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ABsTRACT. We study a class of endomomorphism algebras of certain g-permutation
modules over the Hecke algebra of type B, whose summands involve both parabolic
and quasi-parabolic subgroups, and prove that these algebras are integrally free and
quasi-hereditary, and are stable under base change. Some consequences for decom-
position numbers are discussed.

The notion of a g-Schur algebra was introduced by Dipper and James [DJ2],
who used these algebras to parametrize the irreducible representations of the finite
general linear groups in non-describing characteristics. With hindsight, these alge-
bras had already appeared earlier in an entirely different quantum group context
[Ji] inspired by physics. In [Ji] Jimbo considered the endomorphism algebras of
tensor spaces as Hecke algebra modules. In his context, a ¢-Schur algebra can be
viewed as a quotient of the quantized enveloping algebra associated to gl,,. In [PW],
these algebras were shown to be quasi-hereditary. The quasi-heredity property is
an embodiment in classical algebra of the geometric derived category stratification
exhibited by perverse sheaves [PS]. It means more applications can be deduced from
a ring-theoretic point of view; see e. g., [DPS3], and the possibility is raised of even
deeper results in the future, as suggested by [CPS2].

Certainly, these algebras play a central role in the representation theories of
the finite and quantum general linear groups. Naturally, one asks: Are there such
algebras for types other than A? Our paper [DS] showed that there were similar
quasi-hereditary quotients of quantized enveloping algebras for all types of root
systems. However, no connection with Hecke algebras and finite groups of Lie type
was found there.

This paper aims at the same question and constructs possible algebras directly
from Hecke algebras (hence from finite groups of Lie type). We restrict attention
to the type B case. Imitating the definition of a ¢-Schur algebra, we introduce
the notion of a g-Schur? algebra. These algebras are the endomorphism algebras
of certain modules over the Hecke algebra of type B — called “tensor” spaces —
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whose summands involve not only parabolic subgroups but also quasi-parabolic
subgroups of the Weyl group of type B. A main result of our paper shows that ¢-
Schur? algebras are quasi-hereditary. We speculate that similar constructions exist
for other classical types (only type D remains, actually, since type C is equivalent
to type B in our context), while a weaker variation, at least, applies in general. See
our papers [DPS1] and [DPS2] with Brian Parshall.

We outline the contents of the paper. Section 1 collects some facts about Young
tableaux and bitableaux. The notion of a semi-standard bitableau is new. In section
2, we introduce the notion of a quasi-parabolic subgroup of the Weyl group of type
B in the restricted sense. We describe the distinguished coset and double coset
representatives for these subgroups. The notion of a g-Schur? algebra is given in
section 3. In section 4, we first characterize g-permutation modules associated to
quasi-parabolic subgroups in terms of certain eigenspaces in §4.1. Then we prove
the freeness of the g-Schur? algebras and their base change property. In section 5,
we generalize the classical Young rule to the type B case, that is, we prove that the
number of semi-standard bitableaux is equal to the multiplicity of a Specht module
in a permutation module. Integral Specht filtrations for permutation modules are
discussed after introducing “Murphy” type bases for these modules. Finally, in
section 6, we prove the quasi-heredity of a g-Schur? algebra. We also discuss some
consequences for decomposition numbers for related algebras of known interest, and
make further remarks. Over a field our theory applies in all characteristics, without
exception.

The major part of the work, that is, the freeness and quasi-heredity of the integral
g-Schur? algebras, was completed in late 1995. Parts of the ideas and results have
been communicated since then, both privately and publicly, and were announced
briefly by the second author at the AMS (summer institute) conference in Seattle,
July, 1996. All results here were presented by the first author at a seminar of
University of Chicago in November, 1996. We thank R. Dipper for letting us know
in late September about a base change property he and James had just obtained for
an endomorphism algebra of type B. After an earlier version of this manuscript was
completed, we received a preprint by R. Dipper, G. James and A. Mathas entitled
“The (Q, q)-Schur algebra”. It turns out that their algebra is Morita equivalent to
the g-Schur? algebra we introduced in this paper.

1. YOUNG TABLEAUX

In this section we collect some definitions and results on partitions and Young
tableaux.

1.1 Standard and semi-standard tableaux. A composition o of a nonnegative'
integer r, denoted a = r, is a finite sequence @ = («y,- -+, ) of nonnegative
integers with sum |o| = Y . a; = r. A composition « is tight if all zero parts appear
at the right hand side of the sequence, and « is called a partition, denoted a - 7,
if the sequence is non-decreasing. We denote by A(n,r) the set of all compositions
of r with n parts (counting zeros). Elements of A(n,r) may be identified with
elements of A(m,r), if m > n, by adding zeros on the right, though often we will
want to keep track of n.

11t is useful to allow r = 0 here and in the definitions below, to avoid special cases.
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Let < be the dominance order on compositions. Thus, a < f if and only if
I a; <Y1 B for all 5. For a composition « of r, we may identify o with its
corresponding diagram which consists of boxes arranged in a manner as illustrated

by the example a = (421), for which we have

ooOood
a

Qe
I
ooo

Let o' be the dual partition of a |= 7: thus o = #{«; > i}. The double dual is
denoted o’; if « is a partition, then a = o'’.

An a-tableau t is obtained by replacing boxes by positive integers. We will call
the a-tableau regular if its entries are the numbers 1,2, --- |7 with no repeats. The
symmetric group &,. acts on the set of regular a-tableaux by permuting the entries.
A regular tableau t is called row-standard if each row of t is an increasing sequence,
and standard if both row and columns of t are increasing. Let t* be the a-tableau in
which the numbers 1,2, --- | r appear in order along successive rows. Let G, be the
row stabilizer of t* and put D, = {w € &, | t*w is row-standard}. Thus, we have
a bijection 6 = J, from the set of all row-standard a-tableaux to D,, satisfying
s = t%(s) for any s. We remark that D, is the distinguished cross section of
minimal length for G,\&,., in the sense of Coxeter groups. (As a permutation, 6(s)
has the smallest number of order inversions among elements in its right coset.)

For a partition 3 of r, let tg be the standard (-tableau in which the numbers
1,2,---,r appear in the same order down successive columns. Let wg be the element
in &, defined by tPwg = tg. Thus, by [DJ1; (1.5)], the set of all standard -
tableaux consists of all t?d where dz = wg for some x with £(d) + £(z) = £(wg).

A p-tableau of type « is a (-tableau such that, for each 4, the number of entries
¢ is equal to «;. A [-tableau t of type « is called semi-standard if its entries are
nondecreasing along each row and increasing along each column. We denote by
T(B, ) the set of all B-tableaux of type « and by ¥°%((, «) the set of all semi-
standard (-tableaux of type «a. Clearly, T°°(8,w) is the set of all standard (-
tableaux, where w = (1").

We now define a map 6(x,*) : W x T(8,a) — D, as follows: If w € W and
s € T(B,a), we define 6(w,s) € D, by letting t*6(w,s) be the row-standard a-
tableau for which i belongs to row a if the place occupied by 7 in tPw is occupied
by a in s.

(1.1.1) The map 6(1, %) gives a bijection between T(f, ) and Dy, and s has non-
decreasing rows if and only if §(1,5) € Dog = Dy N DEI ([DJ1; (1.7))).

As a Coxeter group, &, is generated by basic transpositions (1,2),---, (r<1,r)
and every &, is generated by the subset consisting of those (i, 7+ 1) which stabilize
the rows of t*. If « is tight, it may be recovered from, and identified with, this
subset. For d € @ag, let adN B and aaNdf denote the subsets defined by the Young
subgroups

(1.1.2) Gadng = d '6,dN G5 and Gangs = G4 NdGad ™1,

respectively. We also identify ad N 3 and o N dB with the corresponding tight
compositions.
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1.2 Bitableaux. A multi-composition of r is a finite sequence \ = ()\(1), e ,)\(m))
of compositions A®) k= r; such that the total sum [A| = Y, 7; = . When m = 2, A
is called a bicomposition. A bicomposition X is tight if both (1) and A(?) are tight,
and X is called a bipartition if both A(V) and A3 are partitions.

Let A = (A, A(®) be a bicomposition. Thus, A® = AP ... APy (i = 1,2)
is a finite sequence of non-negative integers with sum [AM| + |A®)| = r, where
IAO)| = > )\g-l). Let II,. be the set of all bicompositions of r and IL} the set of
all bipartitions of r. Later in §3, we shall consider for a positive integer n the set
II(n,r) of bicompositions A such that each A1) (resp. A(?)) has max(n,r) parts
(resp. n parts), some possibly zero.? Clearly, when n > 7, II} can be viewed
as a subset of II(n,r) naturally. Note that II(n,r) identifies the orbits of the set
I*(n,r) = {(i1, - ,ir) | ©n < i; < n,i; # 0,Yj} on which the symmetric group
S, acts by “place permutations”.

For a bicomposition A, we sometimes identify A with its corresponding diagram

which consists of boxes arranged in a manner as illustrated by the example A\ =
(331, 21), for which we have

oo
oo

A\ =

ooag

(1.2.1) Definition and Notation. Let A € II,..

(a) The dual bipartition X of A is defined as X = (A3’ A1) where AO)
denotes the dual partition of A®). The double dual is denoted X’; if the bi-
composition A is a bipartition, then A = X’. Let < denote the dominance or-
der on b1comp051t1ons that is, )\ < iff EJ )\(1) < Zz L D) for all j and

IAD| 4 ZJ AP <L) 4+ Zl L () for all j'. Then we clearly have that, for
bipartitions )\ p, A < if and only if p/ < N.

(b) For compositions « and 3, let oV 3 be the composition obtained by concate-
nating o and 3, i. e., aV 8 = (ag,c0---, 1, B2, -+ ). Let A = A v X2, Then A
is a composition of 7. Sometimes, we also identify A with the bicomposition (< )
in II,,. (We could make a similar identification for any composition.) Thus, for
M p € II(n, r), we have A < g if and only if A < fi.

(c)Let A= (1---1,1---1) and X the bicomposition (|]A()[, \(2).

AL A@)]

Asin §1.1, replacing boxes by positive integers, we obtain a A-bitableau. A reqular
A-bitableau t = (t,t2) is obtained by replacing each box by one of the numbers
1,2,---,r, allowing no repeats. We call A the shape of t. A regular bitableau
t = (t1,t2) is called row-standard if each row of each t; is an increasing sequence,
and standard if both rows and columns of the t; are increasing. We define t* to be
the standard A-bitableau in which the numbers 1,2, --- ,r appear in the same order
down successive rows in the first diagram of A and then in the second diagram, and
t) the standard A-bitableau in which the numbers 1,2, --- 7 appear in the same

2This definition slightly modifies an earlier version, motivated by remarks of A. Mathas in a
different context [DR2].
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diagram. For example, if A = (331, 21), then

th =

123
456
7

8
10

9

and t)\ =

47 9
58 10
6

13
2

Let &, act on the set of regular bitableaux by permuting the entries and define wy
to be the element of &, satisfying t*wy = t,.

