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Abstract. Quantum Weyl reciprocity relates the representation theory of Hecke
algebras of type A with that of q-Schur algebras. This paper establishes that Weyl
reciprocity holds integrally (i. e., over the ringZ[q;q�1] of Laurent polynomials) and
that it behaves well under base-change. A key ingredient in our approach involves the
theory of tilting modules for q-Schur algebras. New results obtained in that direction
include an explicit determination of the Ringel dual algebra of a q-Schur algebra in
all cases. In particular, in the most interesting situation, the Ringel dual identi�es
with a natural quotient algebra of the Hecke algebra.

Weyl reciprocity refers to the connection between the representation theories of
the general linear group GLn(k) and the symmetric group Sr . Let V be a vector
space (over a �eld k) of dimension n and form the tensor space V 
r. The natural
(left) action of GLn(k) on V 
r commutes with the (right) permutation action of
Sr. Let A (resp., R) be the algebra generated by the image of GLn(k) (resp., Sr)
in the algebra End(V 
r) of linear operators on V 
r. Classically [We], when k = C ,
these algebras satisfy the double centralizer property

(1) a) A = EndR(V

r) and b) R = EndA(V


r):

Further, the set �+(n; r) of partitions of r into at most n nonzero parts indexes both
the irreducibleA-modules L(�) and the irreducibleR-modules S�. The L(�) are the
irreducible polynomial representations of GLn(C ) of homogeneous degree r, while
the S� are Specht modules for Sr. Weyl reciprocity also entails the decomposition

(2) V 
r =
M

�2�+(n;r)

L(�)
 S�

of the tensor space into irreducible (A;Rop)-bimodules.
When k has positive characteristic p, property (1) remains true, but it is more

di�cult to establish; see [CL; (3.1)] for the equality (1a) and [dCP; (4.1)] or [D2;
x2 Cor.] for (1b). (The latter is easy when n � r.) The set �+(n; r) still indexes
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Irr(A), while Irr(R) is indexed by the subset �+(n; r)p�reg of p-regular partitions.
The decomposition (2) no longer holds, in general.

The Hecke algebraH of type Ar�1 arises as a q-deformation of the group algebra
kSr. Motivated by physics, Jimbo [Ji] gave a corresponding action of H on V 
r

deforming the permutation action of Sr . In the generic case (k = C and q 2 C is
\general"|i. e., not a root of 1), he gave a quantum version of Weyl reciprocity,
similar to the classical situation. In his theory, the quantum enveloping algebra
Uq(gln) played the role of GLn(k) above (while A is the q-Schur algebra Sq(n; r)).
Later, entirely di�erent considerations in �nite group representation theory led
Dipper and James [DJ1&2] independently to make similar constructions; the name
\q-Schur algebra" is due to them.1

This paper considers quantum Weyl reciprocity when k and q are arbitrary,
and the related theory of tilting modules for q-Schur algebras Sq(n; r). There is
a surjective homomorphism Uq1=2 = Uq1=2 (gln) ! Sq(n; r). A self-dual Sq(n; r)-
module X is a tilting module if, when regarded as a Uq1=2 -module, it has a �ltration
with sections isomorphic to q-Weyl modules. In the more general context of quasi-
hereditary algebras, Ringel [R] established the existence of a rich supply of tilting
modules. Tilting modules have remarkable homological properties, giving rise, for
example, to interesting equivalences of derived categories Db(A)

�
! Db(B) if B is

the endomorphism algebra of a full tilting module for A. In this case, B is called
the Ringel dual of A (though it is only determined up to Morita equivalence); it is
also a quasi-hereditary algebra.

In [DPS1,2], we used Kazhdan-Lusztig cell theory methods to study Hecke en-
domorphism algebras of importance in the representation theory of �nite groups G
of Lie type over �elds of positive characteristic distinct from the de�ning character-
istic of G. Those methods remain e�ective in the present paper. In particular, the
\strong homological property" of cell �ltrations, discovered in [DPS1] and reviewed
in (3.5) below, plays an essential role in several places, e. g., in our generalization
of (2) above in Theorem 6.8. Also, new and simple proofs of a number of results
(from [dCP], [D1], [E1]) involving the representation theory of GLn and Sr result
by setting q = 1. Because we largely work in an integral, or characteristic-free,
setting, many of our results are new even in the q = 1 case.

We now outline the contents of this paper. Section 1 discusses general represen-
tation theoretic facts for Hecke algebras associated to a �nite Coxeter system. We
apply these in x2 to study certain Hecke endomorphism algebras A. In particular,
Theorem 2.5 presents a candidate for a full tilting module for A. Section 3 treats
various \cell modules" which play an important role in the theory of q-Schur alge-
bras in x5. Section 4 collects information concerning quasi-hereditary algebras and
their tilting modules. In (5.5), we give a direct proof that V 
r is a tilting module
for Sq(n; r). A consequence, Theorem 5.7, establishes an important base change
property for q-tensor space which plays an essential role in x6.

Section 6 takes up quantum Weyl reciprocity. Making use of an interesting
new basis for the q-Specht modules given in (6.1), Theorem 6.2 describes Rop very
explicitly as a quotient algebra of the Hecke algebra H. The proof is almost self-

1If k has positive characteristic p, the q-Schur algebras play a central role in the representation
theory of the �nite general linear groups GLn(Fq) when p and q are relatively prime; see [DJ2].
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contained, using only (5.7) mentioned above. The double centralizer property (1)
then follows easily in Theorem 6.3. In the special case q = 1, we obtain a new
proof of the double centralizer result of [dCP]. Although the decomposition (2)
fails in general, Theorem 6.8 establishes that V 
r does have an (A;Rop)-bimodule
�ltration analogous to (2). The existence of such a �ltration plays a crucial role in
our determination in Theorem 7.9 of x7 of the Ringel duals of q-Schur algebras. In
the classical q = 1 case, Donkin [D1; (3.6)] observed a connection between tilting
modules and \twisted" permutation modules. [CPS2; (5.2)] used a similar idea to
give a combinatorial2 approach to Schur algebra tilting modules, realizing the latter
in characteristic 6= 2 as modules of intertwining operators between \twisted" per-
mutation modules and permutation modules. While we �nd that this description
generally remains valid here, a second (and perhaps equally interesting) realization
of tilting modules given in Theorem 2.5 proves essential in treating all specializa-
tions of q and all characteristics; see (7.4), (7.7). Also, (7.10) describes connections
with more recent work of Donkin.

Section 8 �rst recasts, in a q-setting, recent work of Erdmann [E1] concerning
decomposition numbers for symmetric groups andWeyl modules. As in the classical
case, the decomposition numbers of the Hecke algebra H are determined in terms
of �ltration multiplicities for tilting modules; see (8.3). Finally, suppose that q is
a primitive lth root of unity satisfying n < l. Then Theorem 8.6 establishes that

H(n; r)
def
= EndSq(n;r)(V


r)op is quasi-hereditary; in fact, H(n; r) identi�es with
the Ringel dual of Sq(n; r).

Some notation. Unless otherwise stated, Z =Z[q; q�1], the ring of integral Lau-
rent polynomials in a variable q, and Q(q) is its �eld of fractions. If Z 0 is a com-

mutative Z-algebra and fM is a Z-module, put fMZ0 = fM 
Z Z
0. When clear from

context, denote fMZ0 by fM 0.
The reader should take careful note of the \tilde" notation used thoughout this

paper: Usually, the notation fM denotes a Z 0-module, where Z 0 is some �xed com-
mutative Z-algebra (e. g., Z 0 = Z). However, if a �eld k is a Z 0-algebra, we often

write M for fMk.
Given a ring R, RC (resp., CR) is the category of �nitely generated left (resp.,

right) R-modules. If an R-module M has a composition series, then [M : L] is the
multiplicity of the irreducible module L as a composition factor of M . Let Rop be
the opposite ring of R. If M is a left (resp., right) R-module, let Mop be the right
(resp., left) Rop-module obtained from the action of R on M .

For an R-module M , we consider (�nite) �ltrations F� : 0 = F0 � F1 � � � � �
Ft = M of M by submodules Fi. The Fi=Fi�1 are called the sections of F�, with
F1 = F1=F0 the bottom section and Ft=Ft�1 the top section. If � is a �xed family
of R-modules and if each section Fi=Fi�1 2 �, then F� is called a �-�ltration.
Let RC(�) denotes the subclass of Ob(RC) consisting of objects which have a �-
�ltration.

If e 2 R is an idempotent and M 2 Ob(RC), HomR(Re;M) identi�es with the
eRe-module eM by means of f 7! f(e), f 2 HomR(Re;M). It will be convenient

2The method of [D1] involved algebraic groups and Hopf algebra structures, whereas [CPS2]
and the present paper are essentially combinatorial in nature.
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to have a general characterization of this property in the following way: Given
a 2 R and M 2 Ob(RC), let TrR(a;M) = ff(a) j f 2 HomR(Ra;M)g. Since any
module map f : Ra ! M is determined by the image f(a), f 7! f(a) de�nes an

additive group isomorphism HomR(Ra;M)
�
! TrR(a;M). For m 2 M , the map

Ra ! M , ra 7! ram, is an R-module map (the restriction to Ra of an obvious
map R ! M). Hence, aM is a subgroup of TrR(a;M). By de�nition, a 2 R is
almost-idempotent w.r.t. M if TrR(a;M) = aM , or, equivalently, if f(a) 2 aM
for every f 2 HomR(Ra;M). The usefulness of such a property was perhaps �rst
suggested, though not formalized, by [DJ2; (2.7)].

(0.1) Lemma. Let R be a ring, e 2 R an idempotent, and M 2 Ob(RC). Let a 2
eRe be almost-idempotent w.r.t. the eRe-module eM . Then a is almost-idempotent

w.r.t. the R-module M , and restriction HomR(Ra;N)
res
! HomeRe(eRa; eN) is a

natural isomorphism of abelian groups for every R-submodule N �M . In particu-
lar, for M = Re and a; b 2 eRe with a almost-idempotent w.r.t. eM , we have an
isomorphism

(0.1.1) HomR(Ra;Rb) �= HomeRe(eRa; eRb):

We leave the proof to the reader as an exercise, using the de�nition above.
Observe in the second assertion that HomeRe(eRa; eN) identi�es with eN \aeM =
N \ aM .

Although the above has been cast for RC, an evident version holds for CR.

(0.2) Remark. In the context of [DJ2; (2.7)], or any situation in which M is a
faithful R-module, the property that a is almost-idempotent is equivalent to the
double annihilator property for aM in M :

(0.2.1) aM = fm 2M j rm = 0 for every r 2 R with raM = 0)g:

In general, even if M is not faithful, the double annihilator property for aM in M
implies that a is almost-idempotent with respect to M .

Yet a third property, one which implies the double annihilator property, is the
annihilator property which says that for some subset S � R, we have

(0.2.2) aM = fm 2M j sm = 0 for all s 2 Sg:

This property is often the most natural one to check, cf. the proof of (1.4e) below,
but sometimes (0.1) is more natural, in the presence of a natural idempotent e. (See
the proof of (2.3b).) With regard to (0.1), observe that if (0.2.2) applies for the
ring eRe for some S � eRe and a 2 eRe, then to show that a is almost-idempotent
in R w.r.t. M , we can again use (0.2.2) with the (somewhat unnatural) subset
S + (1 � e).

1. Hecke algebras. Let (W;S) be a �nite Coxeter system. Let � be the Bruhat-
Chevalley poset structure on W and let ` :W !Zbe the usual length function.

Let P(S) denote the power set of S. Consider a �nite poset � and a �xed (ar-
bitrary) function J : �! P(S). The poset � will serve as a \weight" poset in our
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theory and the role of the function J is to adjust the multiplicities of direct sum-
mands in a \tensor" space. We will assume for simplicity that J is surjective. For
� 2 �, W� = hs j s 2 J(�)i is the associated parabolic subgroup; thus, (W�; J(�))
is again a �nite Coxeter system. For convenience in the sequel, we will usually
identify � 2 � with the subset J(�).

Fix a system fcs 2Zgs2S of index parameters, i. e., integers cs satisfying cs = ct
if s and t are W -conjugate. For w 2 W , let w = s1 � � � sm be a reduced expression
and put qw = qcs1 � � � qcsm 2 Z. The de�nition of qw is independent of the reduced
expression chosen for w. If all cs = 1, then qw = q`(w). Put �w = (�1)`(w).

The generic Hecke algebra eH over Z is the algebra with Z-basis f�wgw2W ,
satisfying the relations (for s 2 S, w 2W ):{

(1.1) �s�w =

�
�sw if sw > w;

qs�sw + (qs � 1)�w if sw < w:

Suppose that Z 0 is a commutative Z-algebra and put eH 0 = eHZ0 . Thus, eH 0 has a
basis �w 
 1, w 2 W , satisfying relations like those in (1.1). To simplify notation,
continue to denote �w
1 by �w; we will follow this same convention for other bases

of eH which arise below. Also, when no confusion results, let qw denote the image
of qw in Z 0.

