strati�cation for eA is standard, that for eA0 can be taken to be standard also.

Proof. It is well-known that eJ 7! Hom
eA(
eP; eJ eP ) de�nes an equivalence between the

lattice of ideals of eA and that of eA0. If eJ is a Z-direct summand of eA (i. e., the

inclusion eJ � eA is split as Z-modules), then it is easy to see that Hom
eA(
eP ; eJ eP )

is a Z-direct summand of eA0. Also, since eP is a progenerator, given an ideal eJ ofeA, the full subcategory
eA= eJC of

eAC has objects which are precisely the homomor-

phic images of �nite direct sums of copies of eP= eJ eP . Therefore, the equivalence

Hom
eA(
eP ;�) :

eAC ! eA0C restricts to de�ne an equivalence
eA= eJC

�!
eA0= eJ 0C, whereeJ 0 = Hom

eA(
eP; eJ eP ). Thus, eJ is a stratifying ideal of eA if and only if eJ 0 is a

stratifying ideal of eA0. This establishes the �rst assertion of the lemma.

If eJ 2 Ob(proj(
eAC)), then eJ 0 = Hom

eA(
eP ; eJ eP ) 2 Ob(proj(

eA0C)). Since eA0= eJ 0 �=
End

eA= eJ (
eP= eJ eP ) and eP= eJ eP is a progenerator for

eA= eJC, the second assertion fol-

lows. �

The argument for [CPS4; (6.4.5)] and (1.2.7) give the following result.

(1.2.8) Theorem. Assume that
eAC has a stratifying system fe�(�)g�2�. The

algebra eA has a strati�cation 0 = eJ0 ( eJ1 ( � � � ( eJn = eA of length n = #��. If the
stratifying system is strict, then the strati�cation can be chosen to be standard.

The following hypothesis (generalizing [CPS4; (6.4.7)]) gives a criterion for strat-

3Of course, this latter condition always holds if fe�(�)g� is a strict stratifying system.
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ifying
eAC, when eA is an endomorphism algebra.

(1.2.9) Hypothesis. Let eR be a �nite and projective algebra over Z. Let eT be

a �nitely generated right eR-module, projective over Z, and put eA = End
eR(
eT ). As-

sume eT =
L

�2�
eT�m�

� is a �xed direct sum decomposition, where � is a �nite quasi-

poset. (No assumption that the eT� are indecomposable or even non-isomorphic is

imposed.) For � 2 �, assume given an eR-submodule eS� ,! eT� and an increasing

�ltration eF� of eT� (of length t(�)) such that the following three conditions hold:

(1) For � 2 �, there is a �xed sequence ��;0; ��;1; � � � ; ��;t(�)�1 in � such that
��;0 = � and, for i > 0, ��;i � �. For 0 � i < t(�), there is given a �xed

isomorphism Gri eF� �= eS��;i.
(2) For �; � 2 �, Hom

eR(
eS�; eT�) 6= 0 =) � � �.

(3) For all � 2 �, we have Ext 1
eR
( eT�= eF i�; eT ) = 0 for all i.

In establishing the following result, we use the notation (1.2.3).

(1.2.10) Theorem. Assume that Hypothesis (1.2.9) holds. For � 2 �, pute�(�) = Hom
eR(
eS�; eT ) and assume that each e�(�) is Z-projective. Then fe�(�)g�2�

is a stratifying system for
eAC with respect to �. If the inequalities in (1.2.9(1)) can

be replaced by strict inequalities ���;i > �� for all i > 0, the system is strict.

Proof. Put ( eP (�); eG�) = ( eT�; eF�)�, i. e., eG�i = ( eT�=F i�)�, 8i. The discussion imme-

diately above (1.2.4) and (1.2.9(3)) imply that each Gri eG� �= (Gri eF�)�, so (1.2.4(2))
holds. Since each e�(�) 2 Ob(proj(CZ)), each eP (�) 2 Ob(proj(CZ)), too. Thus,eA =

L
�
eP (�)�m� is Z-projective.

Observe that (1.2.9(3)) also implies that each e�(�) is a homomorphic image ofeP (�). Since Hom
eA(
eP (�); e�(�)) �= Hom

eR(
eS�; eT�), (1.2.9(2)) =) (1.2.4(1)).

Finally, for any �eld k which is an Z-algebra, eAk �= L�
eP (�)�m�

k , so any irre-

ducible eAk-module is a homomorphic image of some eP (�). Since the sections of eG�
have the form e�(�), � 2 �, any irreducible eA-module is a homomorphic image of

some e�(�), so (1.2.4(3)) holds. The �nal assertion is clear. �

In (1.2.13) below we give a method for checking that (1.2.9(3)) holds when Z is

a domain with fraction �eld K such that eRK is semisimple. When Z = k is a �eld

(and eR is not semisimple), it is generally not easy to verify that condition (1.2.9)(3))

holds|in fact, in many cases, it may fail, even though eA has an interesting strat-
i�cation; see x3.2 below. One way to obtain a strati�cation in the �eld case is to
check (1.2.9) over a larger ring Z having k as a homomorphic image, using (1.2.10)

over Z and (1.2.9). Of course, this requires at least that all data de�ning eA over
k exist over Z (something which often happens). For another, more complicated,
way to work strictly over k itself, see x1.3 below.

In (1.2.10), it was necessary to assume that the e�(�) are Z-projective. In some

important cases, this comes for free, using the following result. For fM 2 Ob(CZ),
put fM� = HomZ(fM;Z), and let Ev : fM ! fM�� be the natural evaluation map.
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(1.2.11) Lemma. Let Z be a regular ring of Krull dim. � 2 having fraction �eld

K. Let eY 2 Ob(CZ), and let V be a K-subspace of eYK. Assume that eY �= eX� for
some eX 2 Ob(CZ). (In particular, this holds if eY �= eY ��.) Then eV def

= eY \ V is
Z-projective.
Proof. We show that Ext 1Z(

eV ;fM) = 0, 8fM 2 Ob(CZ). If some Ext 1Z(eV ;fM) 6= 0,

then Ext 1Z(
eV ;fM)p �= Ext 1Zp(

eVp;fMp) 6= 0 for p 2 Supp(Ext 1Z(
eV ;fM)). Thus, we

can assume Z is local. By [AG1; Cor., p. 17], eY and eV � are Z-free of �nite rank.
In particular, Ev : eY �! eY �� is an isomorphism. Form the commutative diagram

eV Ev- eV �� �- (eV ��)K �- V

?
�

?



?
�

eY �
Ev

- eY ��
�

- (eY ��)K �- eYK
in which � and � are the natural inclusions, 
 = ���, and �; � are the natural

(injective) localization maps. Identifying eY and eY ��, it follows that eV �� � eY \ V,
and so Ev : eV ! eV �� is an isomorphism. By [AG1; Cor., p. 17] again, eV is
Z-projective, as required. �

Thus, we can improve upon (1.2.10) when Z is a regular ring of Krull dim. � 2.

(1.2.12) Corollary. Assume that Hypothesis (1.2.9) holds and that Z is a regular

ring of Krull dim. � 2. For � 2 �, put e�(�) = Hom
eR(
eS�; eT ). Then fe�(�)g� is a

stratifying system for
eAC. If the inequalities ��;i � � in (1.2.9(1)) can be replaced

by strict inequalities ���;i > �� for all i > 0, the system is strict.

Proof. To apply (1.2.10), we show each e�(�) is Z-projective. We can assume that Z
is local. Because eT is Z-free, HomZ(eS�; eT ) is a direct sum of Z-modules isomorphic
to eS��, so is Z-free by [AG1] again. Hence, HomZ(eS�; eT )�� �= HomZ(eS�; eT ), so
(1.2.11) applies with eY = HomZ(eS�; eT ) and V = Hom

eRK
(eS�K ; eTK). �

We conclude this subsection with a useful criterion for verifying that (1.2.9(3))

holds. In this result, we do not require that eA be Z-projective.
(1.2.13) Lemma. Assume that Z is a commutative domain with fraction �eld K.

Let eA be a �nite Z-algebra such that eAK is semisimple. Let fM; eT be �nitely gener-

ated left (or right) eA-modules and assume that eT is Z-torsion free. The following
two statements are equivalent:

(1) For every d 2 Z, the natural map

(1.2.13.1) Hom
eA(
fM; eT ) �! Hom

eAZ=(d)
(fM=dfM; eT=deT )

is surjective.
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(2) Ext 1
eA
(fM; eT ) = 0.

Proof. For 0 6= d 2 Z, multiplication by d de�nes a short exact sequence 0! eT d!eT ! eT=deT ! 0, and, therefore, an exact sequence

(1.2.13.2) Hom
eA(
fM; eT ) �! Hom

eA(
fM; eT=deT )! Ext 1

eA
(fM; eT ) d! Ext 1

eA
(fM; eT ):

Since Hom
eA(
fM; eT=d eT ) �= Hom

eAZ=(d)
(fM=dfM; eT=d eT ), � identi�es with the map in

(1.2.13.1).

