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One of the simplest and most useful notions in mathematics is that of
a group action: if G is a group and X is a nonempty set, then an action of
G on X (or a G-set structure on X ) consists of a multiplication operation
G x X — X, with the image of a pair (g, z) written as, say, gz, with the
following axioms satisfied:

(1) 1z = 2 for all # € X (here 1 € GG is the identity element of G);
(2) (gh)x = g(hz) for all g,h € G and all z € X.

Equivalently, a group action determines, and is determined by, a homo-
morphism g — [z — gz] of G into the group of all bijective maps of X
onto itself (the ‘symmetric’” group of all permutations of X). If X has the
additional structure of a linear space over a field, we might impose an ad-
ditional axiom that the mappings [z — gz] all be linear. In this case, we
say the action of G is linear, or that it defines a linear representation of
G, and we call X a module for GG over k. In the linear or nonlinear case, if
G and X have some topological structure, we often require that the map
G'x X — X be continuous, or in the algebraic geometry case, a morphism
of algebraic varieties or schemes.

A main theme of the Newton Institute program™ on the representation
theory of algebraic and related finite groups, of which this conference vol-
ume is a part, may then be stated as follows: even in the simplest case where
(' is a finite group, and X is a finite set with no linear space or algebraic va-
riety structure, there are, nevertheless, deep connections of these nonlinear
actions with linear actions, and of the discrete theory of finite groups and
their actions with the theory of algebraic groups and other groups and al-
gebras arising in continuous Lie theory. I hope to explain these connections
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in the next few pages. The discussion will involve us in the nondefining and
defining characteristic linear representation theory of finite groups of Lie
type, and the theory of maximal subgroups, all major research topics in
the Newton Institute program. I will also give a detailed discussion of the
Lusztig conjecture, and recent progress on it, another central topic of the
program.

To begin our picture, let us first consider the general action of a finite
group G on a finite set X. To understand all such actions, it is obviously
enough to understand the transitive case, because we can decompose X
in terms of orbits. We are lucky here-if we were dealing with continuous
actions, we would have to worry quite hard about how the orbits were stuck
together.

Next, every student of group theory knows that a transitive action of
a finite or discrete group G is isomorphic to one arising from the action of
G on the left cosets GG/H of one of its subgroups H. That is, X ~ G/H
in the language of GG-sets. The subgroup I is uniquely determined in &
up to conjugacy. Given any such pair G and H, we can always interpolate
any subgroup M of G containing H, and obtain some kind of reduction
to the study of the pairs G, M and M, H. This reduction is not perfect,
because we still have further work to do in understanding precisely the G-
conjugacy classes of subgroups H from this data, even when we know the
corresponding information for each pair. Nevertheless, it is a good start, so
it is very natural to regard pairs G, M with M maximal in G as the basic
building blocks for understanding transitive finite group actions. These are
in turn the ingredients of all finite group actions, as noted above.

Next, the paper [5] gives an understanding of such pairs G, M (with
G finite and M maximal in &) in terms of certain basic constructions.
Often these involve much smaller groups than G, and/or more accessible
information. For example, one might require the exact structure of the
outer automorphism group of a simple group H in order to understand all
diagonal embeddings of H in H x H, each yielding a maximal subgroup of
the latter. There are also more sophisticated examples,? but there are only
two cases where no ‘reduction’ to a smaller or more tractable problem is
possible. Let me loosely state this as a theorem:

Theorem 0.1 (Aschbacher and Scott [5]) The determination up to con-
jugacy of all pairs G, M where G is a finite group and M is a mazimal
subgroup of G, reduces, modulo smaller or easier problems, to the following
cases:

2The reader might try to find a maximal copy of the alternating group on six letters
inside the semidirect product of this group with a direct product of six (permuted)
copies of the alternating group on five letters. There is one, easily understood with a
little nonabelian 1-cohomology theory.



(1) G is almost simple (meaning that G is a group sandwiched between a
simple finite group and its automorphism group);

(2) G = H.V, a semidirect product of a quasisimple finite group H and
one of its irreducible modules V' over a field of p elements, and M is
a complement to V. (Recall that a quasisimple group is one which is
perfect and simple modulo its center.) The conjugacy classes in G of
such maximal subgroups M are parameterized by the first cohomology
group H'(H, V).

Some permutation group theorists, focusing on the transitive case, try
to define away the cohomology problem in case (2) by noting that all pairs
G, M which arise there are at least conjugate by an automorphism of the
group . However, if we want to parameterize all intransitive actions, we
cannot allow such equivalences, which need not be preserved under disjoint
unions of G-sets. In any case, we must know all irreducible modules for
H before knowing all pairs G, M with M maximal in G, and, to prop-
erly parameterize such pairs, we need to know the l-cohomology of these
irreducible modules.

More surprising perhaps is that case (1) is also intimately related to
the problem of finding and understanding irreducible linear representations
of quasisimple finite groups. Roughly speaking, the nonobvious maximal
subgroups of a finite classical group all arise from other groups embedded
irreducibly on the underlying natural module. A somewhat more precise
statement, but still a paraphrase, is

Theorem 0.2 (Aschbacher [4]) Let G be a finite classical group associated
to a vector space V, and M a mazimal subgroup of G. Then one of the
following holds:

(1) M belongs to a natural small list of ‘suspects’; or
(2) M is the normalizer in G of a quasisimple subgroup H which acts
wrreducibly on V.

