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Endomorphism algebras figure prominently in group representation the-
ory. For example, if G is a finite group of Lie type, the representation the-
ory of the endomorphism algebra Endg(C|§)—sometimes known as the
Hecke algebra over C of G—plays a central role in unraveling the complex
unipotent characters on G' [2], [7]. Another example arises in the modular
representation theory of the finite general linear group G' = G'L,(q) over
an algebraically closed field k of characteristic p not dividing ¢. In this
so-called non-describing characteristic representation theory, the Hecke al-
gebras H over k associated with symmetric groups provide a link between
the representation theory of G and that of quantum groups. In fact, if T
denotes the direct sum of the various “transitive” ¢-permutation modules
for H, then the endomorphism algebras Endg(7") are Morita equivalent to
g-Schur algebras over k. In work by Dipper and James (see [10], [11], [8]) the
decomposition numbers for kG are proved to be completely determined by
the decomposition numbers for certain of these “quantized Schur algebras”.
In turn, the representation theory of these latter algebras relates closely to
that of the quantum linear group G'L,, 4(k) over k.

Several years ago, the authors began a general homological investiga-
tion of endomorphism algebras [4]. Motivation came from several sources,
including the theory of Schur algebras, but more particularly work of Dlab,
Heath, and Marko [12] on quasi-hereditary endomorphism algebras as well
as Soergel’s work [32]. The latter realizes the principal block Oy, for the
category O of a complex semisimple Lie algebra g as the module category for



2 E. CLINE ET AL.

a certain endomorphism algebra A = Endg(7") in which R = H*(G/B,C)
is the cohomology algebra of the associated flag manifold of g. Section
1 of the present paper provides a guide for some of this work by begin-
ning with the idea of a stratified algebra A. Stratified algebras are natural
generalizations of quasi-hereditary algebras. When A = Endg(7) is an en-
domorphism algebra, a stratification on A is roughly equivalent to having
a “Specht module theory” for the algebra R, much in the same spirit as the
classical theory of Specht modules for symmetric groups. The precise theo-
rem is quite complicated, but simplifies remarkably when the data A,T, R
lifts to similar data A,T, R over a discrete valuation ring O such that Ry
is semisimple over the quotient field K of O. (The complexity at the field
level is perhaps suggested by the corresponding complication of the theory
of Specht modules for the symmetric groups &,, over fields of characteristic
2.)

Section 2 applies this theory in the case A = Endg(7") and R is a Hecke
algebra H over k associated to the general finite reductive group G'. In this
setting, there is another isomorphism

A2 Endye (@ ind%k) :
J

suggesting a close relationship between the non-describing representation
theory of G' and that of the algebra A. These algebras do appear in [21]
and [23], which are aimed at generalizing the Dipper-James theory to other
types. In this section, we present an overview of the recent joint work [15],
[16] of the second two authors and Jie Du dealing with the structure of
the algebra A from the point of view of stratified algebras. Some of this
research was presented in talks at the Newton Institute. A key point centers
on a very strong homological condition for Hecke algebras of finite Coxeter
groups; in turn, this homologicial property depends on the Kazhdan-Lusztig
theory of cells for Coxeter groups.

Section 3 returns to the case of G = G'L,(¢) to discuss very recent re-
sults in [5]. Making heavy use of [10] as well as work of Fong-Srinivasan [18]
on the blocks for kG, we obtain an interesting Morita equivalence between
a quotient algebra kG /J; and a second algebra which is a direct sum of
tensor products of ¢-Schur algebras. (A similar result had been obtained
by Takeuchi [33] in the special case of unipotent blocks.) Moreover, J; is
contained in the radical of kG, so that kG and kG/J; have the same irre-
ducible modules. Through this Morita equivalence, we can seriously study
the cohomology groups H*(GL,(q), L) at a general irreducible module L.

Because of the connection between the representation theory of ¢-Schur
algebras and quantum groups, the cohomology groups above can be “gener-
ically” determined in terms of the cohomology of affine Lie algebras in
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characteristic 0, where we expect that explicit answers can be obtained
eventually. This is explained in §4.

The authors wish to thank the National Science Foundation for their
support of this research.

1. Stratified Algebras

Let A be a finite dimensional algebra over a field k. (Usually, k is alge-
braically closed.)

Given an ideal J < A, and left A/J-modules M, N, we can regard M, N
as A-modules through the quotient map A — A/J. Moreover, there is a
natural morphism

i = i(M,N): Exth, (M, N) — Ext%(M, N) (1.1)

of Ext-groups. When ,.(M,N) is an isomorphism for all M, N, we say
that J is a (left) stratifying ideal of A. A sufficient condition that J is a
stratifying ideal is that the following two conditions hold:—

(1) J is an idempotent ideal (i.e., J = J% or J = AeA for an idempotent
e€ A), and
(2) J is projective as a left ideal.

In case (1) and (2) hold, we call J a (left) standard stratifying ideal of A.
(More generally, consult [4], §3, for necessary and sufficient conditions for .J
to be stratifying.) A standard stratification of A (of length n) is a sequence

0=JoGhiG - GJy=A (1.2)

of ideals such that for 0 < 7 < ¢, the ideal J;/.J;_y is a standard stratifying
ideal in A/J;_1. If each J;/J;—1 is merely a stratifying ideal, then (1.2) is
a stratification of A. (Observe that (1.2) is a stratification of A if and only
if each J; is a stratifying ideal of A. However, a similar statement does not
hold for a standard stratification.)