Assume (1) holds. Since eAK is semisimple, Ext 1
eAK
(fMK ; eTK) �= Ext 1

eA
(fM; eT )K =

0, so that Ext 1
eA
(fM; eT ) is a �nitely generated torsion Z-module. Choose 0 6= d 2 Z

in the annihilator of Ext 1
eA
(fM; eT ). Since the map (1.2.13.1) is surjective, (1.2.13.2)

shows that multiplication by d induces an injection Ext 1
eA
(fM; eT ) ,! Ext 1

eA
(fM; eT ).

Hence, Ext 1
eA
(fM; eT ) = 0, and (2) holds.

The implication (2) =) (1) is also clear from (1.2.13.2) (and does not require

that eAK be semisimple). �

1.3. The strati�cation hypothesis over a �eld. Hypothesis (1.3.2) below
provides a way to construct a standard strati�cation of an endomorphism algebra
A over a �eld k. One way to do this has already been indicated in x1.2, using
(1.2.10) over a larger ring Z, together with (1.2.5) (and (1.2.8)). However, in the
absence of an integral structure, the appropriate strati�cation hypothesis is quite
complicated. Nevertheless, the more elaborate conditions in (1.3.2) can often be
checked directly. We illustrate this explicitly in x3|the only place this subsection
plays a role in this paper.

Let A be a �nite dimensional algebra over k. We will say that AC is standardly
strati�ed if it has a strict stratifying system f�(�)g�2� (in the sense of (1.2.4),

taking Z = k, eA = A, etc.) such that: (i) each �(�), � 2 �, has an irreducible

head L(�); (ii) if � 6= �, then L(�) 6�= L(�); and (iii) each eP (�) = P (�), � 2 �, is
indecomposable. By [CPS4; (2.2.3)], A has a standard strati�cation of length n if
and only if AC is standardly strati�ed with #�� = n.4

Let A, R be �nite dimensional algebras over k and let T be a �nite dimensional
(A;R)-bimodule. We assume that

(1.3.1)

�
(1) In CR; T �=L�2�; Y

�m�

� ; Y� distinct indecomposable;

(2) A = EndR(T ):

The P (�) = HomR(Y�; T ), � 2 �, are the distinct projective indecomposable mod-
ules for AC. The following hypothesis was �rst presented in [CPS4; (3.1.1)]:

(1.3.2) Hypothesis. Let R; T;A be as in (1.3.1). For each � 2 �, there is given

a �xed R-submodule S�
��
,! Y� and a �xed (increasing) �ltration F� of Y� of length

t(�). Let �� = HomR(��; T ) : P (�)! HomR(S�; T ). Put v� = dim Im��.

4One can similarly de�ne a notion of standardly strati�ed category over a local triple, though
a complete treatment requires the theory of semiperfect rings. We defer that project to a future
paper. For some discussion in the discrete valuation ring case, see [CPS4; (4.7)].
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These data are subject to the following four conditions:

(1) � has a �xed quasi-poset structure. For � 2 �, there is given a �xed sequence
��;0; ��;1; � � � ; ��;t(�)�1 in � such that ��;0 = � and, for i > 0, ���;i > ��. For

0 � i < t(�), there is a �xed isomorphism S��;i
�= GriF�.

(2) For �; � 2 �, 0 � i < t(�), let Y�=F
i
�

f! Y� be a morphism. Then there

exists a morphism Y��;i
t! Y� making the following diagram commutative:

(1.3.2.1)

Y�=F
i
�

f
- Y�

6 6
���;i t

S��;i
���;i

- Y��;i

:

Here ���;i is the composite of S��;i
�! GriF� and the inclusion GriF� ,! Y�=F

i
�.

(3) For �; � 2 �, let ��;� = HomR(��; Y�) : HomR(Y�; Y�) ! HomR(S�; Y�). If
��;� 6= 0, then � � �.

(4) For �; � 2 �, let a�;� = #fi j ��;i = �g. Then P�;�m�a�;�v� = dim A.

The following result follows from [CPS4; (3.1.3)].

(1.3.3) Theorem. Assume Hypothesis (1.3.2) holds. Then AC is standardly
strati�ed with respect to �, using the standard objects �(�) = Im ��, � 2 �.

(1.3.4) Remark. [CPS4; (3.3.2)] provides a converse to (1.3.3). Thus, Hypoth-
esis (1.3.2) is essentially required in order to standardly stratify AC, through an
endomorphism ring structure on A.

2. Hecke endomorphism algebras

In x2.1, some generalities involving Hecke algebras are taken up. Quite general
\cell �ltrations" are brie
y discussed in x2.2. These concepts are applied in x2.3
to establish important properties of the \dual left cell �ltration" and the \dual
right-set �ltration" for certain induced representations. Using the results of x1, we
prove the main strati�cation results in x2.4. In particular, (2.4.5) and (2.4.6) prove
the �rst two conjectures in [CPS4; x6]. Finally, x2.5 discusses a stronger conjecture
involving standard strati�cations.

Except in x2.2, Z denotes the ring Z[t2; t�2] of Laurent polynomials.

2.1. Hecke algebras. To begin, let G = fG(q)g be a family of �nite groups of
Lie type having irreducible Coxeter system (W;S)|cf. [CR; (68.22)]. For each
q, �x a Borel subgroup B(q) and de�ne index parameters cs 2 Z, s 2 S, by

[B(q) : sB(q) \ B(q)] = qcs . The corresponding generic Hecke algebra eH over
Z = Z[t2; t�2] has basis �w, w 2W , satisfying the relations:
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(2.1.1) �s�w =

�
�sw sw > w;

t2cs�sw + (t2cs � 1)�w sw < w:

We call eH a Hecke algebra of Lie type over Z.
More generally, we will allow (W;S) to be any �nite Coxeter system. Form

the algebra eH over Z with a basis �w, w 2 W , satisfying (2.1.1) for some system
fcsgs2S of integers satisfying cs = cs0 if s and s

0 are W -conjugate.5

Let Z 0 be a commutative Z-algebra. Let q denote the image of t2 in Z 0. (The
element q 2 Z 0 should not be confused with the parameter q above for G.) The

algebra eHZ0 has a basis, whose elements are still denoted �w, w 2 W , satisfying
the relations (2.1.1). In order to reign in the notation, it will be convenient to

denote eHZ0 by eH 0|this notation will alert the reader that we are considering
Hecke algebras over a ring more general than Z.

Two speci�c linear characters will often be used. These are the \trivial" repre-
sentation IND and the \sign" representation SGN, de�ned on generators by:

(2.1.2) IND : eH 0 ! Z 0; �s 7! qcs SGN : eH 0 ! Z 0; �s 7! �1 (s 2 S):

For w 2 W , put qw = IND(�w) 2 Z 0. (When it is clear from context, we also use
this notation when Z 0 = Z, e. g., qs = t2cs .)

Let � be the power set of S. For � 2 �, let W� = hs j s 2 �i and eH 0� =

h�s j s 2 �i � eH 0. The set W� (resp., �W ) of right (resp., left) distinguished coset

representatives of W� in W indexes a basis f�wgw2W� (resp., f�wgw2�W ) for eH 0 as
a module for eH 0� for the left (resp., right) regular action.

The restriction functor res
eH0

eH0

�

: C
eH0 ! C

eH0

�
has exact left adjoint

(2.1.3) ind
eH0

eH0

�

: C
eH0

�
! C

eH0
fM 7! ind

eH0

eH0

�

(fM) = fM 

eH0

�

eH 0:
Let IND� be the trivial representation for eH 0�. Put x� =Pw2W�

�w. Then

(2.1.4) x��s = qsx�; �sx� = qsx�; 8s 2 �:

Thus, the right ideal Z 0x� = x� eH 0�Z0 in eH 0�Z0 realizes IND�. Because f�wgw2W�

is a basis for eH 0 2 Ob(
eH0

�
C), multiplication de�nes an isomorphism

(2.1.5) ind
eH0

eH0

�

IND�
��! x� eH 0:

Of course, similar results hold for categories of left modules. We record the following

characterization of the ideals x� eH 0 and eH 0x�.
5We observe that these algebras are a special case of the Hecke algebras H� considered in [L2]

with �(s) = t2cs , so the results there apply to the present situation. The algebra H� exists for
functions � de�ned on S with values in an abelian group �|in the present case, consisting of
integer powers of t2|which are constant on intersections of S with W -conjugacy classes.
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(2.1.6) Lemma. For � 2 �, we have eH 0x� = f� 2 eH 0 j ��s = qs�; 8s 2 �g and

x� eH 0 = f� 2 eH 0 j �s� = qs�; 8s 2 �g.

Proof. If � 2 x� eH 0, (2.1.4) implies that �s� = qs� for all s 2 �. Conversely, suppose
that � 2 eH 0 satis�es �s� = qs� for all s 2 �. Write � =

P
w bw�w, where bw 2 Z 0.

For w 2 W and s 2 � satisfying w < sw, the equality �s� = qs� implies that

qsbw�w + qsbsw�sw = �s(bw�w + bsw�sw)

= qsbsw�w + (bw + (qs � 1)bsw)�sw:

Thus, bsw = bw. It follows for v 2W� and u 2W� that buv = bv. Hence, � 2 x� eH 0,
proving the assertion for x� eH 0. The other assertion follows similarly. �

The algebra eH 0 admits a symmetric, associative pairing h ; i : eH 0 � eH 0 ! Z 0
de�ned on basis elements by

(2.1.7) h�w; �vi =
�
qw w = v�1

0 otherwise.