For a A-bitableau t = (t1,t2), we define t = El.
2

Note that t* = t*. We define t' = (t}, t}), where t, denotes the transpose of t;. So
we have (t,)" =t and (t*)" = ty.

We now define semi-standard bitableaux. Let y be a bipartition and A a bicom-
position. A p-bitableau of type A (indeed, of type M) is a p-bitableau with possibly
repeated positive integer entries such that, for each ¢, the number of entries ¢ is equal
to A; where A = (A1, Ao, ---). (Recall \ is defined as the composition A(1) v A\(2)))

(1.2.2) Definition. A p-bitableau t = (t1,t2) is called semi-standard if

(ssl) tis a p-bitableau of type A, for some bicomposition A,

(ss2) both ti, t; are semi-standard (i.e., have nondecreasing rows and increasing
columns), and

(ss3) t; contains an a-tableau of type A(!) as a subtableau for some partition c.
This subtableau must appear at the top-left corner in t;.

This is a tableau of shape A.

For example, if p = (321,21) and A = (211, 32), the following are semi-standard
p-bitableaux of type A:

115 44 113 45
24 5 24 5
3 4

The first one has a semi-standard (211)-tableau of type (211) as a subtableau, and
the second has a semi-standard (31)-tableau of type (211) as a subtableau.

Let T(u, A) be the set of all u-bitableaux of type A and T°°(u, A) the set of all
semi-standard p-bitableaux of type A.

For a bipartition p € IIF, a bicomposition A € II, and each semi-standard
bitableau s € T%%(u, A), the induced tableau s is a p-tableau of type A\ with non-
decreasing rows. So, it defines a distinguished double coset representative §(1,5) €
D5 (cf. (1.1.1)). We write d(s) = 6(1,5). For example, if p = (321,21) and
A = (211, 32), we take

115 44
s=|24 5
3
Then
123 78 12 578
th=|45 9 and  t9(s) =| 4 39
6 6

Note that t#d(s)~' can be obtained by replacing all the numbers 7 in s by the
sequence obtained by reading the i-th row in t*. The replacements in s are made
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from left to right, down successive rows. (For a proof, observe that replacing t* by
t*d(s) in this procedure gives t*.) Thus, in the previous example, we have

128 67
tho(s)"t =35 9
4

Let p be a bipartition of r, and let T*(u) be the set of all standard p-bitableaux.
We define f: T®(u) — T(p, A) by sending t to f(t) which is obtained by replacing
each number in t by its row index in t*. Thus, f(t“d(s)~1) = s from the above. We
put

Ts = Ts(1t, A) = (5)

for any s € T(u, A). Note that, if j(t) is a semi-standard p-tableau of type A, then
there are no two elements in the same row of t* and in the same column of t. The
following result will be useful in §5.

(1.2.3) Lemma. Keep the notation introduced above and let 5,5 € T°5(p, A).
(a) We have {1,---,[]XM[}o(s) € {1,---, [pM]}.
(b) Let « = AN 3(s)ji. Then SxND, = {x € &5 | tHd(s)"*x is standard}.
() TsNTe =0 if s #5', and Ty = {t*5(s) 1z | x € G5 N Dy}

Proof. (a) is obvious from the definition of semi-standard p-bitableaux of type A.
To prove (b), we first note that t#§(s)~! is standard, as s has strictly increasing
columns. So, for z € &y, if t#6(s) "'z is standard, then 6(s)"*z € Dy, forcing
z € D, since §(s) € Dx;. Conversely, for z € D, N S5, write © = wy - - - wy, With
w; € S and {(x) = k, and put t,, = t*5(s) " wy - -w,,. We apply induction on
k. (Note that wy -+ -wg_1 € Dy N Sy, so we may apply induction to this element.)
The result is clear if &k = 0. Suppose wx, = (j,j + 1). Then j and j + 1 are not
in the same row of tx_1, as ty = tp_1(j,j + 1) is row-standard. So j and j + 1
belong to distinct rows of ty_1. Since f(t#d(s)~!) = s and wy---wi_1 € G5, we
have s = f(tx—1). So, f(tx—1) is semistandard. Now, the fact that j and j + 1
are in the same row of t* forces that j and j + 1 are not in the same column of
ty—1. Therefore, ty is standard by induction, proving (b). Finally, the inclusion
“D” in (c) is obvious, since t#6(s)~! € Ts, and x € &5. Thus, T, is a subset of
{t € T%(p) | t = t"6(s) 'z for some x € W5} which is contained in the set at the
right hand side. 0O

Suppose A2 € A(n,b). If d is a nonnegative integer, and b > d, put II(A(?)) =
MA®,d) = {(o, B) | @ € A(n,bed),B € A(n,d),a+ 3 = AP}; otherwise, put
II(A?) = (. The following lemma needed in §5 gives the relation between semi-
standard tableaux and bitableaux.

(1.2.4) Lemma.  Let p € I} and X € I(n,r). Put b= |AX?| and d = |u?|. If
b>d, let p= (b<d,d) = b. Then we have

(a) #ﬁA@)p = #I(A3)) if b > d, and in general

(b) #T% (1, ) = X (o ey #E (M, A0V a)#T55 (1, §).

Proof. (a) follows from [JK; (1.3.10)], and (b) is obvious since
T (/1’7 )‘) = U(a,,@)EH(A@))C{SS (/1’(1)7 )‘(1) v a) X sSS(IM(Z)v ov /8)
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where 0 = (0,---,0) with the number of zeros equal to the number of parts of
A O

2. THE WEYL GROUP W OF TYPE B

2.1 The function ng. Let W = W, = W(B,) be the Weyl group of type B,.
Then W has the following equivalent characterizations.

(W1) W is the group with generators sg, s1,--- , s,—1 and relations s,% = 1 and
(sisj)™ =1, where 0 < k < r &1, moy =4, m;; = 2 if [i &j| > 2 and
m;; = 3if j =14+ 1,0 < i <7 <1, As usual, we denote the set of these
generators by S.

(W2) W is isomorphic to the wreath product Z/2Z1&,. So &, is a subgroup of
W, which will be denoted by W = W, in the sequel.

(W3) W is the reflection group consisting of orthogonal transformations on R"
defined by all permutations and sign changes of an orthonormal basis. So
we may identify W with the group of permutations

rorel oo 1ol - rel) er
CIE T A Sio Sip )
We shall write w = (i1, - - , i, Siy, - - - ,<i1) for simplicity.

If we put t1 = sg and t; = s;_1t;_18i_1, 2 < i < r, then tf = 1 and t;t; = t;t;
and the subgroup C' = (' generated by ¢; is a normal subgroup of W isomorphic to
the subgroup (Z/2Z)" in (W2). Clearly, W/C = W. We shall call a subgroup of C
generated by a subset of T' = {t1,-- ,t,.} a parabolic subgroup of C'. This definition
agrees with the definition of parabolic subgroups of W which are generated by a

subset of S = {sg,s1, - ,$-—1} if we view C as a Coxeter group. Note that the
mapping sending ¢; to the permutation (r,r<1,---,2,<1,1,2,-- -, &rel), <)
and s; to (r, -+ i, i+1,--+, .-+, &iel, <i, -+, &) gives an isomorphism between

the groups described in (W1) and (W3). For 1 < ¢ < r we shall view W; =
(50,81, ,8i_1), Wi = (s1,-+ ,5i_1) and Ch,i) = (t1,--- ,t;) as subgroups of W,
W and C, respectively, in a natural way.

As a Coxeter group, we have the length function ¢ and Bruhat-Chevalley order
< on W. For w € W the expression w = wy - - - w,, with w; € S is called reduced if
m = £(w). Note that each t;, as given recursively above, is reduced, as follows using
the exchange condition. Also, note that the longest element wg of W is ¢y ---t,.
Multiplied by any s;, it becomes shorter. Therefore, we have for any subset 7" of T',
(I er ) = > per £(x). (One way to prove all the assertions of this paragraph is
to notice tq - - - t,. is central and not equal to 1, so must be wy. The later has length
r2=1+3+---+ (2r &1) by an easy root system argument.)

We define a function ng : W — N such that ng(w) is the number of times s
occurs in some (any — see below) reduced expression of w.

(2.1.1) Lemma. (a) The number no(w) (w € W) is the same for any reduced
expression of w, and the image of the function ng is the subset {0,1,--- r}.

(b) If £(yw) = L(y) + £(w) then no(yw) = no(y) + no(w).
(¢) no(xwy) = no(w) for all x,y € W
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(d) If w = (i1,02, - ,ip, Sip, -, Sia, Si1) then ng(w) is the number of negative
numbers in the sequence i1,12,- -+ , 1.

Proof. (a) follows from the relations in (W1) and the fact that any two reduced
expressions can be transformed to each other by a sequence of relations (with two
so’s appearing on each side or none). (b) follows from (a). To see (c), it suffices to
show ng(sw) = ng(w) for any s € S and s # sg. It is obvious from (b) if ¢(sw) =
¢(w) + 1. Suppose now £(sw) = £(w) <1 and np(sw) < ng(w). Since w = s(sw)
and £(w) = l(sw) + 1, we have from (b) ngo(w) = no(s) + no(sw) = no(sw), a
contradiction. We now prove (d). Let m be the number of negative numbers in the
sequence i1, s, - - ,4r. Then there exists an element y € W such that yw sends i to
&i for 1 <4 < m and fixes the others. That is, we have yw = t1---t,,. Now the
assertion follows from (c). O

2.2 Quasi-parabolic subgroups and distinguished coset representatives.

Associated to each bicomposition A € II,., let W5 be the Young subgroup of W,
ie., V_V;\ is the row stabilizer of t* in W. We define Wy, = C’AV_V;\ where Cy = CJy 4 is
the subgroup generated by {t1,--- ,t,} witha = |]A()|. We sometimes use W or W
to denote the “top” part Wy of Wy. Thus, using the notation in (1.2.1b,c), we have
Wy = W5 = W, Cy = Wy and Wy, = W, W5 with top part W5 and “bottom” part
Wy. Clearly we have the “sandwich”: W5 C Wy C Wy, where W5 (resp. W) is the
largest (resp. smallest) parabolic subgroup of W (resp. of W) contained in (resp.
containing) Wy. If Wy # Wy (see (1.2.1c)), then W) is not a parabolic subgroup
of W. However, W) is a Weyl subgroup of type B/\gl) X B)\gw X e X AA§2) X e,
We call Wy a quasi-parabolic subgroup of W.

(2.2.1) Remark. It would also be possible to consider a more general notion of
a quasi-parabolic subgroup in which the factors B,, did not all come at the begin-
ning. This would be a perfectly reasonable approach, even having the advantage
that many intersections of conjugates one works with would be again of this type.
The disadvantage would be in a more complicated notion of distinguished coset
representative, a notion which is quite simple for our restricted quasi-parabolic
subgroups above.

Recall that, in the classical parabolic subgroup case, a distinguished representa-
tive of a coset or double coset is an element of minimal length. We begin in (2.2.2)
with left cosets, but later apply the corollary (2.2.3) to right cosets in (2.2.4) and
(2.2.5).