The algebra eH 0 admits a Z 0-automorphism � (resp., Z 0-anti-automorphism �)
of order 2 de�ned on basis elements by �(�w) = �wqw�

�1
w�1 (resp., �(�w) = �w�1);

see [L1; p.138]. Given an eH 0-module fM , let fM� denote the eH 0-module obtained

from fM by twisting the action of eH 0 on fM by �. Similarly, if fM is a left (resp.,

right) eH 0-module, then fM � is the right (resp., left) eH 0-module obtained from fM
by twisting the action by �. In general, writing fM� = HomZ0(fM;Z 0), we de�ne a

contravariant \duality" functor d
eH0 : C eH0 ! Cop

eH0
by setting, for fM; eN 2 Ob(C

eH0)

and f 2 Hom
eH0(fM; eN):

(1.2) d
eH0
fM = (fM�)� and d

eH0f = HomZ0(f;Z
0):

If fM is a projective Z 0-module, d2
eH0

fM �= fM . Whenever fM 2 Ob(C
eH) is Z-

projective, there is an isomorphism

(1.3) (d
eH 
Z 0)fMZ0 = d

eH(
fM )Z0 �= d

eH0
fMZ0

which is natural in fM . Since � and � commute, d
eH0(fM�) �= d

eH0(fM )�.

For � 2 �, let x� =
P

w2W�
�w, y� =

P
w2W�

�wq
�1
w �w 2 eH 0

�. (If � 7! J � S

under the surjection �! P(S), we sometimes write xJ for x� and yJ for y�. For

example, x; = y; = 1.) The q-permutation modules x� eH 0, y� eH 0 and eH 0x�, eH 0y�
play an important role. These modules are all free Z 0-modules. If eH 0

� = h�w jw 2

W�i, �wx� = qwx� = x��w and �wy� = �wy� = y��w, for w 2 W�, and so x� eH 0,

y� eH 0, etc. can be interpreted as induced modules (from eH 0
�); cf. [DPS1; (2.1.5)].

Let tr : eH 0 ! Z 0, �w 7! �w1, be the Z 0-linear \trace" map. Then ha; bi =

tr(ab) de�nes a non-degenerate, symmetric, associative pairing on eH 0 (see, e.g.,
[L1; (5.1.9)]). This pairing satis�es h�w; �vi = qw�w;v�1 .
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(1.4) Lemma. Let �; � 2 �. Then:{

(a) (x� eH 0)� �= eH 0x� and (y� eH 0)� �= eH 0y� in
eH0C, where (�)� = HomZ0(�;Z 0).

Thus, d
eH0x� eH 0 �= x� eH 0 and d

eH0y� eH 0 �= y� eH 0. There is a non-degenerate form ( ; )

de�ned on x� eH 0 satisfying (ah; b) = (a; bh�) for a; b 2 x� eH 0, h 2 eH 0.

(b) x� eH 0 = fh 2 eH 0 j �sh = qsh;8s 2 �g and y� eH 0 = fh 2 eH 0 j �sh = �h;8s 2
�g.

(c) (x� eH 0)� �= y� eH 0 and Hom
eH0(y� eH 0; y� eH 0) �= Hom

eH0(x� eH 0; x� eH 0).

(d) If the subgroups W� and W� are W -conjugate, then x� eH 0 �= x� eH 0 and

y� eH 0 �= y� eH 0.

(e) Both x� and y� are almost idempotents w.r.t. the left or right eH 0-module eH 0

(in the sense of (0.1)).

(f) Let D0
�;� = fd 2 W j `(udv) = `(u) + `(d) + `(v);8u 2 W�; v 2 W�g.3 Then

y� eH 0x� is a free Z 0-module with basis fy��dx�gd2D0
�;�

. Similarly, x� eH 0y� is a

free Z 0-module with basis fx��dy�gd2D0
�;�

. Both x� eH 0y� and y� eH 0x� are Z 0-direct

summands of eH 0.

(g) If qs+1 is not a zero divisor in Z 0, 8s 2 �, then y� is an almost-idempotent

(in the sense of (0.1)) w.r.t. the left modules eH 0x�, as well as for the right modules

x� eH 0.

(h) Assume, for all s 2 S, that qs + 1 is not a zero divisor in Z 0. Then

Hom
eH0( eH 0y�; eH 0x�) is a free Z 0-module with basis f�dgd2D0

�;�
where �d(y�) =

y��dx�. Similarly, Hom
eH0(y� eH 0; x� eH 0) is a free Z 0-module with basis f�dgd2D0

�;�
,

where now �d(y�) = x��dy�.

Proof. (a) can be proved easily by using the pairing h ; i de�ned just before the
statement of the lemma. For details, see [DPS1; (2.1.9)] for the �rst assertion and
[DJ1; (4.4)] for the last assertion. For (b), see [Cu; (1.9)] or [DPS1; (2.1.6)]. Next,
(c) is proved in [DJ2; (2.1)]. A proof for (d) can be found in [DJ1; (4.3)]. Also, (e)
follows from (b), noting (0.2.2) is a consequence, while (f) follows from [DJ1; (4.1)]
(or directly from [C; (2.7.5)]). (Another proof of (e) could be based on (a), rather

than (b), using the fact that x� eH 0 and y� eH 0 are Z 0-direct summands of eH 0.)

If qs+1 is not a zero divisor in Z 0 for s 2 �, the properties of distinguished double
coset representatives given in [C; (2.7.4), (2.7.5)] easily imply that y� eH 0 \ eH 0x� =

y� eH 0x�. Now (g) follows from this fact using (e). Also, (e) and (0.1) then imply
that

Hom
eH0( eH 0y�; eH 0x�) = y� eH 0 \ eH 0x� = y� eH 0x�:

With this observation, (h) follows from (f). �

3D0
�;� is the set of distinguishedW�;W�-double coset representatives with trivial intersection

property. See [C; x2.7].
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2. Hecke endomorphism algebras. Given � 2 �, write eT� = x� eH, so that,

by (1.4c), eT�
� = y� eH. For � � �, put eT (�) = L�2�

eT� 2 Ob(C
eH ), and form the

Hecke endomorphism algebra

(2.1) eA(�;Z 0) = End
eH0( eT (�)Z0) �= End

eH0( eT (�)�Z0)
for any commutative Z-algebra Z 0. The isomorphism in (2.1) follows from (1.4c).

(2.2) Lemma. Let Z 0 be a commutative Z-algebra, and, if fM 2 Ob(CZ ), abbre-

viate fMZ0 by fM 0. Let �; � 2 �, and � � �. Then:{

(a) Hom
eH(
eT�; eT�)0 �= Hom

eH0(eT 0�; eT 0�) and Hom
eH(
eT�
� ;
eT�
� )

0 �= Hom
eH0( eT�0

� ; eT�0
� ).

(b) eA(�;Z)0 �= eA(�;Z 0).
(c) Any eH 0-homomorphism eT 0� ! eT 0� is obtained by left multiplication by an

element h 2 eH 0 satisfying hx� = x�h
0 for some h0 2 eH 0. Thus, the algebra eA(�;Z 0)

is a homomorphic image of the algebra of all ��� matrices (h�;�) where h�;� 2 eH 0

satis�es h�;�x� 2 x� eH 0.

Proof. The �rst assertion in (a) is well-known [DJ1; (3.3)]. (Another argument can
be based on [DPS1; (2.3.4), (2.3.5)].) Next, (a) implies (b) from the de�nition (2.1).

To prove (c), let f : eT 0� = x� eH 0 ! eT 0� = x� eH 0 be a right eH 0-module morphism.

Then f(x�) = x�h
0 for some h0 2 eH 0. By (1.4b), we have f(x�) = hx� for some

h 2 eH 0 and it follows that f is left multiplication by h. Now the second assertion
follows immediately from this fact. �

In (2.1), we write eA(�) for eA(�;Z), so that (2.2) implies that eA(�)0 �= eA(�;Z 0)
for any commutative Z-algebra Z 0. For � � �, let e� : eT (�)0 ! eT (�)0 be the

idempotent projection. Then e� 2 eA(�)0 and eA(�)0 �= e� eA(�)0e�. Because the
map � ! P(S) is surjective, there exists 
 2 � with x
 = 1. Then e = ef
g

is an idempotent projection of eT (�)0 onto a summand isomorphic to eH 0 = x
 eH 0.
(According to our convention, we could also write x; for x
 here.) This implies
that

(2.3)

(
(1) eT (�)0 �= eA(�)0e in

eA(�)0C;

(2) e eA(�)0e �= eH 0 as algebras.

We now show that d
eH0|see (1.2)|induces a duality on

eA(�)0C. The following

result is motivated by [CPS2; (1.2.1)].

(2.4) Lemma. Let Z 0 be a commutative Z-algebra. For any � � �, there is a
contravariant \duality" functor d

eA(�)0 : eA(�)0C ! eA(�)0C
op satisfying:{

(a) d
eA(�)0

eT (�)0 �= eT (�)0; in fact, if e� : eT (�)� ! eT (�) is a Z-isomorphism satis-

fying e�(hf) = e�(f)h� for all f 2 eT �; h 2 eH, then there exists an anti-automorhisme� of eA(�) such that e�2 = 1 and e�(fa�) = ae�(f) for all f 2 eT �; a 2 eA(�).
(b) d2

eA(�)0
fM �= fM for any fM 2 Ob(

eA(�)0C) which is Z 0-projective;
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(c) If fM 2 Ob(
eA(�)C) is Z-projective, then (d

eA(�)(
fM ))0 �= d

eA(�)0(
fM 0).

Proof. By (1.4a), �x an isomorphism e� : d
eH(
eT (�)) �

! eT (�) of eH-modules. Such a e�
satis�es the condition \e�(hf) = e�(f)h�" stated in (a). De�ne an anti-automorphisme� of eA(�) by e�(f) = e� � d

eH(f) �
e��1, f 2 eA(�). For a commutative Z-algebra Z 0,

set e�0 = e�Z0 . By (1.2), one sees easily that e�2 = 1. Given a left eA(�)0-modulefM , put d
eA(�)0

fM = HomZ0(fM;Z 0) with the right action of eA(�)0 converted to a

left action by means of e�0. The required properties for d
eA(�)0 follow formally|see

[CPS2; (1.2.1)] for (a),(b), while (c) follows from the de�nitions. �

As explained in [CPS2; (1.2.2a)], the above result recasts in the present set-up a

familiar phenomenon in the theory of permutation groups, where the role of eA(�)
is played by the centralizer algebra of a permutation module for a �nite group, ande�0 corresponds to matrix transpose. In fact, by (2.2c), we have, if f 2 eA(�)0 is the
image of the matrix (h�;�), then e�0(f) is the image of the transpose of the matrix
(�h�;�)

Despite its simple description, the module eX (= eX 0 for the case Z 0 = Z) intro-

duced below in (2.5c) plays a central role in the representation theory of eA(�).
(2.5) Theorem. Let Z 0 be a commutative Z-algebra, and write eA0 = eA(�)Z0 ,eT 0 = eT (�)Z0 , and eT�0 = eT (�)�Z0 . Then:{

(a) For � 2 �, the left eA0-module eT 0y� satis�es d
eA0
eT 0y� �= eT 0y�. If, in addition,

qs + 1 is not a zero divisor in Z 0, 8s 2 �, then eT 0y� �= Hom
eH0(eT�0

� ; eT 0) 2 Ob(
eA0C).

(b) For �; � 2 �, Hom
eA0(
eT 0y�; eT 0y�) �= Hom

eH0(y� eH 0; y� eH 0) in CZ0 .

(c) Put eX 0 =
L

�2�
eT 0y�. Then End

eA0(
eX 0) �= eA0op.

Proof. We have eT 0y� 2 Ob(
eA0C), since

eT 0 is an ( eA0; eH 0)-bimodule. Next, observe

that the natural map y� eT 0� ! (eT 0y�)�, sending y�f to the linear functional ty� 7!

f(ty�), f 2 eT 0�, t 2 eT 0, is a well-de�ned isomorphism of right eA0-modules. (The

surjectivity of this map is immediate from (1.4f).) Let e� : eT � �
! eT be the Z-

isomorphism as in (2.4a). Since y�� = y�, e� de�nes (by restriction) an isomorphism

of y� eT �, viewed as a left eA-module by means of the anti-automorphism e�, to eTy�.
Base-changing to Z 0 gives a similar isomorphism y� eT 0� �= eTy�. Now the �rst
assertion in (a) is clear.

By (1.4g), if qs+1 is not a zero divisor in Z 0, 8s 2 �, y� is an almost-idempotent

for any x� eH 0, and hence for eT 0. Hence, Hom
eH0( eT�0

� ; eT 0) = Hom
eH0(y� eH 0; eT 0) �=eT 0y�, completing the proof of (a).

Using (2.3), (1.4e) and (0.1.1) give Hom
eA0(
eT 0y�; eT 0y�) �= Hom

eH0( eH 0y�; eH 0y�).
Now (b) follows from (1.4a).