(See [DJ1; (2.3)] in type A|the argument is the same in general.) Consider the
duality functors

(2.1.8)

�
(�)� = (�)�Z0 : C eH0 ! eH0C
(�)� = (�)�Z0 : eH0C ! C

eH0

given by fM 7! fM� def
= HomZ0(fM;Z 0):

(2.1.9) Lemma. For � 2 �, we have (x� eH 0�)� �= eH 0�x� and ( eH 0�x�)� �= x� eH 0�.
Proof. If fM 2 Ob(C

eH) is Z-projective, then (M�)Z0 �= (MZ0)
�. Therefore, it

su�ces to prove the result when Z 0 = Z.
If d� = IND(x�) 2 Z, then x2� = d�x� 6= 0. For u 2 W� and v 2 �W ,

(2.1.7) and the equality (W�)�1 = �W imply that hx��u; �vx�i = d�qu�u;v�1 .

Hence, ( ; ) = 1
d�
h ; i : x� eH � eHx� ! Z de�nes a perfect pairing, with the basis

fx��ugu2W� of x� eH dual to the basis fq�1v �vx�gv�12W� of eHx�. Thus, x� eH !
( eHx�)�, � 7! (�;�), gives the required isomorphism of eH-modules. This proves one
claim in (2.1.9); the second is similar. �

2.2. Cell �ltrations. In this subsection, eR is an algebra over Z. Here Z can be an
arbitrary commutative, Noetherian ring (and not just the ring Z[t2; t�2] of Laurent
polynomials as in the previous subsection). Let f�sgs2S be a �xed generating set

for eR. Let eY 2 Ob(C
eR) be Z-free with basis f��g�2� indexed by a �nite quasi-poset

�. In some situations, the cell structure on � leads to cell �ltrations on eY . For
example, assume that

(2.2.1) ���s =
X
���

a
(s)
����; (a

(s)
�� 2 Z) 8s 2 S; 8� 2 �:
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Fix a listing

(2.2.2) C1; � � � ;Cm
of the cells in � such that, given � 2 Ci and � 2 Cj , if �� < ��, then i < j|i. e.,
the \larger" cells are listed to the right of the \smaller" cells. The (increasing) cell

�ltration eF = eF
eY on eY (of length m) is de�ned by putting

(2.2.3) eF i = span (�� j� 2 Cj ; j � i) ; 0 � i � m (Let C0 = ;):

For 0 < i < m, Gri eF is a free Z-module with basis f�� + eF ig�2Ci+1 .
We can also consider the category

eRC of left modules for eR. Suppose eX 2 Ob(
eRC)

is Z-free with basis f��g�2� indexed by the �nite quasi-poset � and satisfying

(2.2.4) �s�� =
X
���

b
(s)
����; (b

(s)
�� 2 Z) 8s 2 S; 8� 2 �:

The (decreasing) cell �ltration6 eE = eE eX on eX (of length m) is de�ned by putting

(2.2.5) eEi = span (�� j� 2 Cj ; j � m� i) :

Suppose that eX 2 Ob(
eRC) is Z-free with basis f��g�2� satisfying (2.2.4) for a

�nite quasi-poset �. The dual eY = ( eX)� = HomZ( eX;Z) 2 Ob(C
eR) is a free Z-

module with basis f��g�2� de�ned by ��(��) = ��;�, � 2 �, which satis�es (2.2.1)

for the opposite quasi-poset �op, putting a
(s)
�� = b

(s)
�� . Letting Copi = Cm�i+1, we

obtain ( eX�; eF ) 2 Ob(C�lt
eR
) as described in (2.2.3) for the listing Cop1 ; � � � ;Copm . On

the other hand, the decreasing �ltration eE of eX de�ned in (2.2.5) determines, after

taking duals, an increasing �ltration eE� on eX� by setting ( eE�)i = ( eX= eEi)�. We

call eE� the dual left cell �ltration of the right eR-module eX�.
(2.2.6) Proposition. In the notation of the previous paragraph, eF = ( eE)�.
Proof. The left eR-module eX= eEi has basis consisting of the cosets �� + eEi, � 2 Cj

with j > m� i. Hence, ( eX= eEi)� � eX� has basis consisting of the ��, � 2 Cj with

j > m� i. On the other hand, eF i is spanned by the ��, � 2 C
op
j with j � i. Since

C
op
j = Cm�j+1, it follows that ( eE�)i = eF i, as required. �

2.3. Cell �ltrations for Hecke algebras. Return to the setting of x2.1 for a

generic algebra eH associated to a general �nite Coxeter system (W;S) and system
fcs 2 Zgs2S satisfying cs = ct if s and t are W -conjugate. Recall that � denotes
the power set of S.

In order to apply x2.2, we will need to modify the Kazhdan-Lusztig basis for the
generic Hecke algebra

(2.3.1) eH0 = eH 
Z0; where Z0 = Z[t; t�1]:

6We denote the �ltration by eE, rather than our customary eG, because the latter is reserved
for the �ltrations in (1.2.4(2)).
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By [KL] (in the \untwisted" case cs = 1, all s) and [L2] (in the \twisted" case),

there is a Z0-basis fC 0wgw2W for eH0 satisfying

(2.3.1a) �sC
0
w =

�
t2csC 0w; if sw < w

�C 0w + tcsC 0sw + tcs
P

zM
s
z;wC

0
z; otherwise

for s 2 S;w 2 W . The sum in (2.3.1a) is over z < w such that sz < z, and the
Ms
z;w 2 Z are certain recursively de�ned elements (which are symmetric and may

vanish). Also,

(2.3.1b) C 0w�s =

�
t2csC 0w; if ws < w

�C 0w + tcsC 0ws + tcs
P
zM

s
z�1;w�1C

0
z; otherwise

for s 2 S;w 2 W . Here the sum is over z < w satisfying zs < z. (Apply the

involution j [L2; p. 104] to formulas (6.3), (6.4) in op. cit.) When eH0 is untwisted,
the formulas simplify somewhat; cf. [KL; x2].

By the de�nition of the basis elements C 0y (see [KL] and [L2; p. 101]), we clearly

obtain a basis fC+
wgw2W for eH, where

(2.3.2) C+
y = q1=2y C 0y; y 2W:

It will be convenient to also call this basis the Kazhdan-Lusztig basis for eH. Writing

q = t2cs , we can rewrite (2.3.1a) as an equation in eH as follows:{

(2.3.2a) �sC
+
w =

(
qsC

+
w ; if sw < w

�C+
w + C+

sw +
P
z
fMs
z;wC

+
z ; otherwise

for s 2 S;w 2W . Here fMs
z;w 2 Z. There is an analogous version of (2.3.1b):{

(2.3.2b) C+
w �s =

(
qsC

+
w ; if ws < w

�C+
w + C+

ws +
P
z
fMs
z�1;w�1C

+
z ; otherwise:

The formulas (2.3.1a,b) lead to three quasi-poset structures �L, �R and �LR on
W . See [KL; p. 167], [L2; p. 105] for precise de�nitions. The corresponding cells
are the left, right and two-sided Kazhdan-Lusztig cells, respectively, in W (relative
to the system fcsgs2S|if W is not simply laced, cells corresponding to di�erent
systems may be di�erent). The left (resp., right) quasi-poset (W;�L) (resp., (W;�R
)) satis�es the condition (2.2.4) (resp., (2.2.1)) for the left (resp., right) regular

action of the algebra eR = eH on eY = eH, using the generators f�sgs2S for eR and

the distinguished basis fC+
w gw2W for eY . Also, (2.2.4) is valid using the quasi-poset

(W;�LR) and the algebra eR = eH 
Z eHop with generators f�s 
 1; 1
 �sgs2S and

the left module eY = eH with basis fC+
w gw2W .

In x2.4, we will use yet another quasi-poset structure, the right-set order �R, on
W . Given w 2 W , its right-set (resp., left-set) is de�ned by R(w) = fs 2 S jws <
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wg (resp., L(w) = fs 2 S j sw < wg). Then u �R v () R(u) � R(v) de�nes a
quasi-poset structure on W . It is well-known ([KL; (2.4)], [X; (1.20)]) that

(2.3.3) u �L v =) u �R v;

so we can de�ne the right-set of a left cell ! by putting R(!) = R(y) for any y 2 !.
Let Z 0 be a commutative Z-algebra. As in x2.1, denote eHZ0 by simply eH 0. The

basis fC+
w gw determines a basis, whose elements are still denoted C+

w , for eH 0. The
formulas (2.3.2a,b) remain valid.

(2.3.4) Lemma. Let s 2 S, x 2 eH 0. If x�s = qsx (resp., �sx = qsx), then
x =

P
y ayC

+
y where ay 6= 0 =) s 2 R(y) (resp., ay 6= 0 =) s 2 L(y)).

Proof. Suppose x�s = qsx, but that x 62 span
�
C+
y j s 2 R(y)

�
. By (2.3.2b), we

can assume that ay 6= 0 =) s 62 R(y). Among those y with ay 6= 0, choose
y0 of maximal length. Since y0s > y0, (2.3.2b) implies that C

+
y0s

appears with
non-zero coe�cient in x�s = qs�, a contradiction. A similar argument applies when
�sx = qsx. �

Using this fact, we establish the following simple, but important, result.