(2.2.2) Lemma. Forw € C, write w = d'w’ with w' € W and d' distinguished
(as a left coset representative for the parabolic subgroup W ). Then £(d) > {(w’)
with equality iff w = 1.

Proof. We first note that if j < i then s;t;y1 = t;315; (obvious, in terms of per-
mutations). So if w =t;, 41 ¢;, +1 with i3 < -+ < iy, then w = d'w’ where d’ =
Siy* 8180 -Si, +--s1soand w =sy---8; ---81---8;. Clearly, £(d's;) = £(d')+1
for all ¢ with 1 < i < r<«1. This can be seen by induction on m and the fact that
xs > x, 8y >y = xsy > xy ([Sh; Thml]). This proves that d’ is distinguished and
d)y=m+ir+-+ipm>ir+-+inp=Lw)ifd#1. O
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(2.2.3) Corollary. For w € C and y € W, we have £(wy) > £(y) with equality
iff w=1.

Proof. Write w = d'w'(# 1) as in (2.2.2). Then {(wy) = £(d") + L(w'y) > £(d") +
[£(y) SL(w')] > £w') + [£(y) SL(w)] = £(y). O

For A € II, with [A(1)]| = a, let Dy denote the distinguished cross section of the
right Gya)-cosets in &, = W, and Dj the distinguished cross section of the right
cosets of the parabolic subgroup Wj in W.

(2.2.4) Corollary. If\ = (A &), then every coset Wyd has a unique element

of minimal length and Dyq) is the set of minimal length representatives for the
cosets W\W.

Proof. Clearly, every right coset of Wy has a unique representative in Dy). For
d € Dy and 1 # = = wy € Wy with w € C and y € Wy, we have that, if
w # 1, then £(zd) = ¢(wyd) > ¢(yd) > £(d) by the corollary above. Also, if y # 1,
then £(zd) = L(wyd) > L(yd) > £(d) as L(yd) = L(y) + £(d). So L(xd) > £(d)
whenever = # 1, and d is the shortest element in the coset Wyd. The uniqueness is
obvious. [

(2.2.5) Theorem.  Keep the notation introduced above. Let A = (A1), \(3)
be a bicomposition of r. Then every coset Wxd has a unique element of minimal

length and Dy def 75)\(1)275\ 15 the set of minimal length representatives for the cosets
W \W.

Proof. This reduces to the previous case. For any d = zy € Dy with x € Dy, and
y € Dy, we have £(d) = £(z) + £(y) as € W;. Now if w € Wy and w # 1 then
wx € Wy. So l(wd) = l(wzx) + L(y) > L(x) + L(y) = L(zy) = £(d), by the corollary
above. Therefore, d is the shortest element in Wyd. The fact that Wyd contains a
unique element in Dy can be proved similarly. [J

Though we have not needed root systems above, the existence of distinguished
representatives can also be established with root system arguments, as in [L; (1.9)],
using type C. With further effort, the factorization of (2.2.5) can also be demon-
strated this way, noting the minimal length representatives in [L] are all charac-
terized by taking the positive roots in a subsystem to positive roots in the larger
system, and checking that the factored representatives we gave have this property.
We thank M. Geck for pointing out the reference to [L].

For parabolic subgroups W; and Wk, it is well known that Dyx = Dy N DI_(I
is the set of distinguished representatives of double cosets W;\W/Wgk. So, one
might expect that the same is valid for quasi-parabolic subgroups Wy and Dy. The
following theorem confirms this.

(2.2.6) Theorem.  For bicompositions A and p of r, let Dy, def D, ﬂD;l. Then

a) each double coset WyxwW , contains a unique element of Dy, ;
I w
b) if d € Dy, then d is the unique element of minimal length in its coset WxdW,.
w I

Proof. Let w be an element of minimal length in its double coset WywW,. Then
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w has minimal length in Wyw and in wW),,. Thus w € Djy,. So part (a) will imply
part (b).

Each double coset certainly contains an element of minimal length, hence an
element of Dy,. We must show the element is unique. So let di,ds € Dy, have
the property that D = WxdiW, = WixdoW,. Then no(Wxd;W,) is a union of
the subsets no(deiWﬁ), no(C',\diWﬁ), no(deiCu,) and ’I”L()(C)\dicu) where C,, =
C N W,. Clearly, the mapping ng on Wxd; W is constant, say m. We claim that

(2.2.6.1) Dy, = {w € Wxd;W, | no(w) = m} = Wxd;W.

Thus, we have W5dW; = W5dsWj, and therefore, dy = dy by [C; (2.7.3)].

We now prove our claim. Let d = d; and write d = uciv, where d € D;\ﬂ
and v € Dy as in (2.2.5) and some v € W. (By Howlett’s result [C; (2.7.5)]
discussed above (2.3.1) below, we can write d = udv for some u € W5, v € Wy with
additivity of lengths. Applying (2.2.3) forces u,v € W. Additivity now also shows
u € DyNW5 = Dywy.) If 2 = cdw € Cxd;Wj; with ¢ € Cy, w € Wy and ¢ # 1,
then ng(cud) = no(cu) + no(d) by (2.1.1b). Since vw € &, it follows from (2.1.1c)
that no(z) = no(cudvw) = no(cud) = no(cu) + no(d) = no(c) + no(d) > no(d), as
no(c) > 1. This proves that Dy, N Cxd;W; = d;W; C W5d;Wy. Similarly, one has
D, N W5d;C,, € Wxd;Wp.

It remains to show that D,, N Cx\d;C, C WAd Wy, Take x = cidcy € Dy, N
Cxd;Cy,. As C is normal in W we have = = crudvey = uddcy for some ¢ € Cy
and ¢, € C,,. Since ny(z) = no(d), we find, usmg (2.2.3) and (2.1.1b), that ¢} €
Wy = Wd NWj. So ¢y = d='c4d for some ¢ € W5 NC and v = uc,cdv. Now
ucicy € WA and we must have ¢|cj = 1. (Otherwise, no(z) = no(uc,c) + no(d) >
m.) Consequently, we have x = d € WxdWj. Our claim is proved. O

We shall call the elements in Dy and Dy, distinguished coset and double coset
representatives for quasi-parabolic subgroups. If, for A € II,, we view X as a
bicomposition (see (1.2.1)), then Wy is a parabolic subgroup of W. Thus, we have
areversed “sandwich”: D5, C Dy, C Dy, forall A, p € TI,.. Also, DxNW = DA\NW
and Dy NW = Dy, NW. We denote these sets by Dy and @M, respectively. Thus,
with the notation introduced in §1.1 for symmetric groups, we have Dy = D5 and
Dyp = 15;@. The following result will be useful in §4.2.

(2.2.7) Corollary. Let x € W5 and y € Wj. Then d € Dyy < wdy € Dy,

Proof. Since W) = C) is normal in W5, we have WyxdW, = xW)dW,. So
no(zd) = no(d) is minimal in this double coset. Apply (2.2.6.1) to A and y, we
see that zd is the shortest element in WyxzdW,,. Therefore, zd € Dy, by (2.2.6).
Now our assertion follows easily. [l B -

(2.2.8) Remark. We remark that, for d € D,,, W{ N W, is not in general a
quasi-parabolic subgroup in our restricted sense (2.2.1). This subgroup is, however,
generated by a set of reflections contained in {sqy,---,s,_1}U{t1, - ,t.}. We will
call this set A\dNy and define ANdy similarly as in (1.1.2). In case WENW,, is quasi-
parabolic, AdNup may be identified with the corresponding tight bicomposition. Note
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that this case is equivalent to that where Wy N Wlffl is quasi-parabolic. If V' is a
subgroup of W (e.g., V = C) and .J is a set of reflections, it is useful to write V
for the subgroup of V' generated by the elements of J contained in V.

2A.3 Distinguished decorpposition. For any d € Dy, there is a unique element
d € D, such that d € W5dWj. Thus, by a result of Howlett [C; (2.7.5)], there exist
(unique) u € Wy and v € Dy jnp N Wy such that d = udv, and then dv € Dy and
2(d) = 4(u) + £(d) + £(v). By the definition in (2.2.5), we have u € Dy). We shall
call such a decomposition the right distinguished decompgsition of d. Similarly,

we have also a left distinguished decomposition d = updvy with vy € W, and
up € D;;dh N W;. Thus, ugd € Dgl, and £(d) = £(ug) + £(d) + £(vy).

(2.3.1) Lemma. Ford € Dy, letd = udv be a right distinguished decomposition
ofd. Thenv~—! € D, . A similar resull holds for left distinguished decompositions.

Proof. Let d = udv as above, and let d = uociz)o be a left distinguished de-
composition of d. Then (vg)™' € D, and (ugd)™ € Ds. So z = vev™! =
(uod)~'ud € Wsina = WS(\i NW. Since v € Dy, N Wy, it follows that vo = zv
and £(v) = £(z) 4 £(v). Therefore, v € W, and v=' € D). O

Let d = udv be as above. As d is a distinguished representative of a double coset
of parabolic subgroups, there exists a (tight) bicomposition # such that W)E\i NW; =
Wy. Clearly, we have C’g NCy = Cp, and every element in C is fixed under
conjugation by d.

Certainly, for any d € W, we have d~'t;d = ¢; for some j. The subgroup
Chranp = d~*Cxd N C,, is a parabolic subgoup of C. Since v=*C,v = C,,, we have
Chranp = v~ 1Cyv. Thus, we have a decomposition

(2.3.2) Cu = Cxanp X Cp\rdnp

where C)\adgn, is the “parabolic” complement of Cy4n, in C, generated by #;’s.
Similarly, we have Cnq, = Cx N dC’ud_1 = uCyu~"' and a decomposition as above
for C,.

Note also that, as Wy is parabolic and d € Dy, Wf\l N Wy is parabolic by a well-
known result of Kilmoyer [C; (2.7.4)], call it Wj. Clearly, W)‘\i NW, = CranyWs.
The following result is an easy group-theoretic consequence.

(2.3.3) Proposition.  Maintain the notation introduced above, and let d € Dy, .
Then every element w € WxdW,, is uniquely expressible in the form w = xdcy
where x € Wy, ¢ € Cy\axanu and y € Dy N Wy

We shall call the decomposition in (2.3.3) the generalized distinguished decompo-
sition of w with respect to quasi-parabolic subgroups in the restricted sense (2.2.1).
3. ¢-SCHUR? ALGEBRAS

3.1 The Hecke algebra # = H(W). Let Z = Z[q,q¢" ', q0,q; '] be the ring of
Laurent polynomials in two variables, and K the quotient field of Z. Let H = H (W)
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be the Hecke algebra over Z associated with W. Thus, H is a free Z-module with
basis {T}, | w € W} and multiplication defined by all the rules:

T { Tws, ifb(ws)=L(w)+1
YT (gs 1) T + s Tws, if L(ws) = £(w) &1
for all w € W and s € S, where ¢, = 00 For any Z-module M and any
qifi .

commutative Z-algebra Z’, we write Mz = M ®z Z'. In particular, we write H’
for Hz and T, for T\, ® 1 by abuse of notation. Note that the images of gy and ¢
are invertible in Z’. The defining basis of H’ has the following useful property.