The exceptional groups of Lie type were the subject of many results
at the conference, and much progress has been made, for example, by
D.M. Testerman [98] and by J.-P. Serre [90], as explained by the latter
author in several lectures in the NATO conference underlying this volume.
Other excellent sources are Liebeck [67] and Liebeck’s article [68] in these
conference proceedings. (I would like to thank Jan Saxl for these refer-
ences.) The prototype theorem of the above type was given by O’Nan and
Scott in [85] for alternating groups (see [5] for corrections), and results for
classical groups along the lines of the above theorem were suggested. In the
alternating groups case, the simple groups in part (2) act primitively in the
natural permutation representation (that is, with maximal point stabilizer),
giving a kind of recursion for the maximal subgroups problem. Generally,
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all ‘suspects’ in the classical and alternating groups cases have now been
convicted (shown to be maximal subgroups). See, for instance, the work
of Liebeck, Praeger and Saxl [69], and the surveys of Saxl [84] and Seitz
[89]. For a modern restatement of Theorem 1, see Liebeck, Praeger and
Saxl [70], and also Kovacs [65]. The paper [85], based on my talk at the
1979 Santa Cruz conference, perhaps marks the beginning of the modern
day maximal subgroups program in finite group theory. For a revisiting,
see Seitz [88]. The present paper is also a revisiting, since most topics we
discuss here (including nondefining characteristic) were already mentioned
in some early form in [85].

1. Linear Representations in the Defining Characteristic

The two theorems above leave linear representation theory the problem
of finding all irreducible representations of all finite quasisimple groups in
all characteristics. Some maximal subgroup theorists have perhaps wished
that instead one could use maximal subgroup theory to find irreducible
representations. While there are some results in that direction [97], realis-
tically, the irreducible representations must be found to advance maximal
subgroup theory.

For quasisimple finite groups G/(¢) of Lie type over a finite field F,,
there are two cases: representations in characteristic p dividing ¢, called
the defining or describing characteristic case, and characteristic p not di-
viding ¢, called the nondefining or nondescribing characteristic case. We
will take p to be the defining characteristic first. Though the above appli-
cations require, in any characteristic p, irreducible representations over all
finite fields of characteristic p, it is an easy process to pass to these from
representations over an algebraically closed field k of characteristic p, such
as k = F,. Sticking to that case, we have the following fundamental result
of Steinberg, dating from 1963:

Theorem 1.1 (Steinberg [92, 93], or, alternatively, [94]) All irreducible
representations of G(q) over k may be obtained by restriction from an irre-
ducible representation of the ambient algebraic group G=G(k).

The irreducible representations are meant in the sense of algebraic
groups. That is, if V' is the underlying vector space, then the action GxV —
V' is required to be a morphism of algebraic varieties. Steinberg’s theorem
is even more substantive than we have stated here, since he describes pre-
cisely the irreducible representations for G which are needed, in terms of
the Chevalley highest weight parameterization. In the case of an untwisted
group G'(q), it is just the irreducible modules whose high weights have fun-
damental weight coefficients at most ¢ — 1. Even those with (nonnegative



and integral) coefficients at most p— 1 (the restricted weights) are enough,
when their twists through powers of the Frobenius automorphism (p) are
used in conjunction with Steinberg’s tensor product theorem. In particular,
Steinberg’s work completely throws the defining characteristic problem into
the world of algebraic groups.

One should not think, however, that this solves the problem. Though
there is a parameterization of the irreducible modules for G by their highest
weight, cf. [54], much as in the classical theory of semisimple Lie algebra
representations over C, there is no ‘Weyl character formula’ as there is in
the latter theory, cf. [52]. We do not even know the degrees (dimensions for
V) of the irreducible representations.

There is, however, a conjectured character formula due to Lusztig, pro-
vided p is at least as large as the Coxeter number h (which is n if G is
the special linear group SL,, and in general has a root system definition).
Let me state it for those familiar with basic root and weight terminology,
say from Humphreys [52], after some background from Jantzen [54]. I have
included much detail here, in keeping with a goal of the conference to clar-
ify the conjecture and progress on it. The next paragraph, which is a kind
of quick mini-course in algebraic group representations, sets the stage, and
is intended to give the reader a better feeling for the place the conjecture
occupies in the general theory. I also have in mind those in finite group
representations who might be interested in possible future analogs of the
Morita equivalences and ‘isometries’ involved. (The reader wishing to see
only a correct statement of the conjecture may wish to skip this paragraph.)

First, the “linkage principle” says that irreducible modules L()) indexed
by weights A in distinct orbits W,.A under a certain “dot action” (see be-
low) of the affine Weyl group W, belong to distinct blocks. Here the affine
Weyl group is the semidirect product of the Weyl group and p-multiples
of translations by roots in their underlying Fuclidean space. The ‘block’
terminology is used in the same way as in finite group theory. Thus, two
indecomposable modules are in the same block precisely when they are the
ends of a chain of indecomposable modules, with adjacent terms having
common composition factors. Next, if p > h, the irreducible modules in
the principal block are indexed by the dominant weights in W,.0. (The 1-
dimensional trivial module is L(0); the condition p > h insures the weight 0
is inside the ‘lowest p-alcove’ in the Euclidean space. This convex open re-
gion is defined by the hyperplanes orthogonal to roots and passing through
the negative sum —p of all fundamental weights, and through the hyper-
plane (z 4 p, &g) = p, where dg is the dual 2ag/(ag, o) of the maximum
short root ap. The “dot action” can now be made explicit, using p, as

w.ax =w(x+p) —p.)



If we think of a character formula as expressing irreducible modules in a
block in terms of the Weyl modules in that block (which are reductions
of known irreducible characteristic 0 modules), then any character formula
for all irreducible modules in the principal block now gives one for all other
blocks. This is Jantzen’s translation principle: there is a functor (called
‘translation’) from modules with composition factors irreducible modules
L(w.0), with w.0 dominant, to modules with composition factor L(w.T),
for any integral weight 7 in the closure of the lowest p-alcove. If 7 is in the
interior, the functor is even invertible (defines an equivalence of categories).
In any case, it takes an irreducible module L(w.0) to either 0 or the corre-
sponding irreducible module L(w.T), the latter occurring precisely when w
has minimum length among all v € W, in any expressions v.7 = w.7. The
translation functor always takes the Weyl module A(w.0) to A(w.7). All
dominant weights p lie in some orbit W,.7 for some 7 in the closure of the
lowest p-alcove.