(2.3.5) Lemma. For any � 2 �, fC+
y j� � R(y)g (resp., fC+

y j� � L(y)g) is a

Z 0-basis for eH 0x� (resp., x� eH 0).
Proof. If � � R(y), then C+

y �s = qsC
+
y by (2.3.2b). Thus, C+

y 2 eH 0x� by (2.1.6).
Now apply (2.3.4) (and (2.1.6) again). �

By (2.3.5) and (2.3.3), condition (2.2.4) applies to eH 0x� 2 Ob(
eH0C), using the

basis fC+
y j R(y) � �g, the quasi-poset structure �R induced on its indexing set,

and the generators f�sgs2S for eH 0. The cells of �R correspond bijectively to the
elements of �, so, following (2.2.2), �x an ordering S = �1; � � � ; �2#S = ; on � such
that �i � �j =) i � j. Then � 2 � determines a subsequence �i1 ; � � � ; �im�

=

� consisting of those � 2 � satisfying � � �. Thus, the (decreasing) right-set

�ltration eE�;R;Z0 on eH 0x� and the (increasing) dual right-set �ltration eF�;R;Z0 on
x� eH 0 �= ( eH 0x�)� are de�ned as per (2.2.5)|explicitly,

(2.3.6)

8>><>>:
eE�;R;Z0i = span

�
C+
y j R(y) = �ij ; j � m� � i

�
; 0 � i < m�;

and eE�;Rm�
= 0;eF i�;R;Z0 = ( eH 0x�= eE�;R;Z0i )�; 0 � i � m�:

To simplify notation, we will usually denote eE�;R;Z0 and eF�;R;Z0 by eE�;R and eF�;R,
respectively. It will be clear from context that we are working over Z 0.

In x2.5, we use a �ner �ltration on x� eH 0. Let 
 be the set of left (Kazhdan-
Lusztig) cells of W (for the system fcs j s 2 Sg). For � 2 �, put 
� = f! 2 
 j� �
R(!)g. By (2.3.3) and (2.3.5), the Z 0-basis fC+

y j� � R(y)g of eH 0x� partitions

into subsets fC+
y gy2!, ! 2 
�. Fix a listing !1; � � � ; !m of 
 as in (2.2.2). Thus,

if x 2 !i; y 2 !j and x �L y, then i � j. This listing induces a similar listing
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!�;1; � � � ; !�;n� of 
�. (Observe that !�;n� is the left cell ! containing the longest

word in W�.) Then the left cell �ltration eE�;Z0 = eE� of eH 0x� and the dual left cell

�ltration eF�;Z0 = eF� of x� eH 0 are de�ned by putting:

(2.3.7)

8><>:
eE�i = span

�
C+
y j y 2 !�;j ; j � n� � i

�
; 0 � i < n�;

and eE�n� = 0;eF i� = ( eH 0x�= eE�i )� 0 � i � n�:

The following lemma establishes a very strong property of these �ltrations.

(2.3.8) Lemma. For � 2 �, consider �ltrations eF�;R and eF� de�ned in (2.3.6)
and (2.3.7), respectively, over Z. For � 2 �, and any commutative Z-algebra Z 0,
base change de�nes isomorphisms

(2.3.8.1)

(
(1)Hom

eH(x�
eH= eF i�;R; x� eH)Z0

�!Hom
eH
Z0
((x� eH= eF i�;R)Z0 ;x� eHZ0)

(2)Hom
eH(x�

eH= eF i�; x� eH)Z0
�! Hom

eH
Z0
((x� eH= eF i�)Z0 ; x� eHZ0)

for all i. Also, the Z 0-modules in (2.3.8.1(1)) (resp., (2.3.8.1(2))) are free of rank

rR�;�;i
def
= #fy 2 W j R(y) = �it ; t � m� � i and� � L(y)g (resp., r�;�;i

def
= #fy 2

W j y 2 !�;j ; j � n� � i and � � L(y)g). Finally, for i < j, the natural maps

(2.3.8.2)

(
Hom

eH(x�
eH= eF j�;R; x� eH)Z0 ! Hom

eH(x�
eH= eF i�;R; x� eH)Z0

Hom
eH(x�

eH= eF j�; x� eH)Z0 ! Hom
eH(x�

eH= eF i�; x� eH)Z0

have Z 0-free cokernels, of ranks rR�;�;i � rR�;�;j and r�;�;i � r�;�;j, respectively.

Proof. We give the argument for eF�;R|that for eF� is the same.

If fM; eN 2 Ob(C
eH) are Z-projective, then Hom

eH(
fM; eN) �= Hom

eH(
eN�;fM�). A

similar statement holds for eH 0-modules. Since (x� eH= eF i�;R)� �= eE�;Ri and (x� eH)� �=eHx�, (2.3.8.1) is equivalent to showing that base change
(2.3.8.3) Hom

eH(
eHx�; eE�;Ri )Z0

�! Hom
eH0( eH 0x�; eE�;RiZ0 ); 8i;

de�nes an isomorphism. By Frobenius reciprocity, a morphism f : eH 0x� ! eE�;RiZ0 is

completely determined by specifying x = f(x�) 2 eE�;RiZ0 satisfying �sx = qsx for all
s 2 �. By (2.3.4) and (2.3.6), the possible x are merely all Z 0-linear combinations
of those C+

y such that R(y) = �it for some t � m� � i and � � L(x). Thus, both
sides of (2.3.8.3) are Z 0-free of the same rank, and base change carries a basis of
the left hand side to one of the right hand side.

Finally, the discussion in the previous paragraph shows that the maps in (2.3.8.2)
carry a basis to a subset of a basis of the image spaces. �

With an eye to using (1.2.9), we now establish the following important homolog-

ical result for the �ltrations eF�;R and eF� de�ned in (2.3.6) and (2.3.7), respectively.
Recall that in de�ning these �ltrations, we have �xed a linear ordering compatible
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with inclusion on the power set � of S. Also, observe that eHQ(t2) is a separable
algebra. This fact follows immediately from [AG2; (4.7)], since the �nite group al-

gebra QW is separable. Hence, if Z ! Z 0 is an inclusion of integral domains, eH 0K0

is semisimple over the quotient �eld K 0 of Z. This fact justi�es the parenthetic
assertion in the statement of the theorem.

(2.3.9) Theorem. Let Z ! Z 0 be a homomorphism into an integral domain Z 0
with fraction �eld K 0. Put eH 0 = eHZ0 and assume that eH 0K0 is semisimple. (In

particular, eH 0K0 is semisimple if Z ! Z 0 is an inclusion.) Then:{

(a) For �; � 2 �, we have

(2.3.9.1) Ext 1
eH0
(x� eH 0= eF i�;R; x� eH 0) = 0 8i:

Similarly,

(2.3.9.2) Ext 1
eH0
(x� eH 0= eF i�; x� eH 0) = 0 8i:

(b) For �; � 2 �, both Hom
eH0( eF j�;R; x� eH 0) and Hom

eH0( eF j� ; x� eH 0) are Z 0-free
for all j. They have ranks r�;�� rR�;�;j and r�;� � r�;�;j, respectively, where r�;� =
rR�;�;0 = r�;�;0 is the number #W�nW=W� of W�-W� double cosets in W .

Proof. Assertion (a) follows from (1.2.13) and (2.3.8).

Next, observe that for any j, (2.3.9.1) implies that Hom
eH0( eF j�;R; x� eH 0) identi�es

with the cokernel of the natural map

Hom
eH0(x� eH 0= eF j�;R; x� eH 0)! Hom

eH0(x� eH 0; x� eH 0):
Thus, (b) follows from the �nal assertion of (2.3.8), together with elementary prop-
erties of distinguished double coset representatives. �

We remark that the semisimplicity criterion (4.2.2) below gives necessary and

su�cient conditions for the algebra eH 0K0 in the theorem above to be semisimple.

2.4. Stratifying Hecke endomorphism algebras. As before, let � be the
power set of S; we will make � into a quasi-poset in (2.4.3) below. For � 2 �, leteT� = x� eH, so that eT �� �= eHx� by (2.1.9). Put

(2.4.1) eT =
M
�2�

eT� 2 Ob(C
eH):

For � 2 �, let eF�;R be as in (2.3.6), and de�ne

(2.4.2) eSR� = eF 1
�;R

�= Gr0 eF�;R:
From the de�nitions, eSR� is independent of ordering of �. Also, any nonzero section

Gri eF�;R has the form eSR� for some � 2 � satisfying � � �. Each eSR� is Z-free.

21



(2.4.3) Lemma. Assume that #S > 1, and let � = S 2 � and � = ; 2 �. Let �
be the smallest quasi-poset structure on � containing the set f(�; �) 2 �� � j� �
� or Hom

eH(
eSR� ; eSR� ) 6= 0g: Then #�� � 3. Also, � (resp., �) is the unique maximal

(resp., minimal) element in the quasi-poset �. Further, we have

(2.4.3.1) eSR� �= IND; eSR� �= SGN:

Proof. Clearly, Gr0 eE�;R = eE�;R0 is spanned by C+
w0
, where w0 2 W is the longest

word. By (2.3.2a), Gr0 eE�;R �= IND, so eSR� �= IND� �= IND. Also, Gr0 eE�;R is

spanned by the coset C+
1 + eE�;R1 , so Gr0 eE�;R �= SGN by (2.3.2a) again. Thus,eSR� �= SGN. This proves (2.4.3.1).