(3.1.1) Lemma. (a) Forz,y € W, put T,T, = 3 oy foy,-T>. Then zy < z
whenever fg . # 0. Also, fo .y oy = qdq® for some nonnegative integers a and b.

(b) Forz,ze W,y e W, put T,T,T, = Y wew Joy,zwlw. Then ng(w) = ng(y)
whenever fz .. 7 0.

Proof. The proof of (a) for Z is similar to the proof of the case ¢ = go given by Shi
in [Sh; Thm8|. For general Z’, it follows by base change. The second statement
follows from (a) and (2.1.1) O

(3.1.2) Corollary. IfW = GGy with |W| = |G1||G2|, then the set
{TIE1T.’E2 | S Gj}

forms a basis for H'. In particular, the set {T, Ty, | x € Wx,y € Dy} forms a basis
for H'.

Proof. Choose an order wy, ws,--- on W satisfying w; < w; implies ¢ < j. Then we
see, by the previous lemma, the transition matrix from the set {1, Ty, | x; € G}
to the basis {T}, | w € W} is upper triangular with invertible diagonal product.
Hence the set forms a basis. [

3.2 g-Permutation modules. For a subset X of W, we define T'x = ZweX Ty.
Clearly, if X = W), is a parabolic subgroup of W, the submodule H} = H'(W))
generated by all Ty, w € Wy, is a subalgebra and Z'Tyy, is a free H-module of rank
1. This is the g-analogue of the trivial representation of W). For the non-parabolic
subgroup C' of W, we introduce the element m, = [[,_, (¢*~' +T},), following [DJ4;
(3.2)]. This element is central in H' and 7. T, ,, = qom,Ts,...s, Ts, ...s, We also note
that (m,.)? = 2.7, where z, is central in H (W) and invertible in Hz (W) (see [DJ4;

(4.5)]). In general, for a bicomposition A € I, with a = [A(1)|, we define

a

(3.2.1) m =7 = [ [(¢7F + T0).
=1

Clearly, 7y is in the center of #'(W,). Following [DJM; §4], we define the element
x) = mawy where x5 = Tw,. The element ) serves as (as a generator for) the
“trivial representation” for Wy and put 7y = zaH, 7| = zaH'. Recall that the
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g-permutation module 7, for a parabolic subgroup W) is free of rank #D,. The
following result generalizes this to quasi-parabolic subgroups.

(3.2.2) Proposition. (a) The H'-module T is free with basis {x T, | w € Dy}.
(b) If Wy is parabolic, then T, = Tw, H'.
(¢) T, =2 T). (Recall X' is the dual bipartition of X, and X" is the double dual.)
(d) Let K be the quotient field of Z. Then Ty = Taxg NH.

Proof. To see (a), we first note that the linear independence of the set follows
from Corollary 3.1.2. To prove the set spans, it suffices to prove the corresponding
statement for the case W = Wy, in view of the factorization Dy = Z_)A(l)DS\. (Note
that W NDy = Dy .) Since 2Ty = qzy and ATy, = qQoxATs,...5, T, .5, for all
s € W5y NS and t;4; € C), this follows easily (rewrite the product of T’s as T, Ty
with u € Wy and d € Dy ), proving (a).

The statement (b) follows from the claim that m,. Ty = q(;)TW, which we
now establish: For a subsequence i = {iy,---,in} of {0,1,---,r o1}, let t; =
tiy41---ti, +1 and i = {0,1,--- ;7 <1}\{i1,- - ,im}, the complementary subse-
quence of 7. Since

ti:t’il—l—l"'t’im—i-l:(Sil"'sltl"'s’im"'Sltl)(sl"'s’im"'81"'Si1):diw

where the first product d; is in D(__lr) (as in the proof of (2.2.2)), £(w) is the

composition sum-of-parts |i|, and 7, =), q|1'C|Tti7 it follows that

Ty Zq' T, Ty Zq“ T, Ty = ¢S Ty, Ty = 4O T,
proving (b).

Since |AM| = |AM”] and |A®)| = |AX2)"|, the partitions obtained by reordering
A1 and A are just A" and A", So there exists d € Dxx» N W such that
Td_lwad = Tyn and Td_l’ﬂ')\Td = T\ = T). Therefore, Td_lzl?ATd = T\, and the
map sending zxh to T, Y2)h gives the required isomorphism for (c).

We leave (d) as an exercise, (using (3.1.2)). O

3.3 The ¢-Schur? algebras S?(n,r). Recall from §1.2 that II(n,r) is the set of
bicompositions of r in which each single composition A(Y) (resp. A(?)) has max(n, r)
parts (resp. n parts). Then II(n,r) is a poset with the dominance order <, and
we have A <0 p if and only if A < i (cf. (1.2.1b)). For our later use, we list some
interesting subsets of II(n, ). Let

M(n,r) = {\ € O(n,r) | Wy = Wy}
(3:3.1) fi(n,r) = {A € Ti(n,1) | W = Wy}
Qm = {(AD,A®)) € TI(n,r) | # of parts of A < m}
Clearly, we have (n,r) C (n,r) C H(n,r), and all Q,, are (order) coideals of

[I(n,r). Note that II(n,r) is an ideal. Let IIT(n,r) be the subset of all bipartitions
in II(n,r) and define 11 (n,r) and II*(n,r) similarly. Note that [T} = IT*(r, 7).
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Recall from §3.2 the g-permutation modules 7, = z\H' for any A € II(n,r). We

now consider their direct sums — the “tensor spaces” — and associated endomor-
phism algebras

T =T(n,r) = Drerin,r) Ty Sg(n, r, 2') = Endy (T");
(3.3.2) T =T(n,r) = Deti(n Ta Sg(n, r, Z2') = Endy (T7);

T =T(n,r) = Dreti(n,r) Tas S2(n,r, 2') = Endyy (T).

By (3.2.2a), we see that S(n,r, Z') (resp. S2(n,r,2’)) is the endomorphism
algebra of the tensor space involving only parabolic subgroups of W (resp. of W).
We will call 83 (n,r, Z") the q-Schur® algebra (pronounced as g-schur-two-algebra)
of degree (n,r). It is also convenient to name S2(n,r, 2’) and S2(n,r, 2') the ¢-
Schur? algebra of parabolic type (or the Hecke endomorphism algebra of type B as
in [DPS1]) and the g-Schur? algebra of Young type (compare [GH], respectively).
For simplicity, we write SZ(n,r) for S2(n,r, Z).

Comparing with ¢-Schur algebras, it is natural to ask the following questions:
(1) Is a g-Schur? algebra Z’-free? (2) Is a g-Schur? algebra quasi-hereditary? (3)
Does base change induce an isomorphism S (n,7)z 2 §2(n,r, Z')? In next three
sections, we shall give affirmative answers to all three questions.

3.4 Bistandard bases and twisted Specht modules. We recall some recent
results obtained in [DJM] in this subsection. Recall, for a bipartition p of r, the set
T*(p) of all standard p-bitableaux. For t € T#(u), let §(t) € Dz N W be given by
t#0(t) = t. The element §(t) should not be confused with the coset representative
d(s) associated to a semi-standard bitableau defined in §1.2.

Define, for any s,t € T*(u), the elements zg = 2, = T (sy2uTst) where (<)
is the anti-involution on H' satisfying T = T,-1. By [DJM; (4.14)], the set
{Zst | s, t € T5(p), u € TIF} forms a basis for H'. We shall call the basis {zs¢} the
bistandard basis or Murphy basis (or Green-Murphy basis) of H'. For A € I, let
H'ZX (resp. H'>*) be spanned by all z¥, with p > X (resp. p>A). Then both H/2*
and H'>* are ideals of H' ([DJM; (4.18)]). We also record the following useful fact
which is implicit in [DJM; (4.11)].

L

(3.4.1) Proposition. For any h,h' € H' and s,t € T*(X), write for some
§S’aCt’ €z

had, = Z Eewdy mod(H'>?)  and  adh = Z Corrdy mod(H'>?).
s'eT*s(N) t'eTs(N)

Then & and (g are independent of t and s respectively.

Further, for a bipartition A\ of r, let '7')\'Jr =T NH>* and SE\' = ’7;\’/7')\'Jr Then
SE\' is Z’-free with basis

(3.4.2) {zxe + T [t € T*(V)},

where Ty = Terg = TA\Tsp)- Moreover, if F'is a field which is also a Z-algebra
such that Hp is semi-simple. Then {SE\F | A € It} is a complete set of simple
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‘H r-modules and H%)‘ ’H?’\ = Si?;d* with dy = #T*%()\). In particular, we have a
decomposition

(3.4.3) Tar = Syp @(@Musz??mw)

for some integers my, € Z.

We remark that the modules S’E\ are actually the so-called “twisted” Specht
modules. They appear at the top of permutation modules. In a later paper, we
will realize them as submodules of the twisted permutation modules. Thus, we are

able to define the notion of Specht modules and their bistandard bases (compare
[DJ1)).

4. FREENESS OF THE INTERTWINING MODULES Homs; (7, 7y)

In the rest of the paper, we aim at answering the questions raised at the end
of §3.3, especially the quasi-heredity of ¢-Schur? algebras. The approach we shall
adopt is the direct constructions of two bases — the natural “T-type” basis and the
“bistandard” basis — for a g-Schur? algebra. The latter may be regarded as a kind
of generalization of the method of J. A. Green [G]. A second approach, when gy is
a fractional power of ¢ as in [DPS2], will be sketched later. We follow the notation
introduced in last section. Thus, Z’ is a commutative Z-algebra, H' = H @z 2’
and 7' = Tz, etc.

4.1 Characterization of g-permutation modules. Recall from (3.2.2) that, for
any 0 < a < r, the module 7, H' is free with basis {7oTw | w € Dy, ... 4,y}. The
following lemma gives another basis for m,H' like that given in (3.1.2) for H'.

(4.1.1) Lemma. For any non-negative integers a,i with a + i < r, the set

{m Tt

tat1

. 'Ttii+iTw | w e D(tl,---,ta+i)78j € {0, 1}}

is a basis for m,H'.

Proof. Clearly, by (3.1.2), the set is linearly independent. (Note: Ty ---Tf' =
Ttsir"tsi-') So it generates a free submodule M of n,H'. Now, for any field &

which is also a Z’-algebra, Mj, = m,H). by comparison of dimensions. Therefore,
M = m,H' by [CPS1; (3.3.1)]. O

The following result is the key to characterizing the g-permutation modules 7.