If f 2Hom
eA0(
eT 0y�; eT 0y�), g2Hom eA0(

eT 0y�; eT 0y�) map to �f 2 Hom
eH0(y� eH 0; y� eH 0),

�g 2 Hom
eH0(y� eH 0; y� eH 0), respectively, under the isomorphism given in (b), then gf

is sent to �f�g. Thus, End
eA0(
eX 0) �= End

eH0(eT�0)op �= End
eH0( eT 0)op �= eA0op, and (c)

follows. �
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Note that (2.5a) holds if � is replaced by a subset � � �. We point out that

the advantage of using eT 0y� instead of Hom
eH0(eT 0�� ; eT 0) as direct summands of eX 0

is the following base change property: eT 0y� �= (eTy�)Z0 , and hence, eX 0 �= eXZ0 , for
all commutative Z-algebras Z 0 without restriction on any qs.

In (2.6) below, we denote either of the contravariant functors Hom
eH0(�; eT 0) :

C
eH0 ! eA0C and Hom

eA0(�;
eT 0) :

eA0C ! C
eH0 by (�)�. Thus, eX 0 �= eT�0� provided

that qs + 1 is not a zero divisor in Z 0, 8s 2 S. For any eA0 or eH 0-module fM , there

is a natural \evaluation map" Ev
fM
: fM ! fM��. (See [CPS2; (1.1)].)

(2.6) Corollary. With the above notation, we have:{

(a) The evaluation maps Ev
eT�0
�

and Ev
eT�0�
�

are isomorphisms, provided qs+1 is

not a zero divisor in Z 0, 8s 2 �. Thus, if qs+1 is not a zero divisor in Z 0, 8s 2 S,

(�)� induces an algebra isomorphism ~f 0 : eAop0 = End
eH0( eT�0)op ! End

eA0(
eT�0�)

def
=eE0.

(b) Assume that qs+1 is not a zero divisor in Z 0, 8s 2 S, and let eF 0 : eE0C �
!

eA0opC

be the equivalence of categories de�ned using pull-back through the isomorphism ~f 0

in (a). Suppose that eN is a right eH 0-module such that Ev
eN is an isomorphism.

Then, in
eA0opC;

(2.6.1) eF 0(Hom
eA0(
eN�; eT�0�)) �= Hom

eH0(eT�0; eN):

Proof. Taking � = ;, we conclude from (2.5a,b), tracing through the maps involved,
that Ev

eT�0
�

is an isomorphism. It then follows formally that Ev
eT�0�
�

is an isomor-

phism. This proves (a). Then (b) follows by the functoriality of (�)�. (Observe

in (2.6.1) that the natural left action of eA0 on eT�0 de�nes a right action of eA0 on
Hom

eH0( eT�0; eN), while the left eE0-module structure of eT�0� de�nes a left action ofeE0 on Hom
eA0(
eN�; eT�0�).) �

3. Cell modules. In this section, we collect together a number of results from
Kazhdan-Lusztig cell theory that will be needed later. The strong homological
property described below in (3.5) will play a key role in what follows.

In [KL1] and [L2], certain bases fCwgw2W and fC 0wgw2W were presented for

the algebra eH0 = eH 
Z Z[q1=2; q�1=2]. Following [DPS1,2],4 for w 2 W , de�ne

C+
w = q

1=2
w C 0w and C�w = q

�1=2
w Cw: Both fC

+
wgw2W and fC�w gw2W form a Z-basis

for eH . There are preorders �L and �R de�ned on W which satisfy:

(3.1) eHC"
w �

X
y�Lw

ZC"
y ; and C"

w
eH �

X
y�Rw

ZC"
y

for each choice " = �. In particular, �sC+
w = qsC

+
w (resp., �sC�w = �C�w ) if sw < w,

s 2 S. Let �LR be the preorder generated by �L;�R. The equivalence classes in

4Although it would be simpler to work with the C0w-basis (or the Cw-basis), and therefore with
eH0, stronger results are obtained using the Hecke algebra eH over the smaller ring Z[q;q�1]; see,
e. g., the discussion in [DPS2]. Some results below, such as (6.4) and the proof of (6.8), would

simplify somewhat over Z[q1=2; q�1=2].
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W de�ned by �L;�R and �LR are the left cells, right cells and two-sided cells,
respectively. For example, w �L y if and only if w �L y and y �L w. Let 
 (resp.,
�) be the set of left (resp., two-sided) cells in W . For ! 2 
, !�1 = fy�1 j y 2 !g
is a right cell. Also, the preorder �L (resp., �LR) de�nes a poset structure on 

(resp., �).

Given x 2W , its right-set R(x) (resp., left-set L(x)) is the subset of S consisting
of those s 2 S such that xs < x (resp., sx < x). It is well-known that, if x �R y
(resp., x �L y), then L(x) � L(y) (resp., R(x) � R(y)) [KL1; (2.4)], [X; (1.20)].

Further, for any � 2 �, fC+
y jJ(�) � L(y)g is a Z-basis for eT� = eHx�. Similarly,

fC+
y jJ(�) � R(y)g is a Z-basis for eHx�. See [DPS1; (2.3.5)].
Let ! 2 
 be a left cell. Because of (3.1), ! determines a left cell module eE!:

(3.2) eE! = (
X
y�Lw

ZC+
y )
�
(
X
y<Lw

ZC+
y ) 2 Ob(

eHC) (w 2 ! �xed):

Then eS! = HomZ( eE!;Z) 2 Ob(C
eH) is the corresponding dual left cell module.

The right cell 
 = !�1 de�nes, in the same way, a right cell module

(3.3) eK
 = (
X
y�Lw

ZC+
y�1)

�
(
X
y<Lw

ZC+
y�1) 2 Ob(C

eH) (w�1 2 
 �xed):

Since �(C+
y ) = C+

y�1 (from the uniqueness in [KL1; (1.1)]), the de�nitions imply

that

(3.4) d
eH
eS! �= eK
 ; 
 = !�1:

By an eS-�ltration of a right eH-module fM , we mean a �ltration eF� : 0 = eF0 �eF1 � � � � � eFt = fM by eH-submodules such that each nonzero section eFi= eFi�1 is

isomorphic to some eS!i for some !i 2 
. For example, [DPS1; (2.3.9)] establishes

that the modules eT� = x� eH , � 2 �, has an eS-�ltration eF�� which satis�es, in
addition, the strong homological property that

(3.5) Ext 1
eH0
(eT 0�= eF 0�i; eT 0�) = 0; 8i; � 2 �;

whenever Z 0 is a Z-algebra which is an integral domain with the property that eHK

is semisimple over the fraction �eld K of Z 0. Further, eF�� has bottom section eS!�,
where !� is the left cell containing the longest word w0;� 2W�.

(3.6) Theorem. Let � � �. De�ne e�(!;�) = Hom
eH(
eS!; eT (�)) 2 Ob(

eA(�)C),

! 2 
. Then:{

(a) The Z-module e�(!;�) is free.
(b) The eA(�)-module eT (�) has a fe�(!;�)g!2
-�ltration.

Proof. For (a), see [DPS1; (2.5.1)]. As described above, eH = x; eH has an eS-
�ltration eF� = eF;� satisfying (3.5). Thus,
(3.6.1) Ext 1

eH
( eH= eFi; eT (�)) �=M

�2�

Ext 1
eH
( eH= eFi; eT�) = 0:
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For an integer i, de�ne eGi = Hom
eH(
eH= eFi; eT (�)). Then eT (�) = eG0 � eG1 �

� � � � eGt = 0 for some t, so that eG� is a �ltration of eT (�) = Hom
eH(
eH; eT (�)).

Furthermore, for any i, applying the functor Hom
eH(�;

eT (�)) to the short exact

sequence 0 ! eFi= eFi�1 ! eH= eFi�1 ! eH= eFi ! 0 and using (3.6.1) yields an exact
sequence

0! Hom
eH(
eH= eFi; eT (�))! Hom

eH(
eH= eFi�1; eT (�)) ! Hom

eH(
eFi= eFi�1; eT (�)) ! 0

by the long exact sequence of Ext �
eH
. For some !i 2 
, we have eFi= eFi�1 �= eS!i.

Therefore, eGi�1= eGi
�= Hom

eH(
eS!i ; eT (�)) �= e�(!i;�);

as required. �

Let Z 0 be a commutative Z-algebra. To simplify notation, we will as before

continue to denote the bases fC"
w 
 1gw2W (" = �) for eH 0 = eHZ0 by fC"

wgw2W .

In x6, we use the basis for eH dual to the C+
w -basis under the \trace form" h ; i

introduced above (1.4):

(3.7) Lemma. Let fD+
wgw2W be the dual basis for eH 0 with respect to fC+

wgw2W
in the sense that hC+

w ;D
+
y i = �w;y�1 , 8y;w 2W . Then:{

(a) If C+
x D

+
y�1 6= 0, then y �L x.

(b) For any y 2W , eH 0D+
y �

P
z�Ly

Z 0D+
z and D+

y
eH 0 �

P
z�Ry

Z 0D+
z .

Proof. For Z 0 = Z, (a) follows from [L1; (5.1.14)]. (In fact, this is an easy calcu-
lation using (3.1).) Also, (b) is immediate from (3.1). Now for a homomorphism
Z ! Z 0, the lemma follows by applying the base change functor �
Z Z 0. �

4. Quasi-hereditary algebras. From x5 on, we will restrict to the Hecke algebras
associated to symmetric groups and will mainly consider the q-Schur algebras as the
Hecke endomorphism algebras de�ned in (2.1). Since q-Schur algebras are quasi-
hereditary (see below), we brie
y review the general theory of quasi-hereditary
algebras in this section. For more details of the elementary theory, see [CPS1].

Let A be a �nite dimensional algebra over a �eld k whose irreducible modules
are absolutely irreducible. Let �+ be a set indexing the representatives from the
distinct isomorphism classes of irreducible (left) A-modules: for � 2 �+, L(�) 2
Ob(AC) is the associated irreducible. Let P (�) 2 Ob(AC) (resp., I(�) 2 Ob(AC))
be the projective cover (resp., injective envelope) of L(�). Suppose that �+ has a
�xed poset structure � such that for � 2 �+ there exists �(�) 2 Ob(AC) satisfying
the following two conditions:

(i) L(�) is the head of �(�) and all other composition factors L(�) satisfy � < �;

(ii) P (�) has a �ltration with top section �(�) and lower sections �(�) for some
� > �.

Then AC is a highest weight category (HWC) with poset �+. The algebra A is
quasi-hereditary if and only if AC is a HWC for a poset structure on �+. If AC is a
HWC, there exist r(�) 2 Ob(AC), � 2 �+, such that
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(i�) r(�) has socle L(�) and all other composition factors L(�) satisfy � < �;

(ii�) I(�) has a �ltration with bottom section r(�) and higher sections r(�) for
some � > �.

Of course, these conditions are just dual to conditions (i), (ii) above. In case A
needs to be explicitly mentioned, write �(�;AC), P (�;AC), etc. for �(�), P (�),
etc.

The modules � = f�(�)g and r = fr(�)g|called the standard and costandard
modules, respectively, of the HWC AC|satisfy strong homological properties

(4.1) for �; � 2 �+; n 2Z+ :

8><>:
(1) dim Ext nA(�(�);r(�)) = �n0���;

(2)n > 0 & Ext nA(�(�);�(�)) 6= 0 =) � < �

(3)n > 0 & Ext nA(r(�);r(�)) 6= 0 =) � > �:

(This well known fact is immediate from the proof of [CPS1; (3.11)].) Any M 2
Ob(AC) with both a �-�ltration and a r-�ltration is a tilting module, i. e., M 2

AC(tilt)
def
= AC(�)

T
AC(r). If M 2 AC(�) and N 2 AC(r), the n = 1 case of

(4.1(1)) implies that Ext nA(M;N) = 0 for n > 0.

Ringel [R] has obtained some results on AC(tilt): For � 2 �+, there exists a
unique indecomposable X(�) 2 AC(tilt) such that � is the maximal � 2 �+ for
which [X(�) : L(�)] 6= 0. In fact, [X(�) : L(�)] = 1. By (4.1(2)), X(�) has a
�-�ltration with bottom section �(�) and \higher" sections �(�) for some � < �.
Similarly, X(�) has a r-�ltration with top section r(�) and \lower" sections r(�)
for some � < �. EveryX 2 AC(tilt) has a decompositionX =

L
�2�+ X(�)�m�(X).

If each integer m�(X) > 0, then X is a full tilting module. In turn, the X(�),
� 2 �, are often called the indecomposable partial tilting modules for AC. Given a
full tilting module X, \the" Ringel dual A? = EndA(X) of A is quasi-hereditary.
If Y is another full tilting module, the algebras EndA(X) and EndA(Y ) are Morita

equivalent|thus, AC
? def
= A?C (the Ringel dual of AC) is a HWC (with poset the

opposite poset (�+;�op)). (In other words, � �op � if and only if � � �.) Also,
X is a full tilting module for A? and EndA? (X) �= A. For � 2 �+, �?(�) =
HomA(�(�);X) is the �-object in AC? corresponding to �.5

Let �+ be an ideal in the poset �+ of a HWC AC (i. e., ! � 
 2 �+ im-
plies that ! 2 �+). The full subcategory AC[�+] of AC consisting of objects
having composition factors L(
), 
 2 �+, is a HWC with poset �+. Its stan-
dard objects �(
;AC[�+]) and costandard objects r(
;AC[�+]), 
 2 �+, are de-
�ned by: �(
;AC[�+]) = �(
;AC) and r(
;AC[�+]) = r(
;AC). For 
 2 �+,
X(
;AC) 2 Ob(AC[�+]), and so X(
;AC) identi�es with X(
;AC[�+]).