For � 6= �, we claim that Hom
eH(
eSR� ; eSR� ) = 0. In fact, any nonzero morphismeSR� ! eSR� , upon taking duals and composing with the quotient morphism eHx� !eSR�� , yields a nonzero morphism f : eHx� ! eSR�� �= IND vanishing on Gr1 eE�;R.

By Frobenius reciprocity, f is determined by f(x�) = cx� (0 6= c 2 Z). Thus,

f(x�) = f(
P
w2�W �w � x�) = cIND(

P
w2�W �w)x� 6= 0. Since x� 2 Gr1 eE�;R, this

contradiction proves our claim. It follows � is the unique maximal element in �.

Since eHQ(t) is semisimple,

Hom
eH(
eSR� ; eSR� ) 6= 0 () Hom

eH(
eSR� ; eSR� ) 6= 0 8�; � 2 �:

If � 2 � satis�es Hom
eH(
eSR� ; eSR� ) 6= 0, then Hom

eH(SGN;
eSR� ) 6= 0. As above, this

implies there is a nonzero morphism eHx� ! SGN. By Frobenius reciprocity, � = �.
Hence, � = ; is the unique minimal element in �.

Finally, #S > 1, so #� > 3, and #�� � 3. �

We are now ready to establish that the algebra eA = End
eH(
eT ) has a strati�cation

of length � 3. By (1.2.8), it su�ces to show that the module category
eAC has a

stratifying system fe�(
)Rg
2� for a quasi-poset � satisfying #�� � 3. In fact,
we will take � = �, the power set of S with the quasi-poset structure de�ned by
(2.4.3).

(2.4.4) Theorem. Assume that #S > 1, let Z 0 be a commutative Z-algebra, and
put eH 0 = eHZ0 . Let eA0 = End

eH0( eTZ0). Then:{
(a) The data consisting of eT =

L
�2�

eT�, eSR� and eF�;R satisfy Hypothesis
(1.2.9).

(b) For � 2 �, put e�(�)R = Hom
eH(
eSR� ; eT ). Then each e�(�)RZ0 is Z 0-free, and

fe�(�)RZ0g� is a stratifying system for
eA0C with respect to the quasi-poset structure

de�ned on the power set � of S in (2.4.3). Also, there is an isomorphism

(2.4.4.1) End
eH(
eT )Z0 �= End

eH0( eTZ0):
Finally, if � = S and � = ;, then e�(�)RZ0 is eA0-projective and has Z 0-rank 2#S,

while 1 = rank e�(�)RZ0 < rank e�(�)RZ0 , � 6= �.
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Proof. Fix an ordering|as per (2.2.2)|on � compatible with the quasi-poset struc-
ture de�ned in (2.4.3). The isomorphism (2.4.4.1) follows from the i = 0 case of

(2.3.8). Next, consider the case Z 0 = Z, writing eA = End
eH(
eT ). For � 2 �, we have

de�ned eSR� ,! eT� and the increasing �ltration eF�;R on eT� which satis�es (1.2.9(1))
(relative to some sequence ��;0 = �; ��;1; � � � ) for the quasi-poset structure � on
� de�ned in (2.4.3). Also, (2.3.9.1) implies that (1.2.9(3)) holds. Next, suppose

that Hom
eH(
eSR� ; eT�) 6= 0 for some �; � 2 �. Then for some ��;i 2 � (corresponding

to a section Gri eF�;R of eT�), Hom eH(
eSR� ; eSR��;i) 6= 0. Thus, by the semisimplicity

of eHQ(t), Hom eH(
eSR��;i ; eSR� ) 6= 0, so that � � ��;i � � by (2.4.3). Thus, (1.2.9(2))

holds, completing the proof of (a).

By (2.3.9(b)), each e�(�)R is Z-free. Thus, by (1.2.10), fe�(�)Rg� is a stratify-

ing system for
eAC. Now apply (1.2.5) to complete the proof that fe�(�)RZ0g� is a

stratifying system for
eA0C. The �nal assertion of (b) follows from the de�nitions. �

In general, e�(�)RZ0 = Hom
eH(
eSR� ; eT )Z0 does not coincide with Hom eH0(eSR�Z0 ; eTZ0).

(In fact, it identi�es with the image of Hom
eH0(x� eH 0; eTZ0) in Hom

eH0(eSR�Z0 ; eTZ0).)
This is a main reason for working in an integral context, even if one is primarily

interested in the endomorphism algebra eA0 over a �eld.
We indicate some important consequences of this result.

(2.4.5) Corollary. Let Z be a discrete valuation ring of characteristic zero.
Then Conjecture [CPS4; (6.4.10)] holds for the group algebra ZW of the �nite
Coxeter group W .

Proof. Indeed, [CPS4; (6.4.10)] is essentially the same as the conclusion of (2.4.4)
for the group algebra ZW , specializing t 7! 1 and using Z 0 = Z.

(2.4.6) Corollary. Assume #S > 1 and let Z 0 be as in (2.4.4). Then the al-

gebra eA0 = End
eH0(eTZ0) has a strati�cation of length � 3. In particular, [CPS4;

Conjecture (6.3.1)] holds.

Proof. The �rst assertion is immediate from (2.4.4) and (1.2.8), and, again the
conjecture mentioned is the case Z = k, t2 7! 1. �

(2.4.7) Corollary. With � as in (2.4.3) and eA0 as in (2.4.4),

Ext i
eA0
(e�(�)RZ0 ; e�(�)RZ0) = 0 8i > 0:

Proof. � is the unique minimal element � and eSR� occurs with multiplicity 1 ineF�;R, so apply (1.2.6) and (2.4.4). �

(2.4.8) Remark. Suppose (W;S) has type Ar�1 and cs = 0, 8s 2 S. Let k be

a �eld of characteristic p > 0. Then End
eH0(eTk) is Morita equivalent to the Schur

algebra S(r; r) over k. Also, e�(�)Rk corresponds to the determinant representation
det for S(r; r). If C denotes the category of rational SLr(k)-modules, there is a full
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embedding Db(S(r;r)C) ,! Db(C) of derived categories (see, e. g., [D; x2], [CPS1;
(4.5), (4.6)]), so (2.4.7) is closely related to the vanishing

(2.4.8.1) Ext iSLr(k)(det; det)
�= Hi(SLr(k); k) = 0 8i > 0:

See [CPSK; (3.4)], where the proof of (2.4.8.1) requires the deep Kempf vanishing
theorem for homogeneous line bundles. Thus, taking note of the isomorphism (1),
we might view (2.4.7) as a kind of \aftershock" of Kempf's theorem in the non-
describing representation theory of �nite groups of Lie type! (Similar remarks hold
for the q-Schur algebras.)

As a special case of (2.4.4), we have the following result concerning the algebras
S(G; k) de�ned in the introduction.

(2.4.9) Corollary. Consider a family G = fG(q)g of �nite groups of Lie type,
and let k be a �eld of characteristic p relatively prime to q. Assume that G(q) has
rank > 1. Let B(q) be a Borel subgroup of G(q). Then the algebras

(2.4.9.1) S(G(q); k) = EndkG(q)

0@ M
P (q)�B(q)

ind
G(q)
P (q)k

1A
have a strati�cation of length � 3.

Proof. Using the isomorphism (1) in the introduction, we see that S(G(q); k) �=
End

eHk
( eTk), where eH is the generic Hecke algebra associated to G and k is viewed

as a Z-module by the mapping t2 7! q. Now apply (2.4.4). �

We next sketch a further interesting application of (2.4.4); a second argument is
indicated after the proof.

(2.4.10) Corollary. Let Z 0 be a commutative Z-algebra. For � 2 �, eSR�Z0 has a
(cohomological) resolution by eH 0-modules each of which is a direct sum of copies of

modules eT�Z0 with � � �.

Proof. We can assume that Z 0 = Z. A standard argument (see [CPS4; (2.3.1)])

based on (1.2.4(2)) shows there is a projective resolution eP � � e�(�)R, in which

each eP i is a direct sum of modules eP (�) with � � �. In this resolution, all ker-

nels and cokernels are �ltered by e�(�)R's. The �ltration eG�;R = eF ��;R of eP (�)
obtained by applying (�)� = Hom

eH(�; eT ) to the �ltration eF�;R of eT� has sec-

tions obtained by applying (�)� to the sections of eF�;R. The argument for [CPS4;
(6.4.8)] shows this process reverses and that, consequently, Ext 1

eA
(e�(�)R; eT ) = 0.

Thus, the desired resolution is obtained by applying the functor Hom
eA(�; eT ) toeP � � e�(�)R. �

One can prove (2.4.10) more directly, using (2.3.8), and even show the resolutions
obtained can be taken to be �nite|details are left to the reader. These resolutions
appear to be dual to the generalizations of the Coxeter complex obtained in [M].
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We conclude this subsection with the following rank 2 result. We will consider

some explicit examples when eH is a Hecke algebra of Lie type in x3.