We need just one more bit of terminology: The Jantzen region J=J,
consists of all dominant integral weights u satisfying (u+p, &) < p(p—h+2).
Its significance is that, if we write g = po+pp1 with g, gy dominant integral
and p; restricted, and L(p) = L(po) @ L(p1)(®) using the Steinberg tensor
product theorem, then L(u;) =& A(pq). The reason is that py is forced to
be so small that it is in the closure of the lowest p-alcove, thus minimal
among the dominant weights in W,,.u1, while it is maximal among weights
appearing in composition factors of A(pq). Thus, the character of L(u)
is effectively determined by the character of the corresponding ‘restricted’
irreducible module L(pug), if p € J. We can now state Lusztig’s conjecture.

Conjecture 1.2 (Lusztig [71]) If p > h, we have

hL(w0)= 3 ()OI OP,, (1) ch Ay.0)

y.0 dominant

whenever w € W, and w.0 € J.

Here the expressions P,y w,w(l) are values at 1 of Kazhdan-Lusztig
polynomials [59]. The function ¢ on the Coxeter group W, gives the min-
imum length in terms of fundamental reflections. The element wq is the
long word in the ordinary Weyl group W C W,, and y ranges over all el-
ements of the affine Weyl group W, with y.0 dominant, as indicated. (It
is enough to take elements y < w in the Bruhat-Chevalley order.) The
‘character’ operator ch may be interpreted as passage to the Grothendieck
group of G-modules, or passage to a list of all weight space dimensions.
Using the remarks above, we may also, equivalently, state the conjecture
for any dominant weight A € J of the form w.r with 7 in the closure of the



lowest p-alcove, and w chosen of minimal length in representing A as w.7.
That is,

hLlwr)= 3 (~D)OP, (1) ch Adyr).

y.0 dominant

When p > 2h — 3, the Jantzen region J includes all restricted domi-
nant weights, and, together with Steinberg’s tensor product theorem, the
above formula gives all characters of all irreducible G-modules. Actually,
for some time after the conjecture appeared, it was widely assumed that the
Jantzen region included all restricted weights just under the assumption of
the conjecture that p > h. Kato [58] wrote down a formula equivalent to the
above, conjectured it was true when p > h for all restricted weights, and
then said that his conjecture would follow if the Lusztig conjecture were
true. However, the arithmetic doesn’t work out that way. Nevertheless, it s
quite reasonable to make such a conjecture, and researchers in the area have
retained it, calling it Kato’s conjecture or Kato’s extension of the Lusztig
conjecture. If it is true, then the above formula for A = w.7 restricted,
together with Steinberg’s tensor product theorem, would give character
formulas for all irreducible G modules, when p > h. To emphasize, this
would give, by restriction, the characters of all irreducible G/(¢)-modules
over k.

For variations in the indexing, see [18], and for an introductory dis-
cussion of the homological significance of the polynomials, see [86]. It is
now understood that the general form of the character formula is to be ex-
pected in a wide variety of contexts involving finite-dimensional algebras,
with homologically defined polynomials appropriate to the algebra.

For p very large (depending on the root system associated to GG, explicit
size unknown), the Lusztig conjecture is known to be true. This is not an
easy theorem. It depends on four papers [61, 62, 63, 64] of Kazhdan and
Lusztig (five, counting [60]), two of Kashiwara and Tanisaki [56, 57] (see
also Kumar [66] and Tanisaki [96]) and the following theorem of Andersen,
Jantzen and Soergel:

Theorem 1.3 (Andersen, Jantzen and Soergel [1]) Let G be a semisimple
algebraic group over an algebraically closed field k of characteristic p, with
root system ®. Let Uz denote the associated quantum enveloping algebra
(in the sense of [73, 2]) over Z = Z[v](,_1y with v a pth root of unity (the
specialization of the indeterminate v in the notation of [2]). (Thus, the alge-
bra Uy = (Uz)y is very close to the hyperalgebra (divided power enveloping
algebra) of GG, and all finite-dimensional G-modules are U;-modules.) Then,
for p > 0, depending on ®, each finite-dimensional irreducible G-module
L = L()\), with X restricted, is isomorphic to Ly, for some Z-free Uz -module
L.



The point is that character formulas for the finite-dimensional irre-
ducible modules for C @ Uz are given by the work cited of Kazhdan and
Lusztig (relating quantum enveloping algebras and affine Lie algebras) and
Kashiwara and Tanisaki (relating affine Lie algebras and perverse sheaves,
where ‘character’ formulas were known, thanks to Kazhdan and Lusztig
[60]). The result of all this is that the conjectured Lusztig character formula
holds for the restricted irreducible L, and the restricted case is sufficient
for all the others.

All the ingredients here, including the above result of Andersen, Jantzen
and Soergel, those of Kazhdan and Lusztig, and those of Kashiwara and
Tanisaki, had been conjectured by Lusztig in an elaborate program (see
[76], and also [72, 74, 75, 78]). He and Kazhdan provided in their papers
an essential link from quantum enveloping algebras to affine Lie algebras.
It should be said that Andersen, Jantzen and Soergel work just as hard,
and do introduce new ideas on their part, such as a genuine application
of higher-dimensional deformation theory. Their paper stands alone as a
fine result (“independence of p”), though the ‘very large prime’ condition
is unfortunate. Similarly, Kashiwara and Tanisaki proved standing conjec-
tures for affine Lie algebras, and had to overcome unexpected complications
in the non-simply laced case. An earlier attempt (now revised) by Casian
[15], [16] was incomplete. Altogether, these papers tell us that the Lusztig
conjecture is “true”, in the sense that some underlying principle has been
vindicated, and the conjecture is not wildly false! For other approaches to
proving the Lusztig conjecture, along with some reductions, see my surveys
of the work of Cline, Parshall and Scott, e.g. [19], in [86, 87].