The quotient category AC(
+) = AC=AC[�+] is a HWC with poset 
+ = �+n�+

(using the induced poset structure �). For some idempotent e 2 A, we have

AC(
+) �= eAeC. The exact functor j� : AC ! eAeC, M 7! j�(M) = eM , carries
L(!) (resp., �(!), r(!)), for ! 2 
+, to the corresponding objects in eAeC. If

5The reader can also consult [CPS2; x3.4] for another treatment of these results.
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 2 �+, however, we have that j�L(
) �= j��(
) �= j�r(
) = 0. Hence,

(4.2)

8><>:
j�AC(�) � eAeC(�)

j�AC(r) � eAeC(r)

j�AC(tilt) � eAeC(tilt):

(4.3) Lemma. Let 
+ = �+n�+ be a coideal in the poset �+ of the HWC AC.
Then:{

(a) For ! 2 
+, we have j�X(!) �= X(!; eAeC). Hence, j�AC(tilt) = eAeC(tilt).

(b) We have:{

(4.3.1) AC(

+)? �= AC

?[
+];

where, on the right hand side, 
+ is regarded as an ideal in the opposite poset
(�+;�op).

Proof. By (4.2), j�X(!) 2 eAeC(tilt) for ! 2 
+. Since [j�X(!) : j�L(!)] = 1
and ! is the maximal element � 2 
+ such that j�L(� ) is a composition factor
of j�X(!), (a) follows if j�X(!) is indecomposable. By an (essentially elemen-
tary) homological argument [CPS2; (3.4.6.2)] using adjoints and r-�ltrations, the
restriction map EndA(X(
))! EndeAe(j�X(
)) is surjective.6 Since X(
) is inde-
composable, EndA(X(
)) is a local algebra. Hence, EndeAe(j�X(
)) is also local,
so j�X(
) is indecomposable. This proves (a).

Finally, (b) follows from [CPS2; (3.4.6)]. �

We conclude this section with the following result. It will be particularly useful
to know that tilting modules satisfy the base change property (4.4.1); see (c) below.
This property was originally suggested by a corresponding well-known property of
projective modules (which tilting modules become, under appropriate functorial
transformations).

(4.4) Lemma. Let Z = Z[q; q�1] and let eA be an arbitrary Z-algebra which is

�nitely generated and projective as a Z-module. Suppose fM; eN 2 Ob(
eAC) are Z-

projective. Then:{

(a) Suppose Ext i
eA
(fM; eN ) = 0 for i = 1; 2. For any commutative Z-algebra Z 0,

we have:{

(4.4.1) Hom
eA(
fM; eN )Z0 �= Hom

eAZ0
(fMZ0 ; eNZ0):

(b) Let n � 1 and suppose that Ext n
eA
(fM; eN ) 6= 0. Then there exists p 2

Supp(Ext n
eA
(fM; eN)) such that, if k = Zp=pZp, then Ext n

eAk
(fMk; eNk) 6= 0.

6We point out that line 9 of [CPS2; p.58] contains a misprint. The last isomorphism should
be j�j�T �= j�j

�T .
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(c) Suppose for each �eld k which is a Z-algebra, eAk is quasi-hereditary and

that fMk 2 eAk
C(�), eNk 2 eAk

C(r). (In particular, this holds if fMk; eNk 2 eAk
C(tilt).)

Then (4.4.1) holds for any commutative Z-algebra Z 0.

Proof. (a) Let eP� ! fM ! 0 be a resolution of fM by projective eA-modules ePi. The
hypotheses of (a) imply that the complex

0! Hom
eA(
fM; eN)! Hom

eA(
eP0; eN )! Hom

eA(
eP1; eN )

! Hom
eA(
eP2; eN )! Hom

eA(
eP3; eN )

is exact. Also, because the ring Z = Z[q; q�1] has global dimension 2, [DPS2;
(0.1)] implies that the terms in the above complex are Z-projective. (The result
[DPS2; (0.1)] is an elementary linear algebra argument based on a commutative

algebra result of Auslander-Goldman [AG; Cor., p. 17].) Thus, the kernel eX of the

map Hom
eA(
eP2; eN )! Hom

eA(
eP3; eN ) is also Z-projective (again since Z has global

dimension 2.) It follows that the acyclic complex

(4.4.2) 0! Hom
eA(
fM; eN)! Hom

eA(
eP0; eN )! Hom

eA(
eP1; eN )! eX ! 0

splits as a complex of Z-modules (in the sense that the kernels and cokernels of
the various maps are Z-direct summands). Hence, (4.4.2) remains acyclic after

applying the functor �
Z Z
0. Since eP0 and eP1 are eA-projective, Hom eA(

eQ; eN )Z0 �=

Hom
eAZ0

( eQZ0 ; eNZ0) for eQ = eP0, eP1. Thus, Hom
eA(
fM; eN)Z0 �= Hom

eAZ0
(fMZ0 ; eNZ0)

as claimed in (4.4.1). This completes the proof of (a).

When n = 1, (b) is proved in [DPS2; (2.9)]. Because fM is Z-projective, (b)
follows by induction on n, using dimension shifting.

To see (c), (4.1) implies that Ext nAk(
fMk; eNk) = 0 for all n > 0. Therefore,

Ext n
eA
(fM; eN ) = 0 for all n > 0 by (b). Now we can apply (a) to conclude that (c)

holds. �

An alternate argument for (4.4a) can be based on the convergent homology
spectral sequence

E2
pq = TorZp (Ext

q
eA
(fM; eN );Z 0)) Ext q�p

eA
Z0

(fMZ0 ; eNZ0)
in which d2pq : E

2
pq ! E2

p�2;q�1. Assuming this fact, (a) follows, since Z has global

dimension 2 so that TorZp = 0 for p > 2. The above spectral sequence is given in
[DS; (2.9)] in a somewhat di�erent context, but also follows (after reindexing) from
the K�unneth spectral sequence given in [Wi; (5.6.4)]. (The boundedness assumption
required in [Wi; (5.6.4)] can be achieved by truncating the complex P there, or by
observing that it is not necessary since Z has �nite global dimension.)

5. q-Schur algebras. For the rest of this paper, letW = Sr, the symmetric group
of degree r, and S = f(1; 2); � � � ; (r�1; r)g. For a positive integer n, let �(n; r) (resp.
�+(n; r)) be the set of compositions (resp., partitions) of r with n (resp. at most
n non-zero) parts. (A composition of r with n parts is a sequence � = (�1; � � � ; �n)
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of non-negative integers with
P

i �i = r; � is a partition if �1 � �2 � � � � .) Let
�+(r) = �+(r; r). For any n � r, �+(n; r) = �+(r) and �(r) = �(r; r). The set
�(n; r) has a poset structure E de�ned by setting � E � if and only if �1+� � �+�i �
�1+ � � �+�i for all i. Then �+(n; r) is a coideal in �+(r) for all n; r. If n � r, any
� 2 �(n; r) can be regarded as an element in �(r) by adding a string n � r 0's to
�. With this identi�cation, �(n; r) is a coideal in �(r).

There is a natural map J from �(n; r) to the power set P(S) of S: For � 2
�(n; r), let Y(�) be the Young diagram of shape � and let t� be the tableau of
shape � obtained by �lling in the boxes in the �rst row of Y(�) consecutively with
the integers 1; 2; � � � ; �1, the second row with the integers �1 + 1; � � � ; �1 + �2, etc.
Then we de�ne J(�) as the subset of S consisting of those s which stabilize the
integers in the rows of t�. Every subset of S has the form J(�) for some � 2 �(n; r)
if n � r. In the set-up of the previous sections, we worked with a pair (�;�) in
which � is a poset, together with a surjective map J : � ! P(S), and � � �. In
the present section, we will put � = �(n; r), with � = � if n � r and with � = �(r)
if n < r. Now, the parabolic subgroupW� ofW is precisely the row stabilizer of t�.
By rearranging terms, every composition � 2 �(n; r) determines a unique partition
�+ 2 �+(n; r). Clearly, � E �+ and �+ is the minimal partition with this property.
Also, W� and W� are W -conjugate if and only if �+ = �+.

The generic algebra eH over Z = Z[q; q�1] for W = Sr is de�ned in (1.1) with

each cs = 1: thus, qs = q for all s 2 S. Abbreviate eT (�(n; r)) as eT (n; r). Explicitly,eT (n; r) =
L

�2�(n;r)
eT� �=

L
�2�+(n;r)

eT�d�� ; where d� = #f� j�+ = �g: (By

(1.4d), eT� �= eT�+ .) For � 2 �(r), let �0 2 �+(r) be the dual partition: thus,
�0i = #f�j � ig. We require the following purely combinatorial result, closely
related to (1.4h).

(5.1) Lemma. ( [DJ1; (4.3)]) Suppose that Z 0 is a commutative Z-algebra in
which q + 1 is not a zero divisor. Then:{

(a) For �; � 2 �(r), if Hom
eH0(eT�0

�0 ;
eT 0�) 6= 0, then � D �.

(b) For � 2 �(r), Hom
eH0( eT�0

�0 ;
eT 0�) is a free Z 0-module of rank 1.

We will now make use of the Kazhdan-Lusztig cell theory for W . First, there is
a poset isomorphism � : (�+(r);E)

�
! (�;�op

LR). Explicitly, �(�) is the two-sided
cell � 2 � containing the longest word w0;� 2 W�; see [DPS2; x2]. Two left cell

modules eE! and eE!0 are isomorphic if and only if !;!0 are contained in the same

two-sided cell � 2 � (and this occurs if and only if eE!Q (q)
�= eE!0Q (q) are isomorphic

irreducible modules).7

Thus, for � 2 �, let eS� = eS! for any left cell ! � �. If �(�) = �, we also denoteeS� by eS�. We follow a similar convention, relative to the modules e�(!;�) in (3.6).

Thus, for � = �(n; r) and � 2 �+ = �+(n; r), e�(�;�) = e�(!;�) if ! � �(�)

The eS�Q (q) , � 2 �+(r), are the distinct irreducible (right) modules for the (split)

semisimple algebra eHQ (q) . We record the following fact.

7This fact is proved in [KL1; (1.4)] for the generic Hecke algebra eH0 over Z[q1=2; q�1=2 ]. The

assertion for eH then follows from general principles (see [DPS2; (2.3)]).
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(5.2) Lemma. For � 2 �+(r), eT�Q (q) �= eS�Q (q) �L�.�
eS�e���Q (q) and eT�

�0Q (q)
�=eS�Q (q) �L�/�

eS�f���Q (q) for some positive integers e��; f��.

Proof. The analogous decomposition of permutationmodules forQSr is well-known
(going back to Frobenius at the character level), so that the lemma follows from
elementary \equal characteristic" Brauer theory; see the discussion for [DPS2;
(2.6)]. �

For any commutative Z-algebra Z 0, we call

(5.3) eSq(n; r;Z 0) = End
eH0( eT (n; r)0) �= End

eH0(eT (n; r)�0);
the q-Schur algebra of bidegree (n; r). By (2.2b), eSq(n; r;Z 0) �= eSq(n; r;Z)Z0 . Also,eSq(n; r;Z 0) is Morita equivalent to End

eH(
eT (�+(n; r))0; cf. (1.4d). For convenience,

write eSq(n; r) for eSq(n; r;Z).
(5.4) Lemma. For � 2 �+(n; r), we have Hom

eSq (n;r)
(e�(�); eT ) �= eS�, whereeT = eT (n; r) and e�(�) = Hom

eH(
eS�; eT ).