(4.1.2) Theorem. For 0 < a <r we have

7Ta+1H/ = (1+Tt1)%/mTS1 (1+Tt1)HlﬂTS2S1 (1+Tt1)Hlﬂ' ’ 'ﬂTSa8a71"'S1 (1+Tt1)Hl'

Proof. We apply induction on a. Clearly, the result is true for a = 0. Assume now
a > 0 and the result is true for all numbers < a <1. Thus, we need to prove that

71'0,%/ N TSaSa—l"'Sl(]' + Ttl)%/ = 7Ta,_|_1H/.
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Let h = Tsasa,l---sl(l"*_Ttl)h/l & 7Ta/H/. Then Tsa,l---sl(l_‘_Ttl)hl . Ts_alh € 7Ta_1H/,
that is, T, 'h € mao1M' N Ty, s, (1 + Ty )H'. Thus, T, 'h € mM', or h €
Ts, (7o M) by induction. Therefore, it suffices to prove m,H' NTs, (maH') = mar1H'.

By Lemma 4.1.1, m,H' has a basis {m,Ty, 7aT4, Tw | w € Dyy,.... t,.,y} while
Tar1M' has a basis {mq(¢* + T, )Tw | w € Dy, ... 4,1y} 1t follows that

T H = 7Ta+1H/ S Z Z/WaTtaﬂTw?
weD

where D = Dy, .. is a direct sum of free submodules. Thus, we obtain

. 7ta+1>7
T, (WaHI) =T, (7Ta+1H/) &M = 7Ta+1(TsaH/) &M = 7Ta+1H/ &M

where
M =T,, (Z Z’WaTtaHTw)
weD

- Z Z/Wa—l[Tsa (qa_l + Tta)TtaJrl]Tw'
weD

Now, it is equivalent to prove M Nw,H' = {0}.
Suppose h € M Nw,H' and write, for some elements «,, € Z’

h = Z awﬂ'a—l[Tsa (qa_l + Tta)Tta+1]Tw
G I
- Z awﬂ'a—l[antasa + qa_l(q <:>]‘)Tta+1 + thasata + (q <:>]‘)1jtata~‘r1]qﬂllw'
weD

(Note T3, T%,,, = Tt,.,,Tt,.) On the other hand, we have by (4.1.1)

h = Z BuwmToTw + Z ﬂta+1w7raTta+1Tw

(**) weD weD
— Z [Bwﬂ-a—l(qa_l + Tta) + Bta+1w7ra—1(qa_1Tta+1 + Ttata+1)]Tw7
weD

for some 3, € 2'. Using the basis for m,_1H’ with ¢ =2 in (4.1.1), we have 3,, =0
for all such w by equating the coefficients of w,_1T,, in both (*) and (**). (Note
that any term 7,—17%, 5.+, T in (*) is a linear combination of basis elements of the
form m4_1T%,¢,,, Ty, where y = w or sqw € D, cf. (2.2.7).) Thus, equating the
coefficients of m,_1T}; T, we obtain that

5, = Q*Qs,w + (g 1)y, if sw <w
v “lag, w, if s,w > w.

Since By, = 0 for all w € Dy, ... 4, ), the relation above implies that a,, = 0 for
all w. Therefore, h = 0, and the result is proved. [
Let Oy = Ty o T T Tt Tt and Oy, = Tt - T ATt Tt L We

S1 S0+ 81
now have the following characterization of permutation modules.
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(4.1.3) Corollary.  For any bicomposition A = (AN, A®)) of r with a = AV,
we have

TA\H =zsH Nw H
={heH | Tsh=qh Vs e WsNS,0,h=qyOh,1<i<al.

Proof. Clearly, we have z \H' C xxH' N 7w H' since x) = xxmq = Ta5. Suppose
h = mahy € xxH' and write, for some &, € Z' with w € D := Dy, ... 4.y, h =
szD &wTa . Then we have Tgh = gh where s = s; € W5 for which we have also
sw € D whenever w € D (see (2.2.7)). Equating the coefficients of 7,T}, in Tsh
and gh, we obtain &, = £s,. Consequently, we have &g = {4 for any w € Wx
and d € Dy. Therefore, we have hy = zxhy with hy = ) ;. &iTa, and hence,
h = xxhy € zxH', proving the first equality.

Now, by (4.1.2), we have 7, H' = {h € H' | Oy,h = qut h,1 < i < a}, while

zx ={h € H' | Tsh = qh,Vs € W5 N S} (see, for example, [DPSI (2.1.2)]). So the
second equality follows from the first one. [
4.2 Bases for Homy:(7,,Ty). Let A, u be bicompositions of r. Fix d € Dy, and
let d = udv be a right distinguished decomposition of d as in §2.3. Thus, de D;\ﬂ,
u € Dyo and v=! € D,y (see (2.3.1)). Also, we have £(d) = £(u) +£(d) + £(v)
and dv € Dy, As dis a distinguished representative of a double coset of parabolic
subgroups, the subgroup W;\J NW; = W, is parabolic, where ¥ identifies with a tight
bicomposition. Clearly, Cj is a subgroup of C, = Cj, and we have a decomposition
C, = Cp x Cpp. Accordingly, we may write m, = mpm,\, where m,; is in the
span of {T, | w € C,\p} and m,, 7, are given by (3.2.1). (The element 7\,
is unique in H.) Note that this decomposition is different from the one given in
(2.3.2), though it uses a similar notation scheme. The relation is v 10 = Chranps
and v~ Cu\v = Cy\rdnp- On the other hand, if ¢; € C) and cZ_ltch € C,, then
d~t;d = t; by the additivity of lengths, and of no (see (2.1.1b)) for t;d = d(d~'t;d).
So we have Cp = Zc,nco, (d) the centralizer of d in Cy N C),. Thus we may also
write Oy = Cp X Cy\p and T\ = TpTx\p-

Let d = uodvo be the left dlstlngulshed decomposmon of d. By definition,
ug € DI N Wy, where 7 = )\ﬂdu Also, ug € DA(D C Dy L Consider the

subgroup Wy = W5 N W,de‘)) of W; and the subgroup W,» = W N ngd”‘))_l =
Wi N Wy of Wi, and put Wy N W"l_1 = . Clearly, W, is conjugate to W,

and W1 = ug 'Wyoug = (Ol W“0 has top part Wi =Wy = W:OO and bottom
part ¢ = Cz = Cy. We have the following.

(4.2.1) Lemma. Keep the notation introduced above.

(a) Td“ﬂ',; = 7T,3Td~.

(b) W1 is parabolic, and hence, W, is quasi-parabolic (in the restricted sense
(2.2.1)). Moreover, we have x0Ty, = Ty, Tpt.

(C) .T,jl’]'[')\\l; = 71')\\,;5[7,;1.

Proof. We have seen that t; = d=1t;d for any t; € Cp. So (a) is obvious. Since
L(uoy) = £(ug) + £(y) for all y € Wi, and W1 = ug ' Wyoug, we have, for all
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r € Wy, y = ug'wug € Wyi, zug = uoy and £(z) + L(ug) = £(uo) + £(y). In
particular, x € S if and only if y € S. Since W,o is parabolic (see (2.2.8)), so is
W,1. On the other hand, W, is a subgroup of W; with the same bottom C; = Cj.
So it is quasi-parabolic. The last assertion in (b) follows easily. The assertion (c)
follows, calculating in H, from the fact that C,,1 = C}; and the fact that, if sw = ws
with s € S, then T,T,, = T,,Ts. U

With the notation above, let thrm = Tpxdnﬂmwﬂ and h?\mdn = Tphdﬂmwx. Then

Ty = h%\mdﬂwgo and TW;\dW,—L = TWdethﬂﬂ = hLXﬂdﬁ,TdTWﬁ' Here ¢ is the Z’-linear
anti-involution on M’ given by T} = T,,—1 which clearly fixes the elements 7, and

xy, for any A.

(4.2.2) Proposition.  Maintain the notation introduced above. For any d € Dy,
with right distinguished decomposition d = udv, let

(4.2.2.1) Xwyaw,, = BT, 3706 Tohxanz-
(a) If d = uogdvg is a left distinguished decomposition for d, then
(4.2.2.2) Xwyaw, = AT, 700 Tvo Pxang-

(0) Xwyaw, = (Xw,a-1w,)"-

(c) Ford e Dyu and s € W5 N S, we have XWAdWi = M1, jmu\oTv, sd € Dyp,
and
Xwysaw, if sd > d,

TsXwyaw, = ,
A { 4Xw,saw, + (¢ 1) Xwoaw, if sd < d.

A similar result holds for s € Wﬂ NS and Xwyaw,Ts.
(d) Let ’H%‘f be the submodule of H' generated by all Xw,qw,, d € Dx,. Then it
is a free Z'-module of rank #Dy,,.

Proof. The statement (a) is easy. (Write vg = xv where x € W, (see the proof
of (2.3.1)), and u = upz’ where 2’ € W; = dWyd~1. Then dz = z'd with length
additivity on both sides, since d € Dj;.) (From (4.2.1) above, we have by (a)

Xwyaw,, = TxTuo AT 3700 Tvo h3ang
= 2xTuem\\0T gy, PxanzTn DY (4.2.1a)
= h%\ndﬁx,;o TuO W)\\gTde hf\dﬂﬂﬂ'u

- h%\ﬂdﬁTuomﬂlWA\ﬁTd”thS\dmﬁﬂ'u by (4.2.1b)

= h5napLuo oo T hxangm by (4.2.1c¢)
= hlj\ﬂdﬁTUOWA\I?T'(;)IJJ'I?OTth\dmﬂﬂ-“ by (4.2.1b) again
e hlj\l"ldﬁ,TUO 7T)\\17Td*v0 ,CUM

= (Xw,a-1w,)"
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proving (b). The first assertion in (c) is from the definition, since zy = my, and the
rest follows easily, since sd € Dy, by (2.2.7).

Observe from (3.2.1) and the definition of Tu\o that

Tp = { T+ Lagyeo,, O Ty Ce 7 11}
p\o =
1

, otherwise.

Note ng(uodyvoz) = no(dy) > no(d) = ng(d) for every such y and z € Wy, by
(2.1.1b,c). Write y = d'y’ with y’ € Wy and d’ (left) distinguished with respect to
W (cf. (2.2.2)). Then updd' € Dy since uod € D_l. Thus, in (4.2.2.2), every term
in T od™\o Loy h3ang of the form T T, T, T, = Tuod“dny’Tvon where © € Wy is
a linear combination of T},’s with w E WAuodd Wpy. Since Xwyaw, = xATdh;\dmﬁ,
we have by (3.1.1b) and (3.2.2)

Xwyaw, =" Xwoaw, + Y EaaaTy,

d' €Dy
no (d")>no (d)

with g € 2'. By (3.1.2), the set {Xw,aw, | d € Dxy} is linearly independent. An
argument by induction on ng(d) proves (d). O

For d € Dy, let #(d) = #(d) = Ad N i, #(d) = Ad N i be as before.

(4.2.3) Lemma.  Maintain the notation introduced above, and let d = udv € Dy,
be the left or right distinguished decomposition ofd

(a) W is a disjoint union W = Ugep, , W)\udC’u\y(d)v(D,,(d) NWz).

(b) If c € Cp\o(ay and ¢ # 1, then Wy dW N W;y dCWu = 0.