In terms of concrete answers, we only know the Lusztig conjecture is
true for G of rank 2 or less, or type As, cf. [54]. The conjecture is even
open for the case A4 (the group SL(5,k)) for the prime p = chark = 5.
As 1 reported at the Newton Institute’s NATO conference, I have been
working with some University of Virginia undergraduates, Mike Konikoff
and Chris McDowell, under the NSF REU program (Research Experience
for Undergraduates) to settle this case by computer calculations. This case
is also the first opportunity to distinguish between the Lusztig and Kato
conjectures. I hope the answers will be available by the time this volume
goes to press. Qur approach would also be practical for p = 7, but the case
p = 11 is probably beyond reach, since our methods involve determining
maximal or minimal submodules in ‘baby Verma modules’ for the associated
Lie algebra. These modules have dimension p’V, where N, the number of
positive roots, is 10 in this case. Thus, the dimension p" of the underlying
vector space would be over 25 billion for p = 11, while it is ‘only” about 10
million for p =5, and is just 1024 for p = 2. It is also true, generally, that
computer calculations tend to increase in difficulty with the size of the field,



and all these calculations are carried out in the field of p elements. With
the combination of these influences, the p = 2 case is much more tractable,
and, using methods of Nanhua Xi similar to ours, Jia Chen Je has worked
out by hand the characters of all irreducible modules for SL(5, k) and even
SL(6,k) when chark = 2, cf. [99]. The case of SL(5, k) here, for chark = 2,
had previously been treated by Dowd and Sin by computer, along with
the other semisimple groups of rank at most 4 in this characteristic [35].
This computational phenomenon, of easier calculations for smaller primes,
is one reason why it would be nice to have a result like the original Lusztig
conjecture, or, better, the Kato conjecture, that would tell us we do not
have to compute for too many primes.

For type A there is yet another conjecture, due to Gordon James, which,
together with the work of Kazhdan and Lusztig and of Kashiwara and
Tanisaki above, would give character formulas for some irreducible modules
for all primes, gradually getting more and more character formulas as the
prime gets larger. James’ conjecture has the advantage also of applying in
the nondefining case, which we take up now.

2. Linear Representations in Nondefining Characteristics

The theory here exists in a state as satisfactory as the defining characteris-
tic presently only for type A, where it is largely due to Dipper and James
[31, 53], though there is much more to the history. There was considerable
help, at least conceptually, from the block determinations by Fong and
Srinivasan [45], which was a major step. Some earlier work had been done
by Olssen [80], and by Curtis’s student R. Boyce [8], the latter partly in-
spired by unpublished results of Curtis and myself from 1974. As recorded in
my Santa Cruz talk [85], Alperin once expressed to me the rather prophetic
view that a nondefining characteristic theory for a finite general linear group
G L(r, q) should parallel the representation theory of the symmetric group,
because of the similarities in Sylow groups. I recorded his remarks because
they confirmed my own prejudices, and they were the best ‘authoritative’
support for them I could find at the time. The future existence of a viable
nondefining characteristic theory was a prerequisite for the maximal sub-
groups program | was proposing in [85]. Fong later mentioned my Santa
Cruz talk and its Alperin reference in his talk at Arcata, though Srini-
vasan emphasized at the ‘nondefining’ conference here a problem of Feit as
inspiring her work with Fong, cf. [44].

Aside from the work of Dipper and James, another treatment of the
original work of Fong and Srinivasan was given by Broué [9]. It should be
mentioned that his program [10] for obtaining local derived equivalences for
blocks with abelian defect groups (achieved at the character isometry level
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for all finite groups of Lie type, cf. [13]) is at least relevant to the prob-
lem of finding Brauer characters. Also, there have been many interesting
by-products of efforts to prove the conjectured derived equivalences, some
discussed at this conference, including a theory of cyclotomic Hecke alge-
bras [11] and generic blocks [12]. Nevertheless, the program would have to
go quite far to get the information we seek for irreducible modules in pos-
itive characteristic. Ostensibly, this would require explicitly exhibiting de-
rived equivalences, though possibly some more efficient approach might be
found, and would require generalizing the program to the nonabelian case.
Of course, many mathematicians working with blocks are more concerned
with arithmetic questions and understanding ordinary character values,
rather than the decomposition number and irreducible module questions
that concern us.

I will mention some other approaches to blocks and decomposition num-
bers for more general finite groups of Lie type at the end of this section,
but for now, let us return to GL(r, ¢) and the theory of Dipper and James.

It is best to begin by describing the ¢-Schur algebra. A version of it
had been invented in physics, by Jimbo [55], leading to the development
of quantum groups. However, the development due to Dipper and James
appears to be entirely independent, and certainly Jimbo had no idea of ap-
plications to finite group representations. The g-Schur algebra is so natural
from this perspective that it is fair to say that, if the physicists had not
invented quantum groups, the finite group theorists surely would have.