Proof. As in (2.6), denote either of the functors Hom
eSq(n;r)

(�; eT ) or Hom
eH(�;

eT )
by (�)�. As described in x3, eT� has a eS-�ltration eF�� satisfying the vanishing

condition (3.5) and having bottom section eS�. By (5.2), the other sections eS�
satisfy � . �. Therefore, eF ��� is a e�-�ltration of the projective eSq(n; r)-moduleeT �� with top section e�(�). Hence, eS��� �= e�(�)� is an eH-submodule of eT ��� �= eT�.
By naturality, the \evaluation map" eS� ! eS��� factors through the isomorphismeT� �= eT ��� , and de�nes an inclusion eS� ,! e�(�)�. Since eT�=eS� is Z-torsion free ande�(�)�K �= eS�K , the desired result follows from (5.2). �

For � 2 �+(n; r), write e�(�) = Hom
eH(
eS�; eT ), where eT = eT (n; r) as above. Put

�(�) = e�(�)k . By [DPS2; Theorem 1], for every �eld k which is a Z-algebra, the
module category

eSq(n;r)k
C is a HWC with poset (�+(n; r);E) and with standard

objects �(�), � 2 �+(n; r). (This result is established, in fact, using little more

than the machinery discussed in x3.) Let er(�) = d
eSq(n;r)

e�(�) and r(�) = er(�)k.
By [DJ4; (4.11)], for any �eld k which is a Z-algebra, d

eSq(n;r)k
is a strong duality

in the sense that d
eSq(n;r)k

L(�) �= L(�) for any irreducible eSq(n; r)k-module L(�).8
Hence, by [CPS2; (1.2)], r(�) is the r-object corresponding to � for the HWC

Sq(n;r)C. Of course,
eSq(n;r)

C(tilt) denotes the class of eSq(n; r)-modules with both

a e� and a er-�ltration. By (3.6), eT (n; r) 2
eSq (n;r)

C(e�). Also, (2.4a) says that

d
eSq(n;r)

eT (n; r) �= eT (n; r). We conclude:

(5.5) Proposition. eT (n; r) 2
eSq(n;r)

C(tilt). For k as above,

T (n; r) 2 Sq (n;r)C(tilt):

8From the point of view of the present paper, this fact is easy to see directly|see (7.3) below.
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Further, by (4.1) and (4.4), we have

(5.6)

8>>><>>>:
(1) Extm

eSq(n;r)
(e�(�); er(�)) �= �m0���Z;

(2) m > 0 & Extm
eSq(n;r)

(e�(�); e�(�)) 6= 0 =) � < �;

(3) m > 0 & Extm
eSq(n;r)

(er(�); er(�)) 6= 0 =) � > �:

Now we can prove:{

(5.7) Theorem. We have End
eSq(n;r)

( eT (n; r))Z0 �= End
eSq(n;r)Z0

(eT (n; r)Z0 for any
commutative Z-algebra Z 0. Also, dim End

eSq(n;r)k
(eT (n; r)k) is constant on residue

�elds k of Z.

Proof. By (5.5), eT (n; r)k is a tilting module for eSq(n; r)k for every �eld k which is a
Z-algebra. (In case eHk is semisimple, this assertion is obvious!) The �rst assertion
of the theorem follows from (4.4c).

The long exact sequence of Ext , (5.5) and (5.6) imply that

Ext 1
eSq (n;r)

(e�(�); eT (n; r)) = 0 8� 2 �+(n; r):

Therefore, a e�-�ltration of the left eSq(n; r)-module eT (n; r) induces, after applying
the functor Hom

eSq(n;r)
(�; eT (n; r)) and using (5.4), a eS-�ltration of the right eH-

module
End

eSq(n;r)
( eT (n; r)) = Hom

eSq(n;r)
( eT (n; r); eT (n; r)):

Since any eS� is Z-free by de�nition, EndeSq(n;r)(eT (n; r)) is also Z-free with rank d,

say. So,

dimEnd
eSq(n;r)k

( eT (n; r)k) �= dimEnd
eSq(n;r)

( eT (n; r))k = d

for any �eld k which is a Z-algebra. �

6. Quantum Weyl reciprocity, I. In this section, we �rst obtain the q-version
of the double centralizer property (1) of the introduction. We maintain the notation
of the sections 3 and 5.

Let 
� be the right cell inW containing the longest word w0;� ofW�. For x 2 
�,
let !x be the left cell containing x. By [KL1; (1.4)], the !x are distinct for distinct
x; the union

S
x2
�

!x is the two-sided Kazhdan-Lusztig cell �� containing w0;�.

Using the basis fD+
wgw2W introduced in (3.7), we give an alternative description

of the submodule eS� of eT�.
(6.1) Lemma. Let � 2 �+(r). For any x 2 
�, form the Z-submodule fMx =P

y2!x
ZC+

x D
+
y�1 of eT� = x� eH and put eS� =Mw0;� . Then fMx = eS� for all x 2 
�.

The set fC+
x D

+
y�1gy2!x forms a Z-basis for eS� and is part of a basis for eT� as well.

Proof. For x 2 
�, �(= J(�)) is equal to the left-set fs 2 S j sx < xg of x (see

[KL1; (2.4)] for an easy argument), so �sC+
x = qC+

x if s 2 �. Hence, fMx � eT�
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by (1.4b). By (3.7), fMx is an eH-submodule of eT�. Given h 2 eH , the matrix

of h as a right operator on the dual left cell module eE�!x relative to the basis

f�ygy2!x dual to that de�ned by the C+
y , y 2 !x, is (hhC+

w ;D
+
y�1i)(y;w)2!x�!x.

Since hhC+
w ;D

+
y�1 i = hC+

w ;D
+
y�1hi, the map f : eE�!x ! fMx, �y 7! C+

x D
+
y�1 , de�nes

a surjective eH-module homomorphism.9 Also, 1 = hC+
x ;D

+
x�1i = tr(C+

x D
+
x�1), sofMx 6= 0. But eE�!xQ (q) is an irreducible eHQ (q)-module (see [DPS2; (2.3)]), so f must

be an isomorphism onto its image. For any x 2 
�, eE�!x �= eS�.
By (5.2), the image Im f of f , viewed as a subspace of eT�, is contained in eS�.

(Recall that eS� identi�es with the bottom section in a eS-�ltration of eT�.) Since

End
eH(
eS�) �= Z, Imf = r eS� for some 0 6= r 2 Z. Thus, Z = tr(fMx) = tr(r eS�) �

rZ, so r is a unit in Z, and we can take r = 1. Finally, using the dual left cell

�ltration [DPS1; (2.3.7)], we see that eT�=eS� is Z-free. Therefore, every basis foreS� is part of a basis for eT�, proving the last assertion. �

Let n be some positive integer. Since �+(n; r) is a coideal in �+(r), we can
use the isomorphism � : (�+(r);E) ! (�;�op

LR) discussed de�ned in [DPS2] and
discussed after (5.1) above to �x a listing �1; � � � ; �m of � satisfying �i �LR �j =)
i � j and such that �1

S
� � �
S
�m0 = �(�+(n; r)) for some integer m0. Denote the

ideal �(�+(n; r)) of � by �(n; r).

Let eJ(n; r) be the Z-span of the D+
w , w 62

S
�2�(n;r) �. By (3.7b), eJ(n; r) is an

ideal in eH ; let eH(n; r) = eH= eJ(n; r).
(6.2) Theorem. The natural map  : eHop ! End

eSq(n;r)
(eT (n; r)) induces an

isomorphism eH(n; r)op �= End
eSq(n;r)

( eT (n; r)):
(In particular,  is surjective.) Furthermore, if Z 0 is a commutative Z-algebra,
then

 Z0 : eH(n; r)opZ0 ! End
eSq(n;r)Z0

( eT (n; r)Z0 )
is an isomorphism.

Proof. For � 2 �+(r), let (as before) w0;� be the longest word in W�. As de�ned
in [DPS2], �(�) is the two-sided cell �� 2 � containing w0;�. From the de�nition of

the Kazhdan-Lusztig basis fC 0xg for eHZ[q1=2 ;q�1=2] given in [KL1; ((1.1c)], C+
w0;�

=

q
1=2
w C 0w0;�

=
P

y�w0;�
Py;w0;��y, where Py;w0;� is the Kazhdan-Lusztig polynomial

for the pair (y;w0;�). By the standard formula [KL1; (2.3g)], we have that Py;w0;� =

1 for all y � w0;�. Thus, C+
w0;�

= x�. It follows that any element in eT� = x� eH is

a Z-linear combination of C+
x satisfying x �R w0;�. Therefore, if y 2 W does not

lie in any � 2 �(n; r) and � 2 �+(n; r), then (3.7a) imply that eT�D+
y�1 = 0. By

(1.4d), we conclude that  ( eJ(n; r)) = 0, yielding a homomorphism � : eH(n; r) !

End
eSq (n;r)

( eT (n; r)).
9Alternatively, the map f is obtained naturally from eH�

�

! eH ! C+
x
eH, checking with (3.7)

that the later is well-de�ned on the section of eH� de�ned by eS�.
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Let Z 0 be a commutative Z-algebra. The D+
w , w 2 � for � 2 �(n; r), de�ne

a Z 0-basis for eH(n; r)Z0 . Suppose that f =
P

w2�;�2�(n;r) awD
+
w acts as the zero

operator on eT (n; r)Z0 with some aw 6= 0. Choose a left cell ! 2 
 minimal (w.r.t.
�L) for which aw�1 6= 0 with w 2 !. For some � 2 �+(n; r), ! � � = �(�). There
exists x 2 
� so that ! = !x. Since x and w0;� have the same left-set, we conclude

that C+
x 2 eT 0�. (See the remarks above (3.2).) By (3.7a) and the minimality of

!, 0 = C+
x f =

P
y2!x

ay�1C+
x D

+
y�1 . Since fC

+
x D

+
y�1gy2!x is linearly independent

over Z 0 by (6.1), it follows that aw�1 = 0, a contradiction. Hence, � Z0 is injective.

Taking Z 0 = Q(q), the semisimplicity of eHQ (q) implies that eH(n; r) has rank

equal to dim End
eSq(n;r)Q(q)

( eT (n; r)Q (q) ). (Note that eH(n; r) is Z-free.) Hence, by

(5.7) and the previous paragraph, � k is an isomorphism for every �eld k which is a

Z-algebra. If fM ! eN is a morphism of �nitely generated Z-modules which becomes
an isomorphism upon passage to every residue �eld k of Z, then an elementary

commutative algebra argument establishes that fM ! eN is an isomorphism of Z-
modules. Thus,  : eH(n; r)op ! End

eSq(n;r)
(eT (n; r)) is an isomorphism, proving

the �rst assertion. The second assertion follows from this and (5.7). �

The above result is the q-version of a theorem of De Concini{Procesi [dCP; (4.1)]
for Schur algebras. (Another proof in that case is given in [D2; x2 Cor.].) As an
application, we establish a double centralizer property (1), independent of the �eld k

and the parameter q. Let eV be a free Z-module of rank n. For any positive integer r,

there is a natural right action of eH on eV 
r so that eV 
r �= eT (n; r) [DD; (3.1.5)]. LeteUq1=2 = eUq1=2 (gln) be the divided power Z-form of the quantized enveloping algebra

of gln. We have two natural algebra homomorphisms ' : eUq1=2 ! End
eH(
eV 
r) and

 : eHop ! End
eU
q1=2

(eV 
r). (The map ' is de�ned in [Du], based on [BLM].)

(6.3) Theorem. Both maps ' and  are surjective. Therefore, for any special-
ization of Z into a �eld k, we have

im('k) = End
eHk
(eV 
r

k ) and im( k) = End
eUqk

(eV 
r
k ):

Proof. The surjectivity of ' is proved in [Du; (3.4)] based on work of [BLM] over

Q(q). With this, (6.2) and the discussion above on eSq(n; r) imply the surjectivity
of  . The last assertion follows by base change. �

When k = C and q 2 C is not a root of unity, we recover the quantized Weyl
reciprocity established in [Ji]. See [Du; (1.2)]. When k = C and q 2 C is a root of

unity, then the fact that eH(2; r)C �= End
eSq(2;r)C

(eV 
r) has been proved by Martin

[M; x4] by di�erent methods, while for general n, the kernel of  C was explicitly
described in [M; x3] in terms of Young symmetrizers. We emphasize, however,
that results (6.2) and (6.3) are much stronger. We have proved that (6.2) holds
over the ring Z = Z[q; q�1], and it behaves well under base change. The proof
for the latter as well as the surjectivity of  requires the tilting module theory for
quasi-hereditary algebras.
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We next consider a �ltration version of (2) in the introduction. For this, we
require the �-operations on the elements of W . These operations are de�ned in
[KL1; (4.1)] which gives all the needed properties.10 The following result is implicit
in [KL1; xx4,5]; an explicit proof is presented in [DPS2; (2.3)].

(6.4) Lemma. (a) Let ! (resp., 
) be a left (resp., right) cell contained in the
two-sided cell � 2 �. Then !� = fw� j w 2 !g (resp., �
 = f�w j w 2 
g) is a
left (resp., right) cell in �. Every left (resp., right) cell in � can be obtained from !
(resp., 
) by applying a sequence of �-operations.

(b) Let w 2W and h 2 eH . Suppose

hC+
w �

X
x�Lw

�x(h;w)C
+
x mod

X
z<Lw

ZC+
z

C+
wh �

X
y�Rw

�y(h;w)C
+
y mod

X
z<Rw

ZC+
z :

Then
�x�(h;w

�) = q
1=2
w� q

�1=2
w q

�1=2
x� q1=2x �x(h;w)

��y(h;
�w) = q

1=2
�w q

�1=2
w q

�1=2
�x q1=2x �y(h;w):

(c) For any left cell ! 2 
,

C+
w +

X
z<Lw

ZC+
z 7! q1=2w q

�1=2
w� q1=2C+

w� +
X

z<Lw�

ZC+
z ; w 2 !

de�nes an isomorphism eE!
�
! eE!� of left cell modules. Similarly, for any right cell


,

C+
w +

X
z<Rw

ZC+
z 7! q1=2w q

�1=2
�w q1=2C+

�w +
X

z<R
�w

ZC+
z ; w 2 


de�nes an isomorphism eK

�
! eK�
 of right cell modules.