Proof. (a) follows from (2.3.3) and the relation vCy\xgn,v ™" = Cp\s(a)- To prove
(b), note we € Dy for some w € W,,, as follows using (2.1.1) and (2.2.6.1). We
have dw = w'd where w' € dWyd~—* C W. Thus, by [C; (2.7.5)] and (2.1.1),
no(dc) > no(d), minimum for its coset W dwe = W de, or for its double coset
Wy ch 0J

fut 0 if C 1
qa={ =0
1,  otherwise.

(4.2.4) Lemma.  Keep the notation introduced above, and assume X = A and
p = p. For any d € Dy, let d = udv be a left distinguished decomposition and
write_C’u\,;(d) = (ta(d)+1:" " > la(d)+i(a)) where a(d),i(d) are non-negative integers,
and i(d) > 1 if C\p\pq) # {1}. Then the set

By = {mT, 5D .t D% o g — ydy € Dy,vej = 0,1 V41

ud ™ ta(d)+1 a(d)+i(d)

forms a basis for mz\H'.
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Moreover, if My is the free Z'-submodule of my\H' spanned by the elements in By
with e; = 1 for some j, then my\H' = ’Hf‘g’f@Mx. Each element of My is a Z'-linear
combination of elements T, with x € W;\CZCV_Vﬂ asin (4.2.3b), withc # 1,c € C’M\ﬁ((i)
and d € D;\ﬂ.

Proof. The left distinguished decomposition d = udv implies that ud € D;l. Ap-
plying (3.1.1b) to the product Teder D T,, we see that

ta(d)+1 ta(d)+i(d)

e(d)e e(d)e; a
(4241) T O =g Y T

ud™ ta(d)+1 ta(d)+i(d) ™Y
wEVVﬂ,w’v<w

where ta(d)+1€(d)51 . -ta(d)H(d)s(d)ei(d) = c¢ = d'w as in (2.2.2) with d’ a distiAn—
guished left coset representative for W. As argued in the proof of (4.2.3b), ng(dc)
is minimal for W;\cchﬂ. Thus, de € Dy by (2.2.6.1). It follows that udd'w'v and
all udd'w in the sum belong to Dy = D, by (2.2.7). Also, udd'w'v < udd'w, since
ud € Dgl and w'v < w. By (4.2.3a) and (3.1.2), the set By is linearly independent,
and spans, over any field k£ which is a Z’-algebra, a subspace with the same dimen-
sion as m\‘H}.. Now, applying [CPS1; (3.3.1)] as in the proof of (4.1.1) proves the
first assertion.

Observe that XWAqu = WATuqu\ﬁ(d)Tv7 and, if Ou,\,j(d) = {1}, then XWAdW,L =
maTy. Now, the direct sum assertion follows, using the definition of M. The final

assertion is obtained by rewriting the elements udd'w' v, udd' w, and using the length
additivity for the products from C), with Dy U

(4.2.5) Proposition.  For any bicompositions A, i of v, the Z'-module z\H' N
H'x, is free and ’H%’f =x\H' NH'z,. When Z' = Z, we have HM = ’H;}“ NH.

Proof. The inclusion H%’,‘ C zaH' N H'z, follows from (4.2.2b). Conversely, by
(4.1.3), we have x xH' NH'z, = myH NH'm, NaexH NH zy. It suffices to prove the
: A A
following: (1) maM' N H'm, = Har; (2) HZ NasH NH'z, C HY.
To see (1), it suffices to prove My NH'm, = {0} where M), is the complement of

Hé% in Ty as given in (4.2.4). This can be seen as follows. Suppose h € H'm,.
By (4.2.4), H'm,, has a basis B,, (reversing the roles of A and p in (4.2.4)). By
looking at the constant term in 7, there is a term T}, in h with z € W;d for some

d = udv € Dy However, by the last assertion in (4.2.4) and (4.2.3b), the elements
in M) do not have such a term, proving (1).

We now prove (2). Pick h € ’Hé%ﬂx;\%’ﬂ%’xﬁ and write h = 3 cp  EaXwyaw, -

Then, for any s € W5sNS, s’ € WzNS, Tsh = qgh = hTs. By (4.2.2c) and equating
the coefficients, one sees easily {3 = {sq = €4 for all s € Wi NS, s'e Wpn S and
d e Dy Consequently, £ = &,q for all d € Dyp, w € Wy and {g = &gy for all
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d €Dy, y € Wﬁ. Therefore,

h =5 Z CaXwyaw, = Z EaXwyaw,

dEDA, dEDA,

Ap
= E EaXwyaw, hxanu = E EaXwyaw, € HZ
€D, €D,

where hy,n; is as in (4.2.2), as required.
The final assertion now follows from (4.1.3). O

The basis for H%’,‘ gives actually a basis for the intertwining module between 7;
and 7,. To this end, we define for d € D), a function (pf\u : T, — T, by setting
gofu(ajuh) = Xwyaw,h € zxH' = T for all h € H'. Note that gof\u is well-defined,
since Xw,aw, = haw, for some hy € H', and goﬁl\u is a homomorphism of right

‘H’'-modules. Here is the answer to the first and third questions raised at the end
of §3.3.

(4.2.6) Theorem.  The Z'-module Homy (7;,Ty) is free with basis {(,0‘/{” | d €
Dau}. In particular, the q-Schur® algebra SqQ(n,r, 2') is a free Z'-module. More-
over, base change induces isomorphisms

Homy (T, Th)zr = Homyy (T, 7)) and Sg(n,r)g: = Sg(n,r, Z").

Proof. As noted, the mappings go‘/{u are ‘H'-linear, and they clearly form a linearly
independent set. It remains to check the spanning condition. Let ¢ be an ele-
ment in the Hom set. Then ¢(z,) € zxH' NH'z, by (4.1.3). By (4.2.5), we have

o(z,) € ’H;‘f. So ¢(z,) = szDM §aXwyaw, for some &; € Z'. Consequently,
we have ¢ = ZdeDM £dcp§\w proving the first assertion. Noting Sg(n,r, 2 =
D, LETI(n,r) Homgyy/ (7Y, 7,), we have immediately the second assertion. The last

assertion follows from the fact that the definition of ¢ ., 1s the same for any coefli-
cient ring Z'. 0

We remark that the first assertion in the theorem is really a version of the Frobe-
nius reciprocity and Mackey decomposition theorem for quasi-parabolic subgroups,
though we couldn’t state it in terms of induction from subalgebras. (The induced
modules have g-analogs, but not the subgroups or subgroup algebras involved.)

We remark also that, as the anti-automorphism ¢ takes a right ideal of H' to a
left ideal, the elements (cpfu)b defined by setting (go‘/{u)b(h:vu) = (go‘/{u(xuhb))b for
any h € H' form a basis for Homy (H'z,,, H'zy).

4.3 Self duality of permutation modules. For any right #’-module M, let M*
be the left H’-module obtained by shifting the right action on M to the left via
t . That is, we have h x m = mh* for all h € H', m € M. In particular, if M
happens to be a right ideal of H', then M" is isomorphic to the left ideal M*, the
image of the right ideal M under ¢ . The Z’-dual M* = Homz/ (M, Z') of a right
H'-module M is a left H'-module via the action (hf)(m) = f(mh) where h € H’,
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f e M* and m € M. We say that M is self dual if M* = M*. Note that we have
(M*)" = (M")*. Define M* = (M*)"*. Note that a ‘star’ and not an ‘asterisk’
is used for this same-side dual, though the left/right context is also a guide as to
which dual is being used. Now, self-duality is equivalent to M* = M.

Let 7: H' — Z’ be the projection onto the identity element of H' (with respect
to the usual basis of T},’s) and define a bilinear form ( , ): H' x H' — Z' by
(h,h') = 7(hh'). This is symmetric and associative, and the map h — (<3 h) gives
an ‘H’-module isomorphism H' — (#')*. In particular, ' is self dual.

(4.3.1) Proposition.  The permutation modules xxH' are self dual.

Proof. First, we assume Z' = Z. It is enough to prove that (z \H)* = Hxy. Let
z2 = z)xzx. Then zy is a unit in H g and commutes with z (see [DJ4; (4.5)]). Define
(&)t x\H X Hxy — Z by (xah,hxy) = T(xxhh' x5 /2)) = T(z\hh") = (z\h, h').
For y € D,, write

ATy = Z qu 1,1 = any + Zész
r€C\,wEWryY z

with a = mq, z ranging over Wy, and &, € Z’. Since y has minimal length among
the elements of Wy by (2.2.3), we have by (3.1.1a) that £(z) > £(y) whenever £, #
0. Order the elements of W in the way wy, wo, - - - such that £(w;) < f(w;) = < j.
We have for y,w=! € Dy,

0, if f(w) < L(y),w #y
ot Tutn) = (ot o) = { ™, ifw=y.
Then the matrix of the form (< <) with respect to the induced order on Dy is
upper triangular with invertible diagonal product, and hence is non-degenerate.
The general case follows from base change. The proposition is proved. [

5. BISTANDARD BASES AND SPECHT SERIES FOR PERMUTATION MODULES

The classical Young rule for symmetric groups [JK; p.89] gives the multiplicity of
a Specht module in a permutation module in terms of the number of semi-standard
tableaux. We shall show in this section that similar rule holds for the ¢g-permutation
modules and (twisted) Specht modules introduced in previous sections. This is in
fact a character problem which will be treated in the first subsection. Our task then
is to prove the existence of Specht filtrations. We shall achieve this by introducing
the bistandard basis for 7, with which we will get bistandard bases for ¢-Schur?
algebras.

By (4.2.6), it is sufficient to look at the integral case Z' = Z. ;From now on we
will keep this assumption. The reader can easily interpret our results for general
Z'; see (6.2.3c).

5.1 The multiplicities m),,. All representations in this subsection are complex
representations.

Let p € ILT be a bipartition and A € II,. a bicomposition. Let T5%(u, A) be the set
of all semi-standard p-bitableaux of type A (see (1.2.2)). To avoid too many indices
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we just write A = (o, #) and g = (7,9). We assume v I ¢ and ¢ - d. Let g5 be the
sign representation of Cs, where Cs := Cjcq1,] = (tet1,- -+ » 1) is the complement
of Cy := C, = C1,q. (Notice the different forms of the index ranges. This is a
slight abuse of notation. The reader should mentally attach an extra property ‘left’
to v and ‘right’ to . Similar remarks apply below for «, 3, for a, b and for ¢,d.) We
extend it to a linear representation of C', denoted again by &4, such that it acts on
C,, trivially. The group W acts on €5 by wes(z) = es(w™tzw), forwe W,z € C.
Clearly, the inertia group of g5 is CW(c,d) = W((c,q),—)- Thus, €5 extends to a linear
representation of W q4),—) by setting es(zw) = es(z) for x € C' and w € W(C,d).
Let 5’7 and S; be the irreducible modules of &, and &4, respectively, corresponding
to v and 6. We lift their outer tensor product S, ® S5 to an irreducible module of
Wi(c,a),—) with C acting trivially, and form the (inner) tensor product (5,0 85)®es.
Note that this can also be viewed as an outer tensor product 5’7 ® S‘g of 5’7 and
gg = S5 ®eg, lifted to a module of W((c,a),—)- Then one sees easily that the induced
CW-module S, of 5’7 ® S’g is irreducible. Let T be the complex permutation
module of W on the right cosets of W.