To define the ¢-Schur algebra, we first need the generic Hecke algebra
(also called the Iwahori-Hecke algebra). In our case, there is one of these
for each positive integer r. It is an algebra H = H(r) over Z[g], which is
free over Z[q], and, when ¢ is specialized to any prime power, becomes the

(q)Z
O
Here B(q) denotes the Borel subgroup (invertible upper trianglular r x r
matrices) of G'(q) = GL(r,q). It is also true that H specializes to the group
algebra over Z of the symmetric group .S = S, when ¢ is specialized to
1. (Actually, every Coxeter group has a natural associated generic Hecke
algebra, sometimes with multiple parameters.) There are natural g-analogs
x\H of the standard transitive permutation modules ZS/S) for S associated
to any partition A = (Aq,..., A,,) of r. Here . is the sum of standard basis

elements 7, of H specializing to elements w of the subgroups

endomorphism algebra of the familiar permutation module M = Indg

S/\:S/\1 X ---XS/\m.
The ¢-Schur algebra may now be defined as the endomorphism algebra

Sy(n,r) = EndyT, where T' = @ TA\H.
A<
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Here the notation |[A| < n means that the partition A has at most n parts.
The notation T stands for ‘tensor space’: when the symmetric group acts on
the r-fold tensor power V® of an n-dimensional vector space V', the action
may be decomposed into a direct sum of transitive permutation modules,
associated to partitions with at most n parts. There may be a number
of isomorphic copies of any one of these transitive modules, whereas in T
there is only one (g-analog). However, if we modified the number of copies
of each z\H in T, we would only replace its endomorphism ring by a Morita
equivalent version. Thus, the ¢-Schur algebra is, up to Morita equivalence,
the endomorphism algebra of a g-analog of the true tensor space V& . In
the nondefining characteristic representation theory for the general linear
group, we will most often encounter here the case n = r (as contrasted to
the defining characteristic case, where, generally, n is fixed and r varies).
To motivate the next construction, recall that, for any commutative ring
R, there is a Steinberg module Stg for G L(r,q) defined as homology of the
largest degree term in the Solomon-Tits complex [91]. If R is a domain of
characteristic 0 in which the prime power ¢ is invertible, there is another

definition, used by Dipper and James [31, 25]. Let Mp = Indg((z))R as above,
let y = y(,) € Hr be the alternating sum

Z (_1)_Z(w)7—w7

weS

and let /yMp denote the smallest pure submodule of My containing yMpg.
(Here we are using ‘pure submodule’ in the sense of having a torsion-free
quotient.) Then Str 2 /yMp. The advantage of this description is that it
is an expression that makes sense for any R-torsion-free Hyr-module Mpg.
Moreover, S could be any finite Coxeter group, such as a direct product of
symmetric groups. This gives an immediate generalization St3, = \/y\MRg,
by replacing S = S(,) in the definition of y with the subgroup .5\ associ-
ated to a partition A. This module is just the Harish-Chandra induction
(meaning inflation followed by the usual tensor induction, on a parabolic
subgroup) of a tensor product of Steinberg modules associated to smaller
general linear groups. It is also meaningful, when considering a direct prod-
uct of Coxeter groups, to form their Hecke algebra with different powers of
the parameter ¢, and this is useful in thinking about the general statement
below.

Before stating the main result, it is at least conceptually useful to recall
from [45] that the blocks of G'L(r,q) may be divided into families asso-
ciated to conjugacy classes of semisimple p’-elements s: a block is in the
family associated to s if it contains an ordinary character with semisim-
ple parameter s. The characters with semisimple parameter 1 for G L(r, q)
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are those associated to constituents of Indg(z))@ They are called unipotent
characters. A block containing one of them is called a unipotent block.

Now let k be an algebraically closed field of characteristic p not dividing
¢, and regard k as the quotient of a complete DVR O with quotient field
K of characteristic 0 (to name just one familiar situation where the theory
may be formulated). It is also convenient to take K to be a splitting field,
meaning that all irreducible modules of ¢ over K remain irreducible over
extension fields.

The following theorem is a reformulation of results in Dipper and James
[31]; see also Dipper [25], with further details in Dipper and Du [29, 30],

Takeuchi [95], and Cline, Parshall and Scott [22, 23].

Theorem 2.1 (Dipper and James [31]) The nonisomorphic irreducible mod-
ules over k of G'L(r,q) which lie in some unipotent block may be parame-
terized as D(X) = D(1, ), with X ranging over the partitions of r. More-
over, the character of D* may be expressed in terms of ordinary unipotent
characters, with Z-coefficients determined by a corresponding expression
for the q-Schur algebras S,(r,r)y and Sy(r,r)x. Here we require in O C K
that the indeterminate g has been specialized to the prime power q. Base
change from S,(r,r)o by k yields Sy(r,r)r. The indecomposable GL(r,q)-
components of @, V/yxMo have simple heads, which are the modules D(X).
Given such a component, view it is the image of an idempotent projec-
tion in Endgr gy (D) VYrMo). Then the irreducible module of Sy(r, )
corresponding to its head D* is the head of the projective indecomposable
Sqy(ryr)o = Endg, ), (Sq(r, 7)o)P-module which is the image of a corre-
sponding idempotent projection under a natural isomorphism

Sy(ryr)o = Endgr g (@ \/y/\MO) .

A

Also, the correspondence between irreducible unipotent representations of
GL(n,r) over K and irreducible representations of Sy(r,r)x may be ob-
tained from the K-base change of the above isomorphism.

Moreover, if s is any semisimple p'-element in G'L(r, q), then there is a
parameterization D(s, ) of the irreducible modules over k of G'L(r,q) be-
longing to a block associated to s, with A ranging over multipartitions (finite
tuples of partitions) associated to conjugacy classes of unipotent elements
in the centralizer of s. Analogs of all the above formulas and properties hold
for a suitable GL(r, q)-module Mo with S,(r,r) replaced by a tensor product
&, Sqei (ri,15) of ¢*-Schur algebras (the usual parameter q is “specialized”
to q% in such an algebra). Here Y, a;r; = r, and s requires precisely r;
blocks of size a; to write its rational canonical form over F,.
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An extended version of the theorem in terms of a Morita equivalence
with a quotient OGL(r,q)/J(q) of the group algebra has been given in
Cline, Parshall and Scott [23], and used there to derive cohomology results
(especially 1-cohomology) in the spirit of the defining characteristic work
of Cline, Parshall, Scott and van der Kallen [24]. Such a Morita equivalence
had been given for unipotent blocks by Takeuchi [95] over k.