For � 2 �(r), let D+
� = fw 2 W j sw < w;8s 2 �g. By [DPS1; (2.3.5)], eT�

has basis fC+
w gw2D+

�
. Putting C�

w = C+
w , we obtain a basis fC�

wg�2�(n;r);w2D+
�
foreT (n; r). As above, let !� 2 
 contain w0;�. De�ne

(6.5)

( eN� = spanfC�
w j� 2 �(n; r); w 2 D+

� ; w �L w0;�geN�
� = spanfC�

w j� 2 �(n; r); w 2 D+
� ; w <L w0;�g:

By (2.2c), both eN�, eN�
� are eSq(n; r)-submodules of eT (n; r).

(6.6) Lemma.11 Let � 2 �+(n; r). In (6.5), both eN� and eN�
� are eSq(n; r)-

submodules of eT (n; r). In fact, eN�= eN�
�
�= e�(�) = Hom

eH(
eS�; eT (n; r)).

10Given w 2 W , the de�nition of w� depends on a choice of elements s; t 2 S such that
st has order 3. It will not be necessary to explicitly mention s; t. Also, w� is de�ned only if
#R(w) \ fs; tg = 1 where R(w) = fs 2 S jws < wg. Similar remarks hold for �w.

11It is clear that (6.5) and this lemma are valid in the context of e�(!� ;�) in (3.6) for any
Coxeter system.
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Proof. Using (the i = 1 case of) (3.5), we see there is an exact sequence 0 !

Hom
eH(
eT�=eS�; eT (n; r)) ! Hom

eH(
eT�; eT (n; r)) �

! e�(�) ! 0 of eSq(n; r)-modules.
Observe that x 2 W has right-set R(x) = fs 2 S jxs < xg � � if and only if

x �L w0;�; see remarks above [DPS1; (2.3.6)]. Thus, any homomorphism eT� ! eT�
is determined by the image of x�, which can be an arbitrary Z-linear combination of

terms C+
w for w 2 D+

� and w �L w0;�. Hence, Hom eH(
eT�; eT (n; r)) �= eN� as eSq(n; r)-

submodules of eT (n; r). For any � 2 �(n; r), Hom
eH(
eT�; eT�) �= Hom

eH�
(x�; eHx�).

Those morphisms eT� ! eT� vanishing on eS� identify with those maps x� ! eHx�
with image in spanfC+

y j y 2 D
+
� ; y <L w0;�g. Thus, Ker� = eN�

� . �

Let eRe = eSq(n; r) 
 eH(n; r)op and form the eRe-module e�e(�) = e�(�) 
 d
eH
eS�.

We will study the eRe-structure of eT (n; r).
If t is a tableau, let �t be its shape. Let T be the set of pairs (r; s) of stan-

dard tableau such that �r = �s 2 �+(r). Recall that t is standard if its entries,
here chosen from 1; 2; � � � ; r (without repetition), increase strictly along rows and

columns. We will use the Robinson-Schensted map r :W
�
�! T, w 7! (r(w); s(w)).

This map is de�ned explicitly in [S; pp. 25{27]. (See also the recent book [F].)
By [BV; pp.171-2],

(6.7) x �L y (resp. x �R y), s(x) = s(y) (resp. r(x) = r(y)):

In the proof below, it will be useful to keep in mind the trivial fact that r(w�) = r(w)
and s(�w) = s(w), whenever w� or �w are de�ned. For convenience, write C�

(r;s)

for C�
r�1(r;s). Also, let `(r; s) = `(r�1(r; s)) and q(r;s) = qr�1(r;s).

(6.8) Theorem. List �+(n; r) as �1; � � � ; �m, where �i D �j =) i � j. TheeRe-module eT (n; r) has a e�e-�ltration 0 = eT0 � eT1 � � � � � eTm = eT (n; r) in whicheTi=eTi�1 �= e�e(�i) = e�(�i) 
 d
eH
eS�i , for i = 1; � � � ;m.

Proof. Let 
i be the right cell containing w0;�i , and consider the right cell moduleeK
i
�= d

eH
eS�i; see (3.3), (3.4). De�ne eTi = spanfC�

w j� 2 �(n; r); w 2 D+
� ; w �L

x 2 
1 [ � � � [ 
ig. Since �
op
LR=E, (2.2c) and (3.1) imply that eTi is an (eSq(n; r); eH )-

sub-bimodule of eT . The section eTi=eTi�1 has basis consisting of cosets C�
w + eTi�1

for w �L x �R w0;�i , w 2 D+
� , and � 2 �(n; r). By (6.7), these basis vectors can

be described as C�
(r;s) +

eTi�1, letting (r; s) run over all pairs of standard tableau

of shape �i which satisfy r�1(r; s) 2 D+
� . Let ti = r(w0;�i) = s(w0;�i). Thene�(�i) has a basis consisting of those �C�

(r;ti)
= C�

(r;ti)
+ eN�

�i
, where r�1(r; ti) 2 D

+
�

for � 2 �(n; r). Also, the right cell module eK
i has a basis consisting of the
�C+
(ti;s)

= C+
(ti;s)

+
P

x<Rw0;�i
ZC+

x .

For any w, the elements w� and w have opposite parity. Hence, for a �xed i,
(6.4a) implies that `(r; ti) � `(r; s) + `(ti; s) � `(ti; ti) mod 2. So, there exists
�i 2 f0; 1g such that `(r; ti) � `(r; s) + `(ti; s) + �i � 0 mod 2, for all standard

tableau r; s of shape �i. The map e�e(�i)
f
! eTi= eTi�1 de�ned by

�C�
(r;ti)


 �C+
(ti;s)

7! q
1=2
(r;ti)

q
�1=2
(r;s) q

1=2
(ti;s)

q�i=2C�
(r;s)+

eTi�1
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is a linear isomorphism. Using (6.4b), we see that f is an (eSq(n; r); eH )-bimodule
map. �

(6.9) Remarks. (a) The duality functors d
eH and d

eSq(n;r)
de�ned in (1.2) and

(2.4) formally induce a duality functor d
eRe on the category of eRe-modules; see

[CPS2; (1.2.2c)]. Clearly, de eT (n; r) �= eT (n; r). Hence, by (6.8), eT (n; r) also has a

�ltration with sections dee�e(�) �= er(�) 
 eS�, � 2 �+(n; r).

(b) For any �eld k which is a Z-algebra, (6.8) implies that eT (n; r)k has a Re =
Sq(n; r) 
H(n; r)op-�ltration with sections �(�) 
 dHS�, � 2 �+(n; r).

(c) The e�(�)Q (q) , � 2 �+(n; r), are the distinct irreducible modules for the

semisimple algebra eSq(n; r)Q (q) . Also, d
eHQ(q)

eS�Q (q) �= eS�Q (q) . Hence, (6.8) agrees

with the decomposition (2) in the introduction.

7. Young modules and tilting q-Schur algebras. Maintain the notation of
the previous two sections. We �rst give a direct development of the basic theory of
Young modules. These modules were �rst developed for Hecke algebras of type A
by Dipper and James in [DJ2]. For example, they prove (7.4c) and (part of) (7.6c).
However, using the results of the present paper, we are able to establish these
results (and more) very quickly. Then we apply this work to describe explicitly the
partial tilting modules X(�) for the q-Schur algebras Sq(n; r) and determine the
Ringel dual of Sq(n; r). Since this paper was written, Donkin has given us a copy of
his paper [D4] which also calculates the Ringel dual of Sq(n; r) in the special case
n � r.

For the rest of this section, �x a �eld k which is a Z-algebra. To avoid trivialities,
we concentrate on the case in which the algebra eHk is not semisimple|hence, we
assume 1 + q + � � � + qr�1 = 0 in k (see, e. g., [DPS1; (4.2.2)]). There exists a
Z-algebra O with the following properties two: (i) O is a discrete valuation ring
with residue �eld k and fraction �eld K; (ii) the image of q in K is not a root of

unity. Thus, eHK is a split semisimple algebra. Note that q + 1 6= 0 in the domain
O.

Denote eSq(n; r)k (resp., eHk, eT (n; r)k , eT�k, etc.) by Sq(n; r) (resp., H, T (n; r),

T�, etc.). The Krull-Schmidt theorem holds for �nitely generated eHO-modules.

Also, if eT (n; r)O =
L

i
eY �nii is a decomposition of eT (n; r) into distinct, indecom-

posable eHO-summands eYi, then T (n; r) = Li Y
�ni
i is a decomposition of T (n; r)

into distinct indecomposable H-summands Yi = eYik. (Use \Heller's theorem", see.
e. g., [CPS2; (1.5.6)], and (2.2b).)

By (5.1b), Hom
eH0(eT�0

�0 ;
eT 0�) �= Z 0 if � 2 �(r) and q + 1 is not a zero divisor in

the commutative Z-algebra Z 0. Thus, taking Z 0 = O, for � 2 �+(r), there exist

unique indecomposable eHO-summands eY \
� of eT�

�0O and eY� of eT�O such that

(7.1) Hom
eHO

(eY \
� ;
eY�) �= Hom

eHO
( eT�

�0O;
eT�;O) �= O:

Then eY� (resp., eY \
� ) is the Young module (resp., twisted Young module) associated

to �. Let Y \
� = eY \

�k and Y� =
eY�k.
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(7.2) Lemma. (a) For � 2 �+(r), we have eY�K �= eS�K �
L

�.�
eS�n���K andeY \

�K
�= eS�K �

L
�/�

eS�m��

�K .

(b) The eY�, � 2 �+(n; r), are the distinct indecomposable eHO-summands ofeT (n; r)O .
(c) For � 2 �+(r), let eP (�) = Hom

eHO
(eY�; eTO). Each eP (�) is a projective

indecomposable eSq(r; r)O-module. The modules P (�) = eP (�)k �= HomH(Y�; T ),
� 2 �+(r), are the projective indecomposable Sq(r; r)-modules.

Proof. Because eHK is a split semisimple algebra, the irreducible eHQ (q) and eHK -

modules correspond bijectively eS�Q (q) 7! eS�K . (This assertion follows immediately
from elementary Brauer theory for algebras over a regular ring of Krull dim. � 2;
cf. [DPS1; (1.1.3)], or use [B; (1.9.6)].) Thus, the decomposition (5.2) holds with
Q(q) replaced throughout by K. Now (a) follows from this fact.

By (5.1), the eY� are distinct for distinct � 2 �+(r). By general principles,

the eP (�) = Hom
eHO

(eY�; eT (n; r)O), � 2 �+(n; r), are the distinct indecomposable,

projective eSq(n; r)O-modules. Since eSq(n; r)K is split semisimple, the functor �
O
k takes distinct projective indecomposable eSq(n; r)O-modules to distinct projective
indecomposable Sq(n; r)-modules (see [CR; Ex. 16, p. 142]), proving (c). Since
#�+(n; r) is the number of distinct irreducible Sq(n; r)-modules, (b) follows.12 �

We remark that a version of (7.2b) over �elds is implicit in [DJ2; (2.6),(3.11)]

and [DJ4; (8.8)]. (As noted in [DPS2], it is easy to check that the modules eS�,eS�k, � 2 �+(r), in this paper identify with the Specht modules as considered in
[DJ1,2].)

We consider next how the duality functors (1.2) and (2.4) behave.

(7.3) Lemma. (a) For � 2 �+(r), d
eHO

eY� �= eY� and dHY� �= Y�. Also, d eHO

eY \
�
�=eY \

� and dHY
\
�
�= Y \

� .

(b) For � 2 �+(r), eY \�
�

�= eY�0 and Y \�
�

�= Y�0.

(c) dSq(n;r) is a strong duality on Sq (n;r)C, i. e., dSq(n;r)L(�)
�= L(�) for all

irreducible Sq(n; r)-modules L(�).

Proof. By (1.4a), d
eHO

eT�O �= eT�O and d
eHO

eT�
�O

�= eT�
�O. Hence, d eHO

eY� is an inde-

composable summand of eT�O which has a nonzero homomorphism to eT�
�0O. Thus,

Hom
eHK

(d
eHK

eY�K ; eT�
�0K )

�= Hom
eHO

(d
eHO

eY�O; eT�
�0O)K 6= 0:

Since eHK is a semisimple algebra, it follows that Hom
eHK

( eT�
�0K ; d eHK

eY�K) 6 0, so
Hom

eHO
( eT�

�0O; d eHO

eY�) 6= 0 also. Therefore, d
eHO

eY� �= eY�. Similarly, d eHO

eY \
�
�= eY \

� .

This proves two of the isomorphisms in (a); the other two follow by base change
and (1.3).

12Using (7.2c), it can be shown that n�� =m�0�0 . Similarly, in (5.2), e�� = f�0�0 .
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Applying d
eHO

and then � to a nonzero morphism eY \
� !

eY�, (a) and (1.4c) imply
that eY �

� is an indecomposable summand of eT�
�O for which there exists a nonzero

morphism to eT�0O. Hence, eY �
�
�= eY \

�0 . Applying � again gives the �rst assertion in
(b). Now base change gives the second assertion in (b).