(5.1.1) Theorem.  The dimension of Homcw (Sy,Tx) is equal to the number
#355(u, \) of semi-standard p-bitableaux of type .

Proof. Let a = |a| and b = |3, and let T, _y and T be the permutation modules
of W, and &, on the right cosets of C(,, )&, and &g respectively. Then

TA - IWX TW(G,MT%(GJ): (T(a;_) @ T/g) T%(a,b) '

Let P = Ps be the power set of {a +1,---,7}. For any J € P, we have a cor-
responding linear representation €5 of Cg, where Cg = Cl,41 4] is the complement
of Cy = CJy 4] defined similarly as above, and €; takes the sign representation on
the copies of Cy = (t;) with indices in J and the trivial representation on the re-
maining copies. Thus, the regular representation of Cp is a direct sum of them:
CCps = ®J€7’ e 7. This module extends to Cg&;, = W, by letting & act by conju-
gation. So we have by transitivity of induction and a well-known tensor identity of
Brauer

T, = (T(a,_) ® Tg) T%(a,b)% (Ta ® (Tg X CCg)) T%((a,b),_) .
By Frobenius reciprocity, we have
Homew (Sl“ TA) = HomCW((c,d),—) (5")’@5’;7 (T(a,—)Q(Tﬁ®CCﬁ)) T%((a,b),_)‘l/w((c,d),—))?

which is zero even on CC' if b < d as there is no £ equal to a conjugate of €5 in
this case. (They all take <1 values on too few elements ¢;.) Clearly, #T°%(u, A)
equals zero, too, in this case.

We now assume b > d. Note that a+b = r = c+d. By the Mackey decomposition
theorem, we have

(T(ay_) @ (TIB ® CC/B)) T%((a,b),_)\l/w((c,d),—)

Wiie _
- 7@ (Ta, ) © (T @ CC)) dwg . aWoay, T 07
d€D(ab),(c,d)

_ (T(a,—) o (Tg Q (CC’g)) \I/W((a,b—d,d),—)TW((C,d)’_) +<terms with no conjugate of)

es as a subfactor on CC'
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As above, we can ignore the terms on the right. Frobenius reciprocity can be
applied to calculate on the left, though we prefer to keep the induction in evidence.
We view W(q,p—d,d),—) as the direct product of W, _y with W _q,4),—). Note that
any irreducible module for the latter group which contains €5 | Cz on Cg must be
in the induction of €5 | Cg to W((4_4,4),—), S0 cannot contain any other irreducible
representation on Cg. So we have

Homew (S, Th)
= Homew g, -, (53 © 55, (Ta,-) © (T5 © CCp)) dW((a,umaar, 1)
= Homew,, 4y, (Sy © S5, (Ta,-) © (T © €5)) dwigaaay, o 177 (D)
= Homeyy, , (Sy © S5, (Ta © T b, , ) W),

However, by (1.2.4) and the Mackey decomposition theorem again, we have

Tﬁ \LﬁbdeGd = @ (lﬂl © 1ﬂ2) \Lﬁﬁl XGB2T Gp_a X &4.
(BL,B8%)EI(B)

Thus, we eventually have, using (1.2.4b)

dim Homew (S, Th) = dim @ Homeyy (Sy ® S5, Tavpr © Tg2)
(BL.52)€TI(B)
= ) dimHomge, (Sy, Tavg )dim Homgs,, (S5, T2)
(BL,62)€T1(B)
= #3%(u, A),

as required. [

As, under the specialization Z — Q such that ¢o = ¢ = 1 in Q, the Hecke algebra
Hqg becomes the group algebra, which is still semi-simple, we have immediately
from Theorem 5.1.1 and the (Auslander-Goldman-)Tits deformation theorem [C;
(10.11.2)] the following.

(5.1.2) Corollary. (a) Let my, be the multiplicity defined in (3.4.3). Then

Mmxy = #SSS (/1’7 >‘)
(b) For bicompositions X\ and v of r, we have

#Dy, = #{(5,t) | 5 € T°(u, \),t € T°(u,v), p € T }.

Proof. (a) follows from the fact that S, is isomorphic to the specialization of S ﬂ
at qo = ¢ = 1. (For a proof, use (3.4.3) and induction, noting that g-permutation
modules specialize to permutation modules with the same labelling.)

The statement (b) follows from (a) and the fact that

HOHI’HK (7&K77;K) = @ Hom'HK(ﬂKv‘S’E,K) ®H0mHK(SiK77;K) UJ
peEIL;
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5.2 The bistandard bases for 7, (and 7). Recall from §3.4 the bistandard
basis {zst | s,t € T%(u), p € ILF} for H. We are now ready to introduce bistandard
bases for permutation modules 7). Let A be a bicomposition of r and u a bipar-
tition of r. Associated to each s € T5%(u, A), there is a distinguished double coset
representative d(s) € Dy, N W. Since Dy, NW = Dy, N W, we have §(s) € Dy,
and therefore, it defines a basis element cpi(:) € Homy (T, Ty) (cf. (4.2.6)).

The following lemma is a generalization of a result in [M; §7] to the type B case.

(5.2.1) Lemma. Fors € T°°(u, ) and any standard p-bitableau t € T*(u), let
XE = goigf)(xut). Then the set X\ = {XE | n € TF,s € T5(u, \),t € T%(pn)}
forms a basis for Ty. Putting X[, = (X5)", the set X4 = {X[, | p € II}f,s €
T (u, A), t € T*(p)} is a basis for Hxy.

Proof. By the definitions given above (3.4.2), and above (4.2.6), we have X! =
goi(i)(xut) = Xw,s(s)w, Tst)- Using_(1.2.3a), we have 6(s)"*Cyd(s) C C,,. Recall
from (1.1.1) and (1.2.3) that §(s) € Dy, € Day- So, putting d = 6(s) and defining
d as above (4.2.1), we have Cy = d~1C\d C C, and 7y = 7y where i = AN j. In
particular, my\; = T1. Therefore, using (4.2.2a,b) and (1.2.3c),

(5.2.2) Xﬁ'ut = XWxé(ﬁ)WuTé(t) = Z Tng(ﬁ).’EuTg(t) = Z .I'gt.
meD;r'lﬁé(s)ﬂnWA s€Ts

(See above (3.4.1) for the definition of the basis elements z£,.) By (1.2.3¢), these
sums are all disjoint, and thus, linearly independent. They form a basis for 7yx by
(5.1.2) and a comparison on dimension. Finally, the result follows from (3.2.2d),
since the z, form a basis for H. O

(5.2.3) Theorem. For any bicomposition A of r, there is a submodule sequence
of Tx:
0=T CTcC---CT¥="T\

such that T} /T~ = SE(G?)"LM (1 < i < s), where the pgy € I} are distinct,
psy = N and my; = #T%% (), A"). (In particular, mys = 1.)

Proof. Since Ty is isomorphic to Ty~ (3.2.2¢), we may assume that A is a bipartition.
We order ILF by pu1y, pi(2), - -+ such that gy > gy implies @ < j. Let p = pgy be
a bipartition of r and let 7, be the Z-submodule of T, generated by all X 5‘1” ' with
j <. Clearly, 7,y = 0 unless p > X and each 7! is an H-submodule of 7 by [DJM;
(4.18)]. Moreover, T;/Ti~ " is Z-free with basis {X% |t € T*(u),s € T5%(u, A)}.
For fixed s € T5%(u, A)}, the set {XE | t € T®(u)} generates an H-submodule
of T/T{~", which is isomorphic to Sﬁ, by [DJM; (4.11)] (or (3.4.1)), (3.4.2) and
(5.2.2). Hence T, /7~ is isomorphic to a direct sum of #%**(1, A) copies of SE. O

Clearly, the sequence given in (5.2.3) can be refined to a sequence

(5.2.4) O=FyCF,C--CFL="Ti
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with .7-";\/.7:;\_1 = Si(i) for some ;) € ILF. We call such a sequence for 7y a

(twisted) Specht filtration of Ty. We remark that similar terminology can be used
for 7. (See (6.2.3c) below.)

6. QUASI-HEREDITY OF ¢-SCHUR? ALGEBRAS

We are now in a position to prove that a ¢-Schur? algebra is quasi-hereditary.
We shall construct a “codeterminant”-type basis which gives easily the required
structure. (No actual determinants are involved.) This kind of basis was first
introduced by J. A. Green [G; §7] for classical Schur algebras (see also [D1] for the
GLy case). A proof of the quasi-heredity property can also be given using [DPS2]
when ¢q is a fractional power of ¢; see (6.2.3b) below. Also, see [DR1] for a more
general construction of standard bases for any split quasi-hereditary algebra.

6.1 Bistandard bases for ¢-Schur? algebras. Recall from (4.2.6) the basis
{cpfu} for the algebra S7(n,r). This is the natural basis possessed by a centralizer
algebra of a permutation module. We are now ready to introduce a new basis for
82 (n,r) which reflects quite well the structure of its module categories S (n,7)-mod
and mod-SZ(n, r). Since it gives rise to bases (indexed by semi-standard bitableaux)
for certain “standard” objects in both these categories, we will call it the bistandard
basis.

(6.1.1) Theorem. Let \,v € II(n,r) and p € I (n,r). For any s € T55(u, \)
-1
and t € T%°(u,v), we define @y = L, = goi(:)goz(,,t) . Then the set

{®y |5€T5(u,\), t€ T5(p,v), u € Mt (n,7r),\, v €(n,r)}
forms a basis for Sg(n,r).
Proof. Fix A, v and put
0 o(s
Xt = Xty = @ () = 030 (X, s00-1w,) = o (2 Ts(0)-1 hons(om)-
Note that the last equality is obtained from (1.2.3a), as in the proof of (5.2.1), and
that N §(t)i = ad(t)~* Nv. From the argument given in (4.2.6), we see it suffices
to show that the set
(6.1.2) Xny = {XE |5 € T, A), t € T2 (p, v), p € T (n, 1)}

is a basis for H*. Let

hy = E T,-1+ and hsg = E Ty = honso)a-
mEWAﬂD;m;(sm SUEWuﬂDrmﬁ(t)ﬁ

Then we have

(6.1.3) th = q)st(x,,) = thg(ﬁ)qu5(t)f1 hg = Z Tuv,
U€T5;V€Tt
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by the above and the argument for the first part of (5.2.2), and (1.2.3¢) for the
last equality. Here Ty = Ts(u, A) and T¢ = T¢(u, v) as defined above (1.2.3), and
the basis elements z,, for H are discussed above (3.4.1). So the set in (6.1.2) is
linearly independent and forms a basis for H3¥ by (5.1.2). Finally, by (4.2.5), we
have HN = H)Y NH and, therefore, the set in (6.1.2) is a basis for HM. O

We remark that, if v = (&5 (17)) € IL;} is the minimal element, then T (u, v) =
T#®(u). In this case, the basis given in (6.1.2) for z\H is the same as the basis X
given in (5.2.1). Our notation is also consistent.