The ¢-Schur algebras S,(n, ) are homomorphic images of quantum en-
veloping algebras of type A, at least after adjoining a square root of ¢; see
Parshall and Wang [81], Dipper and Donkin [28], Beilinson, Lusztig and
MacPherson [7], Du [42], Du and Scott [39], Lusztig [77], and Donkin [34].
The above theorem thus provides in some ways an analog of Steinberg’s
result, Theorem 1 above, in the defining characteristic, reducing the irre-
ducible module problem to a similar problem in Lie theory. One may next
ask if there is an analog of Lusztig’s conjecture. It is indeed possible to
state an almost perfectly analogous conjecture. This comes to us from a
completely independent conjecture of Gordon James in type A, stated for
g-Schur algebras, and dealing with both defining and nondefining charac-
teristics. We will concentrate on its implications in the nondefining case
first. Here is a precise statement of the conjecture:

Conjecture 2.2 (James [53]) Let p > 0 be a prime, and ¢ a primitive
et root of unity in a number field K with pe > r. If p divides e, assume
p = e. (Thus e is always the smallest nonnegative integer satisfying 1 +
C+---+¢1=0,in K or any characteristic p base change.?) Let O be
the localization of the integers in K at any prime ideal P containing p, and
k the finite residue field O/P. Let Sy(r)o = S4(r,r)o denote the g-Schur
algebra over O with q specialized to ¢. Then all S,(r)o-lattices in irreducible
Sq(r) i -modules reduce modulo P to give irreducible S,(r)g-modules.

The resulting irreducible S, (r)z-modules would be absolutely irreduc-
ible, and give all irreducible S, (r);-modules Ly (). Character formulas for
the corresponding irreducible modules Ly (A) could be obtained from the
character formulas for quantum enveloping algebras at an £ = e root of
unity, available through the work previously mentioned of Kazhdan and
Lusztig, and Kashiwara and Tanisaki. (This was not available to James at
the time of his conjecture, but he speculated in [53] that the corresponding
g-Schur algebra problem should be accessible.) These formulas here would
be in terms of the characters of Weyl modules Ag(A). These modules exist
over any field, and are the irreducible modules of S, (r)k over the field K of
the previous theorem, where the parameter ¢ was specialized to the prime
power ¢. So, the formulas that would be obtained in this way not only

?James’ statement was more informal and omitted the base change requirement on e.
However, he has confirmed verbally that it was part of his intention.
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are very much like those appearing in the defining characteristic Lusztig
conjecture, but also are just what is needed to apply the previous theorem.
For example, if James’ conjecture is true for p, r, and e as above, and pe > r,
we have the following formula in the Grothendieck group of S, (r)x-modules:

ch Lk(/\) = Z(_1)Z(we’k))_Z(we’M)Pwe,Mwo7we,xw0 (1) ch Ak(:u)

I

The elements w. \ for partitions A of r are elements of the affine Weyl
group W. = W, ., the semidirect product of the symmetric group .S, with e-
multiples of Z-linear combinations of type A roots. To define these elements,
view the (r — 1)-dimensional affine space on which W, acts naturally as
having a Z-basis consisting of ‘weights’. The latter may be regarded as
algebraic group homomorphisms C*("=1) — C* with C*("=1) viewed as
diagonal r x r matrices of determinant 1, to capture the action of S,. The
‘roots’ in this interpretation are, of course, the homomorphisms obtained
from root subgroups of G L(r,C). Each partition A defines such an algebraic
group homomorphism A: diag(ty,tz2, ..., t,) — [ ti’ The element w, ) is
then the inverse of the shortest element conjugating A to the closure of the
lowest e-alcove in the ‘dot’ action we discussed in the previous section. The
function ¢ is the usual length function, and the P’s are Kazhdan-Lusztig
polynomials.
Applying the previous theorem, this would give

ch D(/\) — Z(—1)Z(we’k))_Z(we’M)Pwe,Mwo7we,>\w0 (1)X1,/\-

I

Here we are using the Fong-Srinivasan notation y; \ for unipotent charac-
ters, and have used the same notation for their restrictions to p’-elements
(regarding, say, characters in the above display as functions on p’-elements).
These characters (and all ordinary characters) of GL(r, ¢)) are known from
work of J.A. Green [48], though Fong and Srinivasan use the language of
Deligne-Lusztig theory, cf. [14]. If one starts with a prime p not dividing
the prime power ¢, and then picks the smallest positive integer e such that
1+q+ -+ ¢ =0 (mod p), then James’ conjecture applies. More pre-
cisely, for such p and e, with pe > r, the validity of James’ conjecture
implies the above formula. Similar, but slightly more involved, statements
can be made for nonunipotent blocks:

ch D(S, )\) — Z(_1)Z(we’)‘)_é(we”‘)Pwe,uwo7we,).w0 (1)Xs,).-
W

Here, if a;, r; are defined for the semisimple p’-element s as above, then
positive integers e; are defined as the smallest positive integers e; with



15

14q¢% 4 4¢%(&=1 =0 (mod p), and e is defined as the tuple (eq, ea, .. .).
The elements w,, , are defined component-wise. The P(1)’s are values at 1 of
Kazhdan-Lusztig polynomials for the product W, . =W, o xW,, o, X -,
and are products of P(1)’s for the factors. This formula for ch D(s, X) should
hold, in the presence of the James conjecture, whenever pe; > r; for all 1.
Thus, in the type A nondefining characteristic modular representation
theory, there are conjectured formulas very close in spirit and in much
detail to the original Lusztig conjecture in the defining characteristic. These
formulas are even a little better in one respect: they give formulas for some
irreducible modules even when p is small. One may now ask, in the spirit of
the work of Andersen, Jantzen and Soergel, what happens when p is very
large? Here we keep r fixed and let ¢ be arbitrary. We could fix e, but there
are only finitely many real possibilities, since the James conjecture does
hold in a very easy way when e > r. The answer, now, is similar to the
defining characteristic answer, and much easier: Gruber and Hiss, using an
observation of Geck, remark in [51] that the James conjecture is true for p
very large. They obtain this result so easily, that they do not even bother
to mention it in their introduction! For further details, and a discussion of
related homological phenomena, see Cline, Parshall and Scott [22, 23].