Finally, since the duality dH �xes each Y�, [CPS2; (1.2.1c)] states that dSq(n;r)
is a strong duality, so (c) holds. �

The following result provides an essential key for understanding the partial tilt-
ing modules X(�) for q-Schur algebras. The proof makes crucial use of the iso-

morphisms eTy� �= Hom
eH(
eT�
� ;
eT ) given in (2.5a) and the �ltration results (6.8).

Compare [DJ1; (4.12)] and [DJ3; (3.5)] for parts (b) and (c).

(7.4) Proposition. Let eT = eT (r; r) and put eV (�) = Hom
eH(
eT�
�0 ;
eT ) and eX(�) =

Hom
eHO

(eY \
� ;
eTO) for � 2 �+(r). Then:{

(a) eV (�) 2
eSq(r;r)

C(tilt). (See above (5.5) for a de�nition.)

(b) eT�
�0 has a eH-module �ltration with top section eS� and lower sections eS� for

� / �.

(c) d
eH
eS� �= eS�

�0.

(d) There is an isomorphism

(7.4.1) Hom
eSq(r;r)O

( eX(�); eTO) �
! eY \

�

of eHO-modules. Also, eX(�) 2
eSq (r;r)O

C(tilt). Finally, eX(�)k 2 Sq(r;r)C(tilt) has

highest weight �.

Proof. By (2.5a), eV (�) �= eTy�0 . Consider the e�e-�ltration eT� of eT de�ned in (6.8).

By its construction, it can be re�ned to a e�-�ltration eF� in which every eFi is
spanned by certain Kazhdan-Lusztig basis elements C�

w, � 2 �(r) and w 2 D+
� . IfeFi= eFi�1 �= e�(�), � 2 �+(r), then eFi= eFi�1 has basis fC�

w + eFi�1 j� 2 �(r); w �L

x; for some �xed x �R w0;�g:
For � 2 �+(r), let D� = fw 2 W j sw > w;8s 2 J(�)g. Then C+

wy� 6= 0 if
and only if w�1 2 D�. If C+

w y� 6= 0, then w�1 2 D�, since otherwise, there exists
s 2 J(�) so that ws < w. Then C+

w �s = qC+
w , while �sy� = �y�, contradicting

q + 1 6= 0. Conversely, any C+
w = �w+ terms involving �v for `(v) < `(w), so, for

w�1 2 D�, C+
wy� = �w0;�q

�1
w0;�

�ww0;�+ terms involving �u, `(u) < `(ww0;�). Hence,

the elements C+
w y�, w

�1 2 D�, are Z-linearly independent.

Thus, eFiy� has a basis consisting of various products C�
wy�, for � 2 �(r),

w 2 D+
� \ D�1� . Hence, any non-zero eFiy�= eFi�1y� is Z-torsion free. For such i,eFi= eFi�1 �
! eFiy�= eFi�1y�, since each e�(�)Q (q) is an irreducible eSq(r; r)Q (q)-module.

Therefore, eV (�0) = eTy� has a e�-�ltration. By (2.5a), d
eSq(r;r)

eTy� �= eTy�; so eTy�
also has a er-�ltration. This proves (a).

Since eT has a er-�ltration, (5.6(1)) implies Ext 1
eSq (r;r)

(fM; eT ) = 0 for any fM 2

eSq(n;r)
C(e�). Hence, if eF� is a e�-�ltration of eV (�), then Hom

eSq(r;r)
( eF�; eT ) is a
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�ltration of Hom
eSq (r;r)

(eV (�); eT ) with sections eS� �= Hom
eSq(r;r)

(e�(�); eT ) (by (5.4))
for every � for which e�(�) is a section of eF�. By (2.6a), eT�

�0
�= Hom

eSq(r;r)
(eV (�); eT ).

Thus, (5.2) implies that e�(�) appears as a section in eV (�) and all other sectionse�(�) satisfy � / �. Also, (5.6(2)) says that eF� can be assumed to have bottom

section e�(�). Clearly, (b) follows from these observations.

Let �� generate the free rank one Z-module Hom
eH(
eT�
�0 ;
eT�); cf. (5.1b). By (b)

and (5.2), Im�� �= eS�. By (1.4b), d
eH(�

�
� ) = ��0 . Since Im��0 �= eS�0, (c) follows.

In proving (d), denote e�(�)O, er(�)O simply by e�(�), er(�). Now eX(�) is a

direct summand of Hom
eHO

( eT�
�0O;

eTO) 2 eSq(r;r)O
C(tilt), so, Ext 1

eSq (r;r)
( eX(�); er(�))

and Ext 1
eSq(r;r)

(e�(�); eX(�)) vanish 8� 2 �+(r) by (5.6(1,2)). By \Donkin's crite-

rion" [CPS2; (4.5.1)], eX(�) 2
eSq (r;r)O

C(tilt). The isomorphism

eT�
�0O

�= Hom
eSq(r;r)O

(eV (�)O; eTO)
immediately implies (7.4.1). (Observe that, in the notation just above (2.6), if Ev

fM

is an isomorphism, then Ev
eN is also an isomorphism for any direct summand eN offM .) Thus, by (7.2a), � is the maximal � for which e�(�)O is a section of eX(�). �

(7.5) Remark. If we localize Z to Z 0 in which q+1 is invertible, then the analog
of (7.4a) over Z 0 is much easier to prove: One can show

(7.5.1) Ext 1
eH0
(eS0�; eT 0) = 0;

using the arguments from [CPS2; (1.5.2)] and [DPS1; (1.2.13)]. Then one gets a

�ltration of eV (�)0 by modules e�(�)0, and then duality may be applied to complete
the proof.

If an eH-module fM has a eS-�ltration eF�, then the multiplicity of any eS� as a

section in eF� equals [fMK : eS�K ] (which in turn equals [fMQ (q) : eS�Q (q) ]). Hence,

the multiplicity is independent of the �ltration chosen; we denote it by [fM : eS�].
Similarly, for a eSq(n; r)-module fM with a e�-�ltration, the multiplicity [fM : e�(�)]
of e�(�) as a section of a e�-�ltration of fM is well-de�ned. Similar remarks apply

for eHO and eSq(n; r)O .
(7.6) Proposition. For � 2 �+(r), let eP (�) = Hom

eHO
(eY�; eTO) be as in (7.2).

Then:{

(a) Each eP (�) is in
eSq (r;r)O

C(e�).
(b) For � 2 �+(r), eY� (resp., Y�) has a eS-�ltration (resp., S-�ltration) with

bottom section eS�O (resp., S�) and higher sections eS�O (resp., S�) for �.�. Also,
for any � 2 �+(r),

(7.6.1) [eY� : eS�O] = [ eP (�) : e�(�)O] = [P (�) : �(�)];

where P (�) = eP (�)k.
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(c) Similarly, for � 2 �+(r), eY \
� (resp., Y \

�) has a eS-�ltration with top sectioneS�O (resp., S�) and lower sections eS�O (resp., S�) for � E �.

(d) Given �; � 2 �+(r), there is an equality

(7.6.2) [ eX(�) : e�(�)O] = [eY \
� : eS�O]

of multiplicities relative to any e�-�ltration of eX(�) and eS-�ltration of eY \
� .

Proof. (a) follows from the quasi-heredity of eSq(r; r) (or, as we have done ear-

lier, use [CPS2; (4.5.1)]). Since (5.5) implies that eT = eT (r; r) 2
eSq (r;r)

C(er),
(5.4) and (5.6(1)) imply each section e�(�)O of eP (�) contributes a section eS�O =

Hom
eSq(r;r)O

(e�(�)O; eTO) in a �ltration of eY� �= Hom
eSq(r;r)O

( eP (�); eTO), proving (b).
Finally, both (c), (d) follow immediately from (7.4d). �

Recall from x4 that, given a HWC AC with poset �+, there is an associated
partial tilting module X(�) de�ned for every � 2 �+. Our next result gives an
explicit description of these modules for q-Schur algebras.

(7.7) Theorem. For � 2 �+(n; r), eX(�)k = Hom
eHO

(eY \
� ;
eT (n; r)O)k identi�es

with the partial tilting module X(�) of highest weight � for the HWC Sq(n;r)C.

Proof. By (4.3a), we can assume r = n. Since eY \
� is a direct summand of eT�

O =eT (r; r)�O , the evaluation map eY \
� ! Hom

eSq(r;r)O
(Hom

eHO
(eY \

� ;
eTO); eTO) is an iso-

morphism by (2.6a). Thus, the indecomposability of eY \
� implies that of eX(�). Now

[CPS2; (1.5.6b)] and (4.4c) imply that eX(�)k is indecomposable. The theorem
follows by (7.4d). �

As an easy consequence of our results, we describe the Ringel dual of Sq(n; r).
Let �+(n; r)0 be the ideal in �+(r) consisting of all dual partitions �0, � 2 �+(n; r).
Also, following (2.5), let

(7.8) eX =
M

�2�(r;r)

eT (r; r)y� �= Hom
eH(
eT (r; r)� ; eT (r; r)):

By (7.7), eXk is a full tilting module for Sq(r; r) for any �eld k which is a Z-

algebra. So, if eE = End
eSq(r;r)

( eX), then eEk
�= EndSq(r;r)(

eXk) by (4.4c). As

discussed in x4, the Ringel dual Sq(r;r)C
? of Sq(r;r)C identi�es with

eEk
C. It is

a highest weight category with weight poset (�+(r);Eop) and standard objects

�?(�) = HomSq (r;r)(�(�);
eXk). Now we can prove the following important result.

(7.9) Theorem. Let k be a �eld which is a Z-algebra.

(a) Then, for eX as in (7.8), we have EndSq (n;r)(
eXk) �= Sq(n; r). Moreover,

there is an equivalence G : Sq(r;r)C
? �
! Sq(r;r)C of highest weight categories such

that G(L?(�)) �= L(�0), � 2 �+(r). (Here L?(�) denotes the simple object in

Sq(r;r)C
? corresponding to � 2 �+(r).)
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(b) For n > r, Sq(n;r)C
? �= Sq(n;r)C.

(c) For n < r, Sq(n;r)C
? �= Sq(r;r)C[�

+(n; r)0 ].

Proof. We will use the notation immediately above the statement of the theo-

rem. By (2.6a), there is an isomorphism ef : eSq(r; r)op �
! eE. Let e� be the

anti-automorphism in the proof of (2.4), and form the isomorphism eg = ef � e� :eSq(r; r) �
! eE. Then g = egk : Sq(r; r) ! eEk is an algebra isomorphism, proving the

�rst assertion of (a).

Next, as in (2.6b), ef de�nes a category equivalence eF :
eEC

�
!

eSq(r;r)op
C. For

� 2 �+(r), let eN = eS� in (2.6b), so eN� = e�(�). By (5.4) and its proof, the

hypothesis of (2.6b) holds for eN . If we put e�?(�) = Hom
eSq(r;r)

(e�(�); eX) and

de�ne �?(�) similarly, then e�?(�)k �= �?(�) by (4.4c). By (2.6.1), eF (e�?(�)) �=
Hom

eH(
eT�; eS�), where eT = eT (r; r). Thus, the isomorphism eg de�nes, by pull-back,

a category equivalence eG :
eEC

�
!

eSq(r;r)
C in which eG(e�?(�)) �= Hom

eH(
eT�; eS�). In

this isomorphism, the natural right action of eSq(r; r) on Hom
eH(
eT�; eS�), through

its left action on eT�, is converted to a left action by means of e�. Now
Hom

eH(
eT�; eS�) �= Hom

eH(
eS��; eT��) �= Hom

eH(d eH
eS�; eT�)

�= Hom
eH(
eS�
�0;
eT�) �= Hom

eH(
eS�0; eT )

�= e�(�0)
as left eSq(r; r)-modules. In the above display, the second isomorphism follows
from (2.4a), and the third isomorphism follows from (7.4c). Now the isomor-

phism g above de�nes, by pull-back, an equivalence G :
eEk
C

�
! Sq (r;r)C. We have

G(�?(�)) �= G(e�?(�)k) �= eG(e�?(�))k �= e�(�0)k �= �(�0): It follows G(L?(�)) �=
L(�0). Since (�+(r);Eop)

�
! (�+(r);E), � 7! �0, is a poset isomorphism, G is an

equivalence of highest weight categories. So, (a) is proved.
Next, (b) follows since for n > r, Sq(n; r) is Morita equivalent to Sq(r; r).
In the notation just above (2.3), we have Sq(n; r) = e�+(n;r)Sq(r; r)e�+ (n;r).