(6.1.4) Corollary.  For any A, p,v € II(n,r) and x € Dy,, y € Dy, the product
P, Ph s a linear combination of ®7 where s € T°(1,A), t € T°%(7,v) and T €
O+ (n,r) with > p”. In particular, if p € IIT(n,r), the submodule SE* (resp.
S”*) generated by all ®), with A > p (resp. Av>p) and X € Tt (n,r) is a two-sided
ideal of S7(n,r).

Proof. We have go”ﬁpgogy(x,,) = hiz,hy € HM for some h; € H. On the other
hand, there exists d € D,, such that T 'z,Ty = x,+ (see the proof of (3.2.2¢c).
Therefore, we have hyz,hy = hijz,mhly € H ', which, by [DJM; (4.8),(4.10)], is a
linear combination of z£, with p > p” and s,t € T*(u). The first assertion follows.
For the second, note any product ¢®%+) with ¢, € §2(n,) is a linear combination
of products ¢ ,¢¥,, for suitable x,y,v,w, but the same p. U

(6.1.5) Corollary. For any ¢, € Sg(n, r), we have
P! =) &Pl mod (S)  and By =) (oPh, mod (S87),
u o]

where &, Cy € Z are independent of t, s respectively.

Proof. This follows from (6.1.3) using (3.4.1). O

(6.1.6) Corollary.  Keep the notation introduced in (5.2.3). Let Ty be the i-th
filtration term defined there. Then Ty N Hzx, is free with basis

XAV%’ = {th | M= /j’(])vj < 7:75 € r'z':ss(/j'v A)vt € r'z':ss(/j'v V)}7

for any v € I(n,r). Furthermore, with a suitable choice of the refined filtration .7-"{
in (5.2.4), if i above is the minimal a with F C T, then F] N Hx, is free with
basis Xy,; N .7:1.

Proof. Recall from the proof of (5.2.3) that 7 is spanned by all th(j) where 7 < 1,
s € T5(u,\) and t € T*(u), for p = i) By (6.1.3), Xt = zueTs,veTt Tuv =
> ver, Xov = D uer, Xup Which is in 7¢ N Hx,, by (5.2.1). Conversely, it is easy
to see that any element in the intersection is a linear combination of the elements
in the given set. The rest of the proof follows from the definitions. [
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6.2 The quasi-heredity of SZ(n,r). For simplicity, let § = S?(n,r). Fix a linear
ordering for the set II"(n,r) = {p@) > p2) > -++ > pvy} which refines < (ie.,
1y & gy implies pey > pgy). Put e; = 350 ¢, Ji = SeiS and S; = S/ T,
where ¢y = p},. We have the following main theorem of this paper.

(6.2.1) Theorem. The q-Schur® algebra Sg(n,r) over Z is a (split) quasi-
hereditary algebra with the “defining” sequence (or heredity chain)

0=FHhCThCTC---CInv=S.

Therefore, for any commutative (Noetherian) Z-algebra Z', Sg(n,r, Z') is quasi-
hereditary.

Proof. From [CPS1; §3] we have to show that, for each 1 < i < N, J;/Ji—1 is a
heredity ideal of S;_1 = §/J;_1. To avoid using too many indices, we put = p(;y,
J =T = Ji/Ti—1 and S = S/ J;_1. We shall denote by @ the image of a € S
in S.

;From the theorem and corollary 6.1.4 above, we see that both S and J are
Z-free and have bases {®4¢ | 5 € T5%(p, \), t € T%(p,v), N\, v € lI(n,r), p < pu} and
{®ee | 5 € T%(p, A), t € T°(p,v), \,v € II(n,r)}, respectively. Note that ¢, =
®;,s, where 5, € T (u, ) is the unique p-bitableau of type u. So if @4, # 0
then ®4p,, = P@qs,. Therefore, we have J = §p,S and, in particular, we have
(1): J? = J. Let KT = »,J and J* = Jp,. Then the argument above shows
also that #7 and J* have bases {®;, ¢ | t € T°(u, A), A € I(n,7)} and {Pgs, | 5 €
T35 (1, A), A € I(n, )}, respectively. Thus, we have (2): $,Sp, = J*NHT = Zp,
and that the map f : J* @ »T — J given by f(£ @ 1) = &7 is bijective. Since
T = p,J is a projective right S-module, it follows that (3): J is a projective
right S-module. Altogether (1)—(3), we have proved that J is a heredity ideal.

The last assertion follows easily, since SZ(n,r, 2') = 8Z(n,r)z: by (4.2.6). O

i From the theorem and proof above, we can easily describe the standard objects
in the category of Sg(n, r)g-modules, where k is a field which is also a Z-algebra.
These modules are the counterparts of the ¢-Weyl modules for ¢-Schur algebras,
and have the following “semi-standard” bases (cf. [DJ3; (8.1)]).

(6.2.2) Corollary.  Maintain the notation introduced above and put A(pu;)) =
Sz, where Z, . = ¢u, + Ji—1 for all i. Then, for any field k which is a Z-
algebra, the category S2(n,r)r-mod of SZ(n,r),-modules is a highest weight cate-
gory [CPS3], and {A(1)k} ettt (n,r) is the set of standard objects in S, (n,r)x-mod.
Moreover, each A(p) is Z-free with “semi-standard” basis

{302, | A € M(n,r),5 € T (1, )}

Also, (6.2.1) guarantees formally that the Sg(n, r)-module categories are integral
highest weight categories in the sense of [DS]. We refer the reader to that paper for
further discussion of the integral concept.
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(6.2.3) Remark. (a) By (6.1.5), one checks easily that the bistandard basis for
SZ(n,r) satisfies the axioms in [DR1; (1.2.1)]. Thus, §7(n,r) is a standardly based
algebra in that sense. In fact, it is even cellular in the sense of [GL]. We leave
the details to the reader. Now the result in [DR1; (3.2.1)] gives a second proof of
(6.2.1) by showing that this standardly based algebra is full.

(b) When ¢ is a rational power of ¢, the ring Z has Krull dim. 2. Thus the
theory developed in [DPS1] applies. To get the quasi-heredity using that theory,
it suffices to check the condition [DPS2; (1.7(4))] by using the filtration given in
(5.2.4), result (6.1.6) and an argument similar to [DPS1; (2.3.7)]. We leave further
details to the reader.

(c) As we have mentioned at the beginning of §5, we only consider the integral
case Z' = Z in §5.2 and §6. However, the definitions of bistandard bases for H, Ty
and S?(n,r) are the same for any coefficient ring 2’ (using (4.2.6) in later cases).
Therefore, all results in §5.2 and §6 remain true after base change.

6.3 Integral centralizer subalgebras. Let @) = ¢}, as before. These are
idempotents, called weight idempotents. With these idempotents, we see that both
33 (n,r) and 82(n,r) are centralizer “subalgebras” (without the same identity el-
ement, in general) of S?(n,r) of the form eSZ(n,r)e for some idempotents e. In
addition, the ¢-Schur algebra is also a centralizer subalgebra of the g-Schur? al-
gebra: Recall from [DJ3] the g-Schur algebra S;(n,r) = Endyg (®A6ﬁ(n,r) m,{l—l),

where H = H (W), and from (3.3.1) the coideal ,, of II(n, r).

(6.3.1) Proposition.  Let e =Y, @x. Then e is an idempotent of S2(n,r)
and eSg(n, r)e is isomorphic to the q-Schur algebra Sy(n, ). Therefore, the restric-
tion of the bistandard basis described in (6.1.1) gives the (bi)standard basis for a
q-Schur algebra.

Proof. Let H' = Hz: where 2’ is a commutative Z-algebra. We note that, for any
A€ Qo (see (3.3.1)), zaAH =z \H' =2 x5H' as ‘H'-modules, where H' = Hz/. Thus
we have for A\, u € €

Homyy (2AH', z,H') C Homg (2AH', x, H') = Homg, (w3 H', xzH').

Now, applying [CPS1; (3.3.1)] gives the required isomorphism. [

Note that the standard basis for a ¢-Schur algebra obtained in this way is the
g-analogue of J. A. Green’s codeterminant basis for a Schur algebra [G] (compare
[Gx]).

Before stating our final results on Sg(n,r), we observe a general theorem on
integral centralizer algebras. Let (O, K, k) be a local triple® with O regular. Then
(O, K, k) determines a second local triple (@, K , k) where the completion O is the
completion l'gn O/m* of O at the maximal ideal m. Let A be a finite O-free algebra

and e € A an idempotent such that eAe is O-free. Put B = eAe.

3A local triple is a triple (0, K, k) consisting of a commutative, Noetherian local domain O
having fraction field K and residue field & = O/m.
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(6.3.2) Theorem. The decomposition matrixz of B is part of the decomposition
matriz of A. In particular, if A has a unitriangular decomposition matriz, so does

B.

Proof. Without loss of generality, we assume O = O. Thus we have a decomposition
e = Y, e; over O such that each e;A is a PIM and e = Zj f; in A with f;Ax
irreducible. Then

dimHomuy, (e;Ak, fjAx) = dim (fjAxe;)
= dim (ijKei)
= dimHOIIlBK (eiBK, f]’BK),

as desired. [

Applying this to the g-Schur? algebras, we have immediately the following.

(6.3.3) Corollary.  The decomposition matriz for each of the algebras Sy(n,r),
Sg(n,r) and Sg(n,r) is unitriangular and is part of the decomposition matrixz of
S2(n,r).

q )

(6.3.4) Remark. Because of work of Dipper and James, the Hecke endomorphism
algebras 33 (n,r) are important for the non-describing representation theory of finite
groups of Lie type (see [DPS1]), and this has largely motivated our investigation.
Several years ago (1993), we calculated that 5’3(2, 2,F,) is quasi-hereditary when
p # 2 and ¢ = qo = 2. (More precisely, as remarked in [CPS4; p.111], we calculated
that a Hecke endomorphism algebra associated to the finite group Sp(4,2) is quasi-
hereditary over IF,, and used a correspondence of Dipper and James described
in [DPS1].) This result may now be viewed as a special case of our main theorem
(6.2.1), since it turns out 33(2, 2,F,) is Morita equivalent to §2(2,2,F,). If ¢>+1is
not 0 in [F,,, this may be seen by checking that the natural surjection mH' — mo#H’,
defined as left multiplication by ¢ + T},, is split in this go = ¢ = 2 case. If ¢*> + 1
is 0 in [F,, then a more detailed examination shows that m#' is the direct sum of
a summand of myH' and a ‘trivial’ module. The same arguments work whenever
q=qo € Z' and 2 (as well as ¢) is invertible in Z’, showing 5’3(2, 2, Z') is quasi-
hereditary in this generality.
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