Observation (Geck, Gruber and Hiss [51]) For a given r, the James
conjecture is true for p > 0, depending on r.

As in the defining characteristic case, the required size of p is unknown.
Nevertheless, we may say that, with the exception of a finite number of
primes, the irreducible p-modular characters ch D(s, A) are given by the
above formula for a tuple e defined in terms of s and p as described above.
The prime power ¢ participates in the determination of e, but, otherwise,
the coefficients in the formula are independent of ¢, and the formula com-
pletely describes ch D(s, A) in terms of the known ordinary characters.

Finally, for small ranks, the nondefining characteristic theory for type
A is in much better shape that in the defining characteristic case. In [53]
James has determined all the irreducible modular characters, in terms of
ordinary characters, for primes p not dividing ¢, for all GL(r, ¢) with r < 10.

Thus, all in all, the theory is at least as satisfactory in the nondefining
characteristic for type A, as it is for the defining characteristic, and in some
ways better. The one glaring assumption here is the restriction to type A.
Work is now being done in a similar direction for other types, by Geck, Hiss,
Gruber and Malle, cf. [46, 47, 51]. In the third of these papers, in type B,
Gruber and Hiss have been able to adapt the Dipper-James program in the
so-called ‘linear prime’ case, using results of [32]. These primes are odd,
and the prime power ¢ cannot be of even order modulo p. Unfortunately,
this disqualifies a lot of primes. One reason for this assumption is to have
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some working analog of the ¢-Schur algebra. Such an algebra has been
provided by Du and Scott, now, in [40], called the ¢-Schur? algebra, and
there is work in progress [41] in type D. These algebras use what might
be called the ‘Murphy basis’ philosophy [79, 33]. A different approach to
the required Hecke endomorphism algebras, for all types, using Kazhdan-
Lusztig bases, has been proposed by Du, Parshall and Scott [36]. For related
work in type A, see [37] and [38]. The algebras suggested would have long
‘stratifications’ in the sense of Cline, Parshall and Scott [20], but would
not quite be quasihereditary, in general. Nor is it likely they would have
a cellular basis, in the sense of Graham and Lehrer [50]. Both the ¢-Schur
algebras and ¢-Schur? algebras are quasihereditary, and the Hecke algebra
Murphy bases lead to cellular bases for them. The Kazhdan-Lusztig bases
do this in type A, but the basis they provide for the Hecke algebra is not
cellular in type B or other types. An innovation of Du, Parshall and Scott
[36] and Du and Scott [40] is to consider endomorphism algebras of larger
modules than the usual direct sum of ¢g-analogs of permutation modules
associated to parabolic subgroups.

3. Relations Between the Defining and Nondefining Characteris-
tic, and to Symmetric Groups. Quantum and Finite Dimensional
Algebras

Beyond the conjectures of James and Lusztig, one would want the char-
acters of irreducible modules for the smaller primes, in both defining and
nondefining characteristic. Some previous discussion of analogies between
the defining and nondefining characteristic problems has been given in Dip-
per [26, 27], but our focus here is more on actual relationships.

Surprisingly, for any prime p whatsoever, the complete solution of the
nondefining characteristic problem in type A breaks naturally into two sub-
problems, one of which is the defining characteristic problem! In addition,
the complete solution of the defining characteristic problem would also give
the characters of irreducible modules of the symmetric groups. The latter
result is due to James; an account may be found in Green’s book [49]. A
remarkable converse has recently been proved by Erdmann [43].

To explain the connection between the nondefining and defining charac-
teristic problems, we first consider the better-known case where the prime
p divides ¢ — 1. As Dipper and James have observed, character formulas
for G'L(r,q) unipotent blocks in these cases would give character formulas
for all g-Schur algebras in characteristic p with the parameter ¢ specialized
to 1—that is, for all Schur algebras in characteristic p. It is well-known
[49] that this gives all irreducible representations for the algebraic groups
G L(n, k) over algebraically closed fields & of characteristic p.
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The general case is not so well known, though it is in part discussed by
James [53]. However, our remarks here bring that discussion up to date,
making use of a tensor product theorem [74, 81, 29] described below. The
first version in characteristic 0 was proved by Lusztig [74]. This result was
rediscovered for type A by Du and Scott with an entirely different argument
(unpublished, except for its treatment in [29]), which inspired the second
and third papers. The third paper, by Dipper and Du, requires restrictions
on neither the roots of unity involved nor the characteristic. The paper
[81] by Parshall and Wang did require some restrictions, but, together with
[29], inspired a similar result for all types of root systems in Andersen and
Wen [3]. We will use the language of these latter authors, keeping in mind
that their restrictions are not required for our type A case, We will also
make use of the recent results of Kazhdan and Lusztig, and Kashiwara and
Tanisaki. Let e be defined for p and ¢ as in the James conjecture. That is,
e is the smallest positive integer satisfying 14+ ¢+ -+-+¢*~1 =0 (mod p).
In other words e is the order of ¢ modulo p, unless p divides ¢ — 1, in which
case € is p. To determine character formulas for the irreducible modular
representation of all GL(n, ¢)’sin characteristic p, with ¢ fixed, is equivalent
to determining character formulas for all the irreducible modules for the
g-Schur algebras S, (n, r) for all r. These algebras are homomorphic images
of quantum enveloping algebras (at least, after an extension by (]1/2)7 and
their irreducible modules are irreducible modules for the latter. We may
also assume the indeterminate ¢ has been (first) specialized to a complex
primitive ' of unity ¢. (Upon further reduction ‘modulo p’ we may assume
that ¢ agrees with the prime power ¢.) Then there is a tensor product
theorem which holds over both k = Q(¢) and k& = F,. Using the algebraic
and quantum groups SL,-notation for dominant weights & as nonnegative
integer linear combinations of fundamental weights, we have, for quantum
SL, irreducible modules L, x(p),