Thus, Sq(n;r)C
�= Sq (r;r)C(�

+(n; r)), so (4.3.1) implies that

Sq(n;r)C
? �= Sq(r;r)C

?[�+(n; r)];

where, on the right-hand side, �+(n; r) is an ideal in the poset (�+(r);Eop).
Now (c) follows since the equivalence G de�ned in (a) carries Sq(r;r)C

?[�+(n; r)]

to Sq(r;r)C[�
+(n; r)0 ]. �

(7.10) Remarks. (a) The determination of the Ringel dual of the Schur algebra
S(n; r) (i. e., the algebra Sq(n; r) when q = 1 in k) is due to Donkin [D1], using
algebraic group/Hopf algebra methods. Donkin has also announced [D3; p.236] a
result similar to (the �rst part of) (7.9a) for q-Schur algebras. (In fact, the proof,
which is quite di�erent from our methods, has now been circulated in preprint
form [D4; x4.1].) [CPS2; x5.2] gave a di�erent, more combinatorial development
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of tilting modules for S(n; r), valid under the assumption that char k 6= 2. The
above arguments, besides being short and independent of any representation theory
of quantum groups, extend those methods to q-Schur algebras. The methods also
give integral versions of the classical q = 1 results, and, specializing to q = 1, give
e�cient proofs of those results.

(b) In characteristic 2, when q = 1, the treatment here con�rms and deepens
the tilting module description proposed in [CPS2; (5.2.8)], via reduction of an
integral intertwining module, and does the same for q-Schur algebras over any �eld
in which q + 1 = 0; see (7.8). These exceptional cases are quite important for
the nondescribing characteristic representation theory of the �nite general linear
groups. It is interesting to note that the tilting module description (2.5c) remains
\the same" over any �eld or Z-algebra, though that is not true of the intertwining
module description.

(c) In (8.6c) below, we will present another description of the Ringel dual ofeSq(n; r)k in some cases.

8. Quantum Weyl reciprocity, II. In this section, we maintain the notation

of the previous section. In particular, eH is the generic Hecke algebra over Z =

Z[q; q�1] for the W = Sr and the �eld k is a Z-algebra so that H = eHk is not
semisimple. Thus, the image of q is a primitive lth root of 1 for some integer l
satisfying 1 � l � r. If l = 1, then 0 < char k = p � r. As at the beginning of x7,
�x a local triple (O; k;K), where the discrete valuation ring O is a Z-algebra andeHK is a (split) semisimple algebra.

A partition � is (row) a-regular (a 2 Z+) if � contains no part �i which is
repeated a or more times. Let �+(n; r)a�reg be the subset of a-regular partitions.
Put

(8.1) �+(n; r)reg =

�
�+(n; r)l�reg if l > 1;

�+(n; r)p�reg if l = 1;
and �+(r)reg = �+(r; r)reg:

(8.2) Lemma. (a) For � 2 �+(r), the restriction of the pairing ( ; ) in (1.4a)
to S� � T� is non-zero if and only if � 2 �+(r)reg.

(b) For � 2 �+(r)reg, let D� be the head of S�. The algebra H has #�+(r)reg
distinct irreducible modules. Each irreducible H-module is isomorphic to some D�.

(c) For � 2 �, Y� (resp., eY�) is projective as an H-module (resp., eHO-module)
if and only if �0 2 �+(r)reg.

Proof. It has already been remarked (above (7.3)) that S� identi�es with the Specht
module associated to � in the sense of [DJ1]. For this reason, (a) follows from [DJ1;
p. 42]. (b) and (c) are also proved in [DJ1; (7.7)], but, using (a), follow from general
principles, see [CPS2; (4.5.3)]. �

(8.3) Proposition. (a) For any �; � 2 �+(r), the number of occurrences [X(�) :
�(�)] of �(�) as a section in a �-�ltration of X(�) equals [�(�0) : L(�0)].

(b) If � 2 �+(r)reg, then [X(�) : �(�)] = [S� : D�].
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Proof. By (7.6.2), [X(�) : �(�)] = [ eX(�) : e�(�)O] = [eY \
� : eS�O]: But (7.3a,b) and

(7.4c) imply that [eY \
� : eS�O] = [eY�0 : eS�0 ], which in turn equals [P (�0) : �(�0)] by

(7.6.1). By Brauer-Humphreys reciprocity, [P (�0) : �(�0)] = [r(�0) : L(�0)] which
also equals [�(�0) : L(�0)] since Sq(r; r) has a strong duality. If � 2 �+(r)reg,

then Y \
�
�= Y �

�0 is projective by (8.2c). By elementary Brauer theory (see [DPS1;

(1.1.3)]), [eY \
� : eS�] = [S� : D�]. �

(8.4) Remarks. (a) Using (4.3a), we could have taken �; � 2 �+(n; r) in (8.3).
We could also obtain the �rst assertion in (8.3a) from (7.9a), but have given the
above argument since it is very concrete.

(b) Taking q = 1 in (8.3) yields relations between the decomposition numbers
for symmetric groups and those for Weyl modules for Schur algebras. In particular,
(a) is in [D1], and (b) is in [E1]. Putting (a) and (b) together, gives a result of
James [J1] on embedding the decomposition matrix of Sr into that for S(r; r).

(c) Erdmann [E2] considered whether every decomposition number for S(n; r)
occurs as a decomposition number for some symmetric group Sr0 . She proved that

(8.4.1) for �; � 2 �+(n; r) : [�(�) : L(�)] = [St(�0) : Dt(�0)];

where t(�0) = p�0 +(p� 1)(n� 1; n� 2; � � � ; 1; 0) 2 �+(pr+(p� 1)
� n
2

�
)p�reg. The

proof of (8.4.1) follows from the q = 1 case of (8.3) using the GLn(k)-isomorphisms

(8.4.2) X(�)(1) 
 St �= X(t(�)); �(�)(1) 
 St �= �(t(�)):

Here St is the Steinberg module, and M (1) denotes the Frobenius twist of M .

(d) Let q 2 k be a primitive lth root of unity, l > 1. There is no evident
quantization of (8.4.1), since now the Frobenius morphism Fr : GLn;q(k)! GLn(k)
goes from the quantum group GLn;q(k) to the classical algebraic group GLn(k).
(See [PW; x7].) Thus, although there exist isomorphisms as in (8.4.2), the twisted
modules X(�)(1) and �(�)(1) are the pull-backs through Fr of the tilting module
X(�) and Weyl module �(�) for GLn(k), and not for GLn;q(k).

(e) Suppose in (8.4) that char k = 0, so that l > 1. By (8.3) and (6.4), the de-
composition matrix D for H embeds into the decomposition matrix Dq for Uq(sln).
When l is odd at least, Dq is described in terms of inverse Kazhdan-Lusztig poly-
nomials, using [KL3], [KT]. Another approach to determining D in terms of the

crystal bases for the a�ne quantum enveloping algebra Uq(bgln) is described in
[LLT]. Perhaps, our remark explains the \in principle" comment [LLT; p. 205].

Now assume that

(8.5)

�
n < l; if l > 1;

n < p; if l = 1:

Since n is the Coxeter number of GLn(k) (or the quantun general linear group
GLn;q(k)), (8.5) covers all cases (except n = l or p, which we omit for simplicity)
relevant for the Lusztig conjecture relating the characters of Uq(sln) with those for
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GLn(k), when k has positive characteristic, etc. James [J2; x4] has formulated a
conjecture (in the case n = r and k has positive characteristic p) asserting that,
when r < lp, the irreducible Sq(r; r)-modules arise by \reduction mod p" from
the corresponding irreducible modules for the complex q-Schur algebra Sq(r; r)C
at a primitive lth root of unity in C . Clearly, this conjecture can be made for
n < r (and its validity for n = r implies the validity for n < r). Also, if l = p,
the condition r < lp is similar in spirit to the weight restrictions in the modular
Lusztig conjecture (for the irreducible characters of reductive groups G). Thus,
the conditions n < l = p and r < lp represent an overlap between the Lusztig and
James conjectures.13

We prove the following result, �rst observed by Erdmann for q = 1 [E1] (building

on work of Donkin). We will make use of the algebras eH(n; r) de�ned above (6.2).

Also, we set H(n; r) = eH(n; r)k .

(8.6) Theorem. (a) As an Sq(n; r)-module, T (n; r) =
L

�2�+(n;r)reg
X(�)�r�

where each r� > 0.

(b) Assume (8.5) holds. Then T (n; r) is a full tilting module for Sq(n; r). In
particular, H(n; r)op �= EndSq(n;r)(T (n; r)) (see (6.2)) is quasi-hereditary, and

H(n;r)opC identi�es with the Ringel dual of Sq(n;r)C.

(c) If (8.5) holds, then H(n;r)opC is a HWC with poset (�+(n; r);Eop), standard

objects S�, partial tilting modules Y�, and projective indecomposable modules Y \
� ,

� 2 �+(n; r).

Proof. We �rst prove (a). First, by (7.7), the partial tilting module X(�) is iso-

morphic to HomH(eY \
� ;
eT (n; r)O)k. If � 2 �+(n; r)reg, then (8.2c) and (7.3b) imply

that Y \
� is projective, so HomH(Y

\
� ; T (n; r))

�= Hom
eHO

(eY \
� ;
eT (n; r)O)k. Therefore,

in this case, X(�) is a direct summand of T (n; r).
Since T (n; r) is a faithful H(n; r)-module, the irreducible H(n; r)-modules are

precisely those D� which appear as an H-composition factor of T (n; r). Thus,
using (8.3b), it follows that Irr(H(n; r)) = fD� j� 2 �+(n; r)regg. Since H(n; r) =
EndSq (n;r)(T (n; r)) (by (6.2) and (4.4)), Irr(H(n; r)) has cardinality equal to the
number of distinct (up to isomorphism), indecomposable summands of the Sq(n; r)-
module T (n; r). In view of the previous paragraph, (a) is established.

If (8.5) holds, then �+(n; r)reg = �+(n; r), so that (b) follows from (a). Then
by x4, H(n;r)opC is a HWC with poset (�+(n; r);E) and standard objects

�?(�) = HomSq(n;r)(�(�); T (n; r))
�= S�:

(The second isomorphism here follows from (5.4), (4.4) and the discussion above
and below (5.5).) Since Ringel's theory establishes that T (n; r) is a full tilting
module for H(n; r)op , it follows that the Y�, � 2 �+(n; r); are the distinct partial

tilting modules for H(n; r). Finally, any Y \
� , � 2 �+(n; r), is a projective H-module

and an H(n; r)-module; thus, it is also a projective H(n; r)-module. Because the

Y \
� are distinct for distinct �, (c) follows. �

13For further discussion of the James conjecture, see [GH] and [CPS3]. In particular, these
papers discuss the fact that the conjecture is true \generically".
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We remark that the proof of (8.6a) above has used Theorem 6.2. However,
another proof, independent of (6.2), exists. We may �rst prove the result for n � r
then apply (4.3a) and (7.7). (See [E1; 4.2].) However, (8.6b,c) require (6.2) in an
essential way.

Now let �e = �+(n; r)��+(n; r) and de�ne (�; �) �e (�; �) if and only if � E �
and � D �.

(8.7) Corollary. Assume that (8.5) holds. Then the algebra Re = Sq(n; r) 

H(n; r)op is a quasi-hereditary algebra. The module category ReC is a HWC with
poset (�e;�e) and standard objects �(�) 
 S�, (�; �) 2 �e.

Proof. At least for an algebraically closed �eld, the result is immediate from (8.6)
and [W], where tensor products of quasi-hereditary algebras are studied. We give a

di�erent proof, applying [DPS2; (1.6)] to the algebra eRe = eSq(n; r)O
 eH(n; r)opO and

the poset �e. First, each e�(�; �)O = e�(�)O
eS�O 2 Ob(
eReC) is a �nitely generated

projective O-module. Let eP (�; �) = eP (�)
 eY \
� , where eP (�) is the projective cover

in
eSq(n;r)O

C of the irreducible Sq(n; r)-module L(�). Then eP (�; �) is a projectiveeRe-module. In the Grothendieck group of eSq(n; r)K -modules, we have [ eP (�; �)K ] =
[e�(�; �)K ] +P(�;�)>e(�;�)m(�;�);(�;�)[e�(�; �)K ]. Each e�(�; �)K �= e�(�)K 
 eS�K
is absolutely irreducible for eRe

K = eSq(n; r)K 
 eH(n; r)opK . Finally,
L

�2�e
eP (�) is

clearly a projective generator for
eReC. Thus, the hypotheses of [DPS2; (1.6)] holds,

and (d) follows. �

(8.8) Remarks. (a) We emphasize that, even without the assumption (8.5),
Theorem 6.8 gives a �ltration of tensor space by Sq(n; r) 
 H(n; r)op-modules
�(�) 
 dHS�, � 2 �+(n; r), in analogy with the classical decomposition (2) de-
scribed at the beginning of the paper. In the presence of (8.5), this �ltration is even
by modules which make sense in terms of quasi-hereditary algebras. However, note
that the �(�)
dHS� are not (generally) standard modules for Sq(n; r)
H(n; r)op .
The standard modules are the modules �(�)
 S� by (8.7).

(b) We mention without detailed proof one further aspect of Weyl reciprocity,
namely the correspondence between Weyl and Specht modules. One requires here
the set-up of (7.5), where we localize Z to Z 0 in which q + 1 is invertible. Then
there is a contravariant equivalence of exact categories

eSq(n;r)0
C(e�0)

�
! C

eH0(eS0)op:
The proof is obtained using the approach given in [CPS2; (4.6.4)]. A version at
q = 1 of this result is due to Erdmann [E1] over a �eld, where stronger assumptions
(p > n is su�cient) are required.
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