(2.4.11) Corollary. Assume that eH is a generic Hecke algebra over Z associated
to a �nite Coxeter system (W;S) of rank 2 together with a system fcsgs2S of integral

parameters. For any commutative Z-algebra Z 0, let eA0 = End
eH0( eTZ0). Then the

stratifying system fe�(�)RZ0g� (given in (2.4.4)) is strict. In particular, eA0 has a
standard strati�cation of length � 3.

Proof. By (2.4.4(a)), Hypothesis (1.2.9) holds for the data eT�,eSR� , eF�;R, etc. By
(1.2.8) and the last assertion of (1.2.10), it su�ces to show in (1.2.9(1)) that

(2.4.11.1) ���;i > ��; 8� 2 �; i > 0:

If S = fu; vg, then � consists of the four elements � = ;; � = fug; � = fvg, and
� = fu; vg. Also, � is the unique minimal element and � is the unique maximal
element. Thus, (2.4.11.1) holds trivially if � = � or �. If � = � or �, (2.3.6) implies

that Gr0 eF�;R = eSR� and Gr1 eF�;R = eSR� are the two nonzero sections of eF�;R.
Hence, (2.4.11.1) holds in this case, too. �

Consideration of type B3 shows that this result does not extend to higher rank.
Instead, a role for standard strati�cations, as well as dual left cell modules, is
suggested by Conjecture (2.5.3) in the next subsection.

2.5. More on cell �ltrations. We discuss possible strati�cations arising from

a re�nement of the \Specht modules" eSR� (2.4.2). Even in type A, the module eSR�
is not always a classical Specht module (e. g., as de�ned in [DJ1; x4]), though this

is true for the modules eS� de�ned below.
As in x2.3, let � be the power-set of S and let 
 be the set of left (Kazhdan-

Lusztig) cells in W . The quasi-poset structure �L on W induces a poset structure,
still denoted �L, on 
. (In fact, (
;�L) is the poset associated to the quasi-poset
(W;�L).)

Consider the dual left cell �ltration eF = eFS on eH = x; eH de�ned in (2.3.7). For

! 2 
, let eS! be the corresponding dual left cell module|i. e., if ! = !i, theneS! = Grm�i eF . For � 2 �, eS!�;i �= Grn��i eF�, where the !�;i and the (increasing)

dual left cell �ltration eF� of eT� = x� eH is de�ned in (2.3.7).

For ! 2 
, e�(!) = Hom
eH0(eS!; eT ) 2 Ob(

eAC) is the corresponding left cell module

for eA = End
eH(
eT ).

(2.5.1) Theorem. Let Z 0 be a commutative Z-algebra, and put eA0 = End
eH0( eTZ0).

Then eA0 = L�2�
eP (�)Z0 , where eP (�) = Hom

eH(
eT�; eT ). Each eP (�)Z0 has a (de-

creasing) �ltration eG�;Z0 satisfying Grn��i
eG�;Z0 �= e�(!�;i)Z0. Finally, for ! 2 
,e�(!)Z0 is Z 0-free.

Proof. First, suppose Z 0 = Z. The �ltration eG� = ( eF�)� (in the notation of (1.2.3))
has the required property, using (2.3.9.2). By (2.3.9(b)), for ! 2 
, e�(!) is Z-free.
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This proves the theorem when Z 0 = Z. The general case follows by base change
and (2.4.4.1). �

Except in type A, one does not know that (1.2.4(2)) holds for appropriate sum-

mands eP (!) of eP (�). We expect that this �ltration condition does hold if we replaceeA0 by a larger endomorphism algebra:

(2.5.2) Conjecture. Suppose that eH is a Hecke algebra of Lie type over Z (cf.

x2.1). There exists eX 2 Ob(C
eH) such that:

(1) eX has a (increasing) �ltration with sections of the form eS!, ! 2 
.

(2) Let eT+ = eTL eX, and let Z 0 be any commutative Z-algebra. Put eA+
Z0 =

End
eH0(eT+

Z0) and, for ! 2 
, e�+(!)Z0 = Hom
eH0(eS!; eT+)Z0 : Then fe�+(!)Z0g! is a

strict stratifying system relative to the quasi-poset (
;�op
LR) for the module category

eA+
Z0

C.

(2.5.3) Remarks. (a) Of course, eA0 = e eA+
Z0e for the idempotent projection

e : eT+
Z0 ! eTZ0 . Thus, eA0 is in some sense approximated by eA+

Z0 . The approximation

is good if eX is small or naturally de�ned. Corollary (2.4.11) and its proof show

that the Conjecture is true (with eX = 0) in the rank 2 cases when eH is untwisted.
(Observe that �L=�R for dihedral groups in the untwisted cases.)

(b) Observe that the existence of �ltrations by e�(!)Z0 's in (2.5.1) is a non-trivial
consequence of (2.5.2), since e�(!) �= ee�+(!).

(c) We will prove that Conjecture (2.5.2) holds for all rank 2 Hecke algebras of
Lie type in x3 below. In [DPS], we give a proof of the conjecture in type A. Of

course, in that case, it is known that eA is Z-quasi-hereditary.

3. Rank 2 examples

Section 3.1 lays the foundation|and, at the same time, nicely illustrates the
Brauer theory from x1.1|for checking (1.3.2) whenW has type B2 or G2. We then
consider three examples xx3.2|3.4 where Hypothesis (1.3.2) holds, and hence the
algebra A has an interesting standard strati�cation. In fact, this is true for all rank
2 examples by (2.4.11), though our veri�cation through (1.3.2) has the advantage

of yielding more detailed information. In particular, we can split the modules eT�k
and eSR�k of x2.4 into indecomposable components. This works, on a case-by-case
basis, for all Lie type rank 2 examples, though we are content here to illustrate
the method in the three cases presented. Finally, in x3.5 we verify that Conjecture
(2.5.2) holds in all rank 2 cases.

3.1. Hecke algebras of rank 2. Consider a Coxeter system (W;S) with S =
fu; vg, where u2 = v2 = 1, and uv has order m. In (2.1.1), we write qs = t2cs 2
Z = Z[t2; t�2], s 2 S, where the index parameters cs are associated to a family G
of �nite groups of Lie type. We consider the two cases m = 4; 6.

Form the local triple (O; K; k) in which O = Z[t2](p;�), where p is a prime integer

and � 2 Z[t2] is a cyclotomic polynomial. Thus, O is a regular local ring of Krull
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dim. 2. Also, q; qu; qv will denote the images of t
2; qu; qv in either K or k. As noted

in x4, eHK is a split semisimple algebra over K. Write H = eHk and let Irr(H)
denote the set of distinct irreducible H-modules.

There are four linear characters for eHK , described as follows:

(3.1.1)

�1 = IND :

�
�u 7! qu

�v 7! qv
; ��1 = SGN :

�
�u 7! �1
�v 7! �1

�10 :

�
�u 7! qu

�v 7! �1 ; ��10 :

�
�u 7! �1
�v 7! qv:

Each of ��1; ��10 de�nes a linear character for H, denoted by the same symbol.
They need not be distinct, but all linear characters are included among them.

When m = 4, there is one further irreducible representation for eHK . It has
degree 2 and is de�ned by:

(3.1.2) �2 : �u 7!
�
�1 1

0 qu

�
; �v 7!

�
qv 0

qu+qv �1

�
:

When m = 6, there are two further irreducible representations for eHK :

(3.1.3) �2 :

(
�u 7!

�
�1 1
0 qu

�
�v 7!

�
qv 0
b �1

� ; �20 :

(
�u 7!

�
�1 1
0 qu

�
�v 7!

�
qv 0
d �1

� ;
where b = qu + qv +

p
quqv and d = qu + qv �pquqv. See [CR; (67.14)].

Formulas (3.1.1){(3.1.3) already give natural eHO-lattices for the representations
involved, so they de�ne representations for H, denoted by the same symbols. By
(1.1.2(a)), any irreducible H-module is a composition factor of some �i. Since

dim �i � 2 and the 1-dimensional modules for eHk0 , k
0 an extension �eld of k, are

already de�ned over k, if a given �i is an irreducible H-module, then it is absolutely
irreducible. Hence, H=rad(H) is split semisimple, so (1.1.3) applies. In practice,
the decomposition matrix D can be easily determined, then the Cartan matrix
C = D �DT computed. Given �i, let P (i) denote the projective cover of �i. Since
H is a symmetric algebra (cf. (2.1.7)), soc(P (i)) �= head(P (i)). When informally
describing modules by their Loewy series, we abbreviate �i to i.