Los(pt) = Los(p®) @ Li(u")Fe

where 1 has been written u = p°+eu! for an e-restricted weight (meaning
its coefficients lie in the interval [0,e — 1]), and F'r. is the ‘Frobenius’
homomorphism taking the specialization of the quantum group at ¢ = ( to
the specialization at ¢ = 1. All ¢-Schur algebra or quantum G'L,-irreducible
modules, usually parameterized by a partition A, are expressible as the
product of (an extension to quantum G'L,, of) L, (x) and some m'* power
of the determinant. (To go from p to A, add the last n—1 coefficients of A to
m to get the " part of A\. Alternatively, see the statement in [29] which is
entirely in terms of partitions, but not phrased directly as a tensor product.
Also, their indexing, with some justification, starts with —1 instead of the
superscript 0 above.) By the previously cited work of Kazhdan and Lusztig,
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and Kashiwara and Tanisaki, the characters of the irreducible modules
displayed above are all known in the Q(¢)-case. In each case, the module
Ly (u1) is the irreducible module for the usual Kostant Z-form, base-changed
to k, of the universal enveloping algebra of the Lie algebra sl, of n x n
matrices. The relationship of the two versions of Ly (1) for the two versions
of k is completely equivalent, and essentially identical, to the main problem
of the defining characteristic theory (in type A) of finding the composition
factors of Weyl modules in characteristic p for the algebraic group SL,,.
The dominant weight u! is arbitrary, just as u is arbitrary. When u =
ep', we have pu® = 0, and L, ;(u°) is the 1-dimensional trivial module.
Thus, the defining characteristic problem for the algebraic group S L, in any
characteristic p is part of the nondefining characteristic p problem for the
finite general linear groups G'L(r, ¢), with r here ranging over all values r >
n, and e fixed as above. The nondefining characteristic problem, however,
has a second part, of decomposing the (now known) modules L, o(¢)(1°)
into composition factors after base-change (of a suitable lattice) to F,.

James’ conjecture proposes a simple answer for this in case u is suffi-
ciently small: if the partition A associated to p (or u%) has r as its sum of
parts, and pe > r, then the base-change to F, of L, (i) (or L, (%)) is
irreducible. Though James did not have available the work of Kazhdan and
Lusztig, and Kashiwara and Tanisaki, he in some sense anticipated them,
suggesting in [53] that the problem of determining the characters of all
Lg,q(¢)(1) should be accessible with known methods. Then, he continued,
the problem would come down to the more difficult issue of determining
composition factors of the “reductions modulo p” of the modules L, o ¢)(t)-

James’ conjecture also has something to say about the defining char-
acteristic. Consider the case where p divides ¢ — 1, so that e = p. Also,
as remarked above, the ¢g-Schur algebra over F, is just the Schur algebra,
whose irreducible modules give those of the algebraic group GL, or SL,.
Here James’ conjecture asserts that, if p? > r, where r is the sum of parts of
the partition associated to g, then the base-change to F, of L, ;(u) is irre-
ducible. This part of James’ conjecture can be viewed as a kind of version of
the Lusztig conjecture in the defining characteristic. Because of the work of
Kazhdan and Lusztig, and Kashiwara and Tanisaki, this part proposes the
same character formula as the Lusztig conjecture, though the exact range of
weights for which such a formula is proposed to hold is different. Although
in many cases the restrictions imposed by James’ conjecture are stronger
than in the Lusztig conjecture (cf. [87]), James’ conjecture is far better for
primes smaller than n for GL,, where the Lusztig conjecture proposes no
answer at all. In this case James’ conjecture almost always proposes useful
character formulas for some weights, no matter how small the prime.

James’ conjecture is true for very large primes, size dependent on r,
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as noted above. There is also a result of Du and Scott [39] which estab-
lishes it for any L, o()(u) for which the associated Weyl module (¢ = 1)
has multiplicity-free ‘reduction modulo p’. Some crude analogs of James’
conjecture for other types were proved under a similar hypothesis. Unfor-
tunately, except for type A, absolutely no connection is yet known between
quantum enveloping algebras and the nondefining characteristic represen-
tation theory of finite groups of Lie type. One part of the type A theory
which does presently have some analogs is the endomorphism algebra the-
ory. That is, the finite dimensional ¢-Schur algebras in type A, in their en-
veloping algebra role, do appear to have reasonable analogs in other types.
See, for instance, the work cited above of Du and Scott, and Du, Parshall
and Scott, and the survey [22]. These papers involve quasihereditary alge-
bras and stratified algebras [17, 20], both notions being algebraic concepts
based in the geometry and derived category properties of perverse sheaves,
cf. [82, 18, 83]. Whatever heroic transformations it takes to get there, all the
deeper theorems on Kazhdan-Lusztig- (and Lusztig-) type character formu-
las reduce eventually to the case of perverse sheaves, where the properties
one wants can at least be formulated (cf. [85, 86, 83, 21]) in terms of finite-
dimensional algebras like these. Conceivably, one could understand these
finite-dimensional algebras sufficiently well and never require quantum en-
veloping algebras, or the perverse sheaves themselves. It is also appealing to
believe that some more direct algebraic theory—sufliciently deep, of course,
and perhaps involving some form of quivers and relations—might eventu-
ally replace and improve upon our existing highly indirect understanding
of all the Kazhdan-Lusztig character formulas.
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