By (4.2.2), if p is good for (W;S) and dW (q) 6= 0 in k, then H is semisimple. For
the possible G of type B2 and G2, the dW are:

(3.1.4) dW =

8>>>>><>>>>>:

(1) (1 + q)2(1 + q2) m = 4; qu = qv = q

(2) (1 + q)(1 + q2)(1 + q3) m = 4; qu = q; qv = q2

(3) (1 + q2)(1 + q3)(1 + q5) m = 4; qu = q2; qv = q3

(4) (1 + q)2(1 + q2 + q4) m = 6; qu = qv = q

(5) (1 + q)(1 + q3)(1 + q4 + q8) m = 6; qu = q; qv = q3:

For s = u; v, let xs = �s + 1. Put T =
L

��S ind
H
H�
�1 = H � xuH � xvH � �1:

We consider possible standard strati�cations for the algebra A = EndH(T ) by
verifying Hypothesis (1.3.2) and applying (1.3.3). The quasi-poset � will always
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satisfy �� = f�1; �0; �1g with �1 < �0 < �1. Denote elements of the �ber of � ! ��
over �i by i; i0; i00, etc.

In each of the examples below, we provide enough detail so that the reader can
easily verify that the four conditions in (1.3.2) hold. In each case, the Y� are
su�ciently small that the required �ltration F� is clear once the \Specht modules"
S� have all been indicated.

3.2. Example: m = 4, q = qu = qv = �1, p > 2. This Hecke algebra H over k
is associated to the �nite groups Sp4(q), where here q is a prime power satisfying

q � �1 (mod p). Here Irr(H) = f�1; �2g, and C =
�
4 0

0 1

�
(indexing the rows

and columns by �1; �2). By direct calculation, xuH �= �2 � � and xvH �= �2 � �,
where �; � are 2 dimensional modules which de�ne a basis for Ext 1H(�1; �1)

�= k2.
(Note that dim HomH(xuH; xvH) = 2.) Thus, T �= P (1) � ��42 � � � � � �1

and P (1) =
1

1

1
1
: (In this diagrammatic representation, successive rows

represent Loewy layers in the module; empty boxes are present largely for visual
clarity.) Put Y�1 = P (1), Y0 = �, Y00 = �, Y000 = �2, and Y1 = �1. If S� = soc(Y�),
� 2 �, it is easy to check that (1.3.2) holds. (However, condition (1.2.9(3)) obviously
fails over k, since Ext 1H(�1; �1) 6= 0.)

It is also easily seen from the above that the modules eSR�k obtained from (2.4.2)
are S�1; S000 � S00 , S000 � S0, and S1 for � = ;, fug, fvg, and fu; vg, respectively.
The modules eSR�k are also dual left cell modules eS!k as de�ned in x2.5. The algebra
A = EndH(T ) is quasi-hereditary, as can be veri�ed using [CPS4; (3.1.5)]. The
latter provides necessary and su�cient conditions for an endomorphism algebra as
in (1.3.2) to be quasi-hereditary.

3.3. Example: m = 4, qu = q; qv = q2 = �1; p > 2. The Hecke algebra H
is that associated to the �nite groups SU4(q), where q

2 � �1 (mod p). Here
Irr(H) = f��1; �2g, C = diag(2; 2; 1) and T �= P (1)�2���1�P (�1)���42 ���21 .
Here P (i), i = �1, is a self-extension of �i by itself. Observe that xuH �= P (1)��2
and xvH �= �1 � ��1 � �2. Let Y�1 = P (�1); Y0 = ��1; Y00 = P (1); Y000 = �2, and
Y1 = �1. Then (1.3.2) holds if S� = soc(Y�) for all �.

Here eSR�k identi�es with S�1, S000 �S00 , S000 �S0 and S1 for � = ;; fug; fvg, and
fu; vg, respectively. However, the dual left cell modules eS!k identify with the Si.
The algebra A = EndR(T ) is quasi-hereditary in this case.

3.4. Example: m = 6, qu = q 6= �1, qv = q3 = �1, q2 � q + 1 = 0, p >
2. Here H is associated to the �nite Steinberg groups 3D4(q; q

3), where q 6� �1
and q3 � �1 (mod p). Then Irr(H) = f�1; ��1; �2g and C =

�
3 1 0

1 3 0

0 0 1

�
: Thus,

P (1) =
�1

1

1
1

and P (�1) =
1

�1

�1
�1

, respectively. Since e = 1
2xv is

an idempotent, xvH �= P (1)��2. Also, xuH �= Y ��2 with Y = 1
�1

�1
1

: (Use

that dim EndH(xuH) = 4.) So we have T = P (�1)� P (1)�2 � ��42 � Y � �1: Put
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Y�1 = P (�1) with S�1 = soc(Y�1), Y0 = P (1) with S0 = rad(Y0), Y00 = Y with

S00 = �1
�1

1
; and Y000 = �2 = S000 . Finally, let Y1 = S1 = �1. Then (1.3.2)

holds.
Here the modules eSR�k identify with S�1, S00 � S000 , S0 � S000 , and S1 for � = ;,

fug; fvg, and fu; vg, respectively. Each module S0�S000 and S00�S000 has a length
two �ltration with two dual left cell modules eS!k as sections, corresponding to the
left cells ! = B;C1; and C2 in the notation of (3.5) below). The �ltrations are of

the form
B

C1
and

B

C2
, and the order cannot be changed (i. e., B cannot appear

below Ci.) The modules S0 and S00 are not direct summands of any dual left cell
modules. The algebra A = EndH(T ) is not quasi-hereditary.

In the same spirit, the other Hecke algebras of Lie type can be analyzed for the
various families G = fG(q)g of rank 2 groups of Lie type and the various possible
congruence relations on q (mod p). There are a total of 26 non-semisimple examples,
as follows by applying (4.2.2) below.

3.5 The conjecture in rank 2 case. We now verify Conjecture (2.5.2) in the
rank 2 case. The untwisted rank 2 case follows from (2.4.11), since the right set
cells agree with the Kazhdan-Lusztig left cells. Thus, the conjecture holds in this

case with eX = 0. There are total 4 twisted cases, three of which are described in
(3.1.4(2,3,5)). The following is a complete list for all cases, each of which is followed
by the system (cu; cv).

(3.5.1)

8>>><>>>:
(1) 2A3; (1; 2)

(2) 2A4; (2; 3)

(3) 3D4; (1; 3)

(4) 2F4; (2; 4):

By [L2] and [X; p.17]7, the left cells for all cases are of the form

(3.5.2)
A = fw0g; B = fuw0g; C1 = fw 2W j R(w) = ugnfug

C2 = C1w0; D = Bw0; E = Aw0

and the two-sided cells are A;B;C = C1 [ C2; D;E.

(3.5.3) Theorem. Conjecture (2.5.2) holds for the Hecke algebras of types given
in (3.5.1).

Proof. Using (3.5.2), we explicitly write down the dual left cell �ltrations on the

various eT� = x� eH:

eH =

A

B

C1�C2
D

E

xfug eH =
A

C1
D

xfvg eH =
A

B

C2

xS eH = A :

7The cell structure for 2F4 has been worked out in [DR].
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Here dual left cell modules are denoted by the same symbol as the left cell itself.
Also, the modules C1 and C2 are isomorphic. This follows since the module C1

is isomorphic to the submodule Mvu of xfvg eH spanned by fC+
vuC

�
w gw2C2 , while

the module C2 is spanned by fxfvgC�y gy2C1 . Here C�w = q
�1=2
w Cw is the modi�ed

Kazhdan-Lusztig Cw-basis for H (cf. (2.3.2)). Now Mvu = C2 gives the isomor-
phism between C1 and C2. Since B apparently does not appear as a submodule in
any of the �ltrations above, there is no obvious way to standardly stratify

eAC using
the eS�. (See also x3.4 above.) However, let eT+ = eT � eX where eX = A

B
. We claim

that (1.2.9) applies and therefore, the conclusion of Conjecture (2.5.3) is satis�ed.
Indeed, all the conditions of (1.2.9) clearly hold, except possibly the homological

condition (1.2.9(3)). By (2.3.9.2), it su�ces to prove that Ext 1
eH
(eT�=F i�; eX) = 0

for all i. Using (1.2.13), this vanishing property will follow provided we prove that
base change de�nes a surjection

Hom
eH(
eT�=F i�; eX)Z0 ! HomH0( eT�Z0=F i�Z0 ; eXZ0):

Taking duals, it is equivalent to show that

(3.5.3.1) Hom
eH(
eE1
fvg;

eEi�)Z0 ! HomH0( eE1
fvgZ0;

eEi�Z0)
is surjective. Since eE1

fvgZ0 is a submodule of eHxfvg generated by C+
w0
; C+

uw0
, each

map f belonging to the right hand side of (3.5.3.1) is de�ned by the images x =
f(C+

uw0) and y = f(C+
w0). Clearly, y = �C+

w0 for some � 2 Z 0 and �vx = qvx. So
we may write

x =
X

L(w)=fvg;R(w)=�

�wC
+
w :

Since �uC
+
uw0

= �C+
uw0

+ C+
w0

by (2.3.2a), we have

�ux = f(�uC
+
uw0

) = �f(C+
uw0

) + �C+
w0
:

On the other hand, using (2.3.2a) again, we obtain

�ux =
X
w 6=w0

�w(�C+
w + C+

uw + hw) + qu�w0C
+
w0

= �f(C+
uw0

) +
X
w 6=w0

�w(C
+
uw + hw) + qu�w0C

+
w0
:

Thus,
P
w 6=w0

�w(C
+
uw+hw)+qu�w0C

+w0 = ��w0C+
w0

+�C+
w0
. So, if w0 = uw for

some w with L(w) = fvg and R(w) = �(= fvg), then hw = 0 and �w + qu�w0 =
��w0 + �, and all other �w = 0 by induction on the length of w. Thus, in this
case, x = (� � (qu + 1)�)C+

uw0
+ �C+

w0
for some � 2 Z 0. Hence, each f is de�ned

by a pair (�; �) and therefore, the elements de�ned by (1; 0) and (0; 1) form a basis
which is independent of Z 0.

If w0 6= uw for all such w 6= w0, then �w = 0 for all w 6= w0 and (qu+1)�w0 = �.
So � = �w0 = 1 and � = qu+1 de�ne a map which forms a basis over any Z 0. This
proves (3.5.3.1) �
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4. Appendix: Modular Hecke algebras

The semisimplicity criterion (4.2.2) below was obtained by Gyoja [Gy; (3.9)],
who discussed more general symmetric algebras over commutative rings and mul-
tiparameter Hecke algebras. (See also [G; (1.3.8)] and [GR; (4.3), (5.3)]. The most
essential cases were also discussed in [F].) Our proof, obtained independently, is
similar in spirit to [Gy], but di�ers in our use of matrix units, the Brauer theory
(especially the existence of lattices) of x1.1, as well as our focus on the Hecke al-
gebra case. The resulting argument is shorter and more direct for our context; in
particular, no results on W -graphs are required.

4.1 Generic degrees. For a system G of �nite groups of Lie type, consider the

generic algebra eH0
8 over Z0 = Z[t; t�1] as given in (2.3.1). Assume that eHQ(t)

�=eH0 
Z0 Q (t) is a split semisimple algebra over Q (t). By [BC] and [L1], this holds
for all Lie types except 2F4. (For a discussion of the exceptional case, see (4.2.3)

below.) Each � 2 Irr( eHQ(t)) (= set of irreducible characters of eHQ(t)) determines a

central primitive idempotent e� 2 eHQ(t) given by

(4.1.1) e� =
d�
dW

X
w

��1w �(�w�1)�w; �w = IND(�w) 2 Z

where d� 2 Z[t2] is the generic degree of � and dW =
P

w �w. (In this section, we
reserve the notation qw for the image of �w in a �eld k.) It is known that

(4.1.2) d� =
1

m
ta�1 � � ��b;

where the �i are cyclotomic polynomials in t
2 and m is a product of bad primes

for the ambient algebraic group associated to G; see [C; Ch. 13].9
Summing (4.1.1) over Irr( eHQ) gives

P
�
d�
dW

��1w �(�w) = �w;1, after equating �w-

coe�cients (since �w = �w�1 and �(�w) = �(�w�1)). The coe�cient of �1 in �w�y�1

is �w�w;y, so
P
�
d�
dW

��1w �(�w�y�1) = �w;y. Hence,

(4.1.3)
X
�

X
w

d�
dW

��1w �(h�w�1)�w = h; 8h 2 eHQ(t):

For � 2 Irr( eHQ(t)), let �
� : eHQ(t) ! Mn�(Q(t)), h 7! (��ij(h)), be a matrix

realization. Let fij 2 eHQ(t)e� satisfy ��(fij) = eij , the (i; j)-th matrix unit in

Mn�(Q(t)). For  2 Irr( eHQ(t)),  (fij�w�1) = � ;��
�
ji(�w�1), so (4.1.3) implies that

(4.1.4) fij =
d�
dW

X
w

��1w ��ji(�w�1)�w; 1 � i; j � n�:

8One reason for choosing eH0 over eH here is that, when eH0 is untwisted (i. e., when all cs = 1),

Lusztig [L1] has de�ned an isomorphism eH0Q(t)
�

! Q(t)W ; hence eH0Q(t) is a split semisimple

algebra. Except in types E7; E8, the same result holds for the algebras eHQ(t2 ). This fact was

proved earlier by Benson-Curtis [BC], who also consider the twisted eH.
9A prime which is not bad is called good. In types An; 2An all primes are good. In types

Bn; Cn;Dn;
2Dn;

2Bn;
3D4 all primes are good, except p = 2. For F4; E6;

2F4;
2E6; E7; G2;

2G2

all primes are good, except p = 2; 3. Finally, in type E8, all primes are good, except p = 2; 3; 5.
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4.2. Modular Hecke algebras. Fix a �eld k of characteristic p > 0, choose
0 6= q

1
2 2 k, and let � : Z ! k be the ring homomorphism satisfying �(t) = q

1
2 .

We distinguish two cases:

CASE 1: q
1
2 is transcendental over Fp . Form the local triple (O;Q(t); Fp(t)), for

the discrete valuation ring O = Z(p).

CASE 2: q
1
2 is algebraic over Fp . Form the local triple (O;Q(t); k0), where

O = Z(p;�) is a regular local ring of Krull dim. 2 (and � is a suitable cyclotomic
polynomial). Also, we need the local triple (O0; K 0; k0), where O0 = O=(p) is a
discrete valuation ring and K 0 = Fp(t).

List Irr( eHQ(t)) as �1; � � � ; �n, and, using (1.1.1), let eX1; � � � ; eXn be eHO-lattices,
respectively, for the corresponding irreducible eHQ(t)-modules X1; � � � ;Xn. For each
t, put �Xt = eXtk0 2 Ob(C

eHk0
). Now we prove the following irreducibility result.

(4.2.1) Theorem. Suppose for some t, 1 � t � n, we have that d�t=dW 2 O.
Then the eHk0-module �Xt is an absolutely irreducible projective module.

Proof. Write � = �t, X = Xt, etc. In x4.1, the matrix realization �� can taken

relative to an O-basis of eX. By (4.1.4), each fij 2 eHO because d�=dW 2 O. Thus,
��(e� eHO) = Mn�(O), so �X is absolutely irreducible. Finally, e� 2 eHO de�nes a

central idempotent �e� 2 eHk0 . If s 6= t, �Xs�e� = 0 since ��s(e�) = 0, while �e� acts
as the identity on �X. So (1.1.2) implies that �e� is a central primitive idempotent

in eHk0 . Since dim eHk0�e� = (dim �X)2, �X is projective. �

We now prove a general semisimplicity criterion. Compare [F] and [Gy]. We
emphasize that in the following theorem q denotes an arbitrary nonzero element
in a �eld k, and not necessarily the image of a prime power (associated to the
family G) in k. Even if one is ultimately interested in the prime power case, the
semisimplicity of the other specializations can be quite relevant (e. g., one might
want to apply (2.3.9) to the Hecke algebra over the ring of Laurent polynomials
over a �nite �eld, where q would again be a prime power).

(4.2.2) Theorem. Let k be a �eld of characteristic p > 0 and let 0 6= q
1
2 2 k.

Then eHk is semisimple if and only if p is a good prime for (W;S) and

(4.2.2.1)
X
w2W

qw = �(dW ) 6= 0:

When eHk is semisimple, it is split semisimple.

Proof. Assume that p is good and dW (q) 6= 0. Then (4.1.2) implies each d�t=dW 2
O. By (4.2.1), �Xt 2 Ob(proj( eHk0)) is absolutely irreducible. By (1.1.2), every

irreducible eHk0 -module must be isomorphic to some �Xt. Therefore, eHk0 and henceeHk = eHk0 
k0 k are split semisimple.

Conversely, assume that eHk is semisimple. Then eHk0 must also be semisimple,
so can assume that k = k0. We treat the two CASES above separately:
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CASE 1: Since eHQ(t) is split semisimple, [CR; 1, Ex. 16, p. 142] implies that any

idempotent �e 2 eHk lifts to an idempotent e 2 eHO. Suppose �e is primitive. Then

e is primitive in eHQ(t) (by (1.1.2(b))). Thus, e eHQ(t)e �= Q (t), whence e eHOe �= O
and �e eHk�e �= k. Thus, eHk is split. Also, central primitive idempotents in eHk lift

to central primitive idempotents in eHO (op. cit.), and every e� is the lift of an

idempotent (so lies in eHO).
Suppose that p is not good. By [C; Ch. 13], we can choose �i 2 Irr( eHQ(t)) so

that in (4.1.2) pjm. Necessarily, �Xi is irreducible; see, e. g., [CPS4; (1.5.2(d,e)].

Since e�i 2 eHO, (4.1.1) implies �i(�w) 2 m, 8w 2 W , Thus, any h 2 eHk has zero
trace on �Xi, which is absurd. Hence, p is good, while dW (q) 6= 0, trivially.

CASE 2: Since eHk is semisimple, eHK0 is also semisimple. By CASE 1, p is good.

Finally, let �e 2 eHk0 be the primitive idempotent corresponding to IND. Then
�e = c

P
w �w, 0 6= c 2 k0 so �e2 = cdW (q)�e and dW (q) 6= 0, as required. �

(4.2.3) Remarks. (a) When W has type A, (4.2.2) has been proved by Dipper-
James [DJ2]. In type B, see Dipper-James [DJ4] and Dipper [D1].

(b) In type 2F4, eHQ(t) splits after
p
2 is adjoined. One can easily modify the

arguments above to conclude that (4.2.2) holds in case
p
2 2 k.
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