Example 1.3 Suppose that A is a self-injective algebra (e. g., A may be
the group algebra kG of a finite group). Let J be a two-sided ideal of
A which is projective as a left A-module. Then J is also injective as a
left A-module, so that A = J @[ for some left ideal I of A. Since J =
JA = J2@ JI, we conclude that JI = 0. Hence, Hom4(J,T) = 0, so the
heads of the indecomposable summands of J (as a left A-module) do not
appear as a composition factor of I. The hypothesis on A implies that any
irreducible module of A appears in both the socle and the head of the
left A-module 4A. It follows that the head and socle of J have the same
irreducible modules (but perhaps occurring with different multiplicities).
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Therefore, Hom 4(/,J) = 0 and so IJ = 0. We conclude that I is a two-
sided ideal of A and so J is a direct sum of blocks of A.

It follows that any standard stratification of A corresponds to a decom-
position of A into disjoint collections of blocks of A. Hence, the notion of
a standard stratification for self-injective algebras leads to nothing new.
However, as we see in the next example, this is not at all the case when we
consider endomorphism algebras associated to such algebras.

Example 1.4 To consider a very different example, let k be a field of char-
acteristic 2 and consider the cyclic group G of order 2. View T' = kG P k

as a right kG-module and form the endomorphism algebra A = Endyg(T).

We can identify A with an algebra of 2 X 2 matrices (kgl;) which, in

calculating the (1,2)- and (2,1)-positions k is regarded as a kG-module
via the augmentation kG — k. If ¢ = (8(1)), then the idempotent ideal
J = AeA = (22) is a projective left A-module. Hence, J is a stratifying

ideal which is not a direct summand of A (and hence is not a block). The
category A-mod of finitely generated left A-modules has two irreducible
modules, labeled @, b which have uniserial PIMs with structure

Pla)=| b |and P(b) = ’ (1.4.1)

We will return to stratifications of endomorphism algebras in (2.11)—
(2.15).

Example 1.5 Recall that A is a quasi-hereditary algebra provided that it
has a standard stratification (1.2) such that, writing

Ji/Jic1 = (A} Ji—1)e(A)Ji—q)

for an idempotent € € A/J;_1, the algebra é(A/J;_1)é is semisimple. For
example, the algebra A in (1.4) satisfies this condition with the standard
stratification OgJ;%A of length 2. In general, if A is quasi-hereditary it has
a standard stratification of length equal to the number of simple A-modules
(the maximal length possible for any stratification of an algebra A).

Let A be a finite set with a preorder (transitive and reflexive relation)
<. For A, u € A, write A ~ p for the equivalence relation: A < pand p < A.
The preorder < defines a natural poset structure on the set A of equivalence
classes (or cells) defined by ~: if A A assigns to A the equivalence class
containing it, then A < f if and only if A < p. There is an alternative
module-theoretic way to say that A has a (standard) stratification.
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Theorem 1.6 ([}]) The algebra A has a stratification (1.2) of length n if
and only if there exists a finite set A with a preorder < such that:—

(1) |A] =n;

(2) There is a collection {A(X)}ren of objects in A-mod such that any
irreducible A-module is a homomorphic image of some A(\);

(3) For X € A, there exists a projective object P(X) such that, for all
A p € A: (i) Homy(P(p), A(X)) # 0 implies that p < X; and (i) P()\)
has a filtration P(\) = F,, O F,oeq1 2 --- 2 Iy D Fy = 0 with top
section Fi, [ Fr—1 = A(X) and lower sections F; [ F,_1 = A(p) (i < m)
for some pu € A satisfying i > \.

The stratification can be taken to be standard if and only if the data can be

chosen so that in (3(ii)) the inequalities can be taken to be strict. In this

case, it can be assumed (after possibily changing A and the A(MN)) that A

indexes the set of irreducible A-modules.

We will call the modules A(A)in (1.6) the standard modules in A-mod.

Of course, (1.6) is inspired by the corresponding result for quasi-heredi-
tary algebras A and highest weight categories. Thus, if A is a poset indexing
the irreducible A-modules, then A-mod is a highest weight category if there
exists a collection {A(A)}rea of A-modules such that: (1) For A € A, A())
has irreducible head L(A) and all other composition factors L(p) satisfy
p < A; and (2) the projective cover P(A) of L(A) has a filtration with top
section A(X) and lower sections A(p) for > A. Clearly, in this case, the
hypotheses of (1.6) are satisfied. By [3], A-mod is a highest weight category
if and only if A is a quasi-hereditary algebra.

We remark that, for any standardly stratified algebra A, the set A can
be taken to index the irreducible A-modules, and standard modules A(\)
can be chosen so that all the highest weight conditions above are satisfied
but the one on the composition factors of A(A). (Instead of p < A, one has
g < A.) This chosen set of standard modules is unique, and is the set of
non-isomorphic direct summands of those in (1.6).

Now suppose that A, R are finite dimensional algebras over k and T
is a finite dimensional (A, R)-bimodule 7. Define contravariant functors
(denoted by the same symbol):—

{ (=)° = Homu(=,T): A-mod — mod-R (1.7)

(=)* = Hompg(—,T): mod-R — A-mod

between the category A-mod of f.g. left A-modules and the category mod—R
of f.g. right R-modules. A main result in [4] presents necessary and sufficient
conditions (in terms of the structure of 7" as an R-module) in order that A
have a standard stratification. These conditions are quite complicated, so
we will be content to describe only briefly some of their features.



6 E. CLINE ET AL.

Assume that < is a fixed preorder on A and that T' = ., Yfﬂm* is a
decomposition of T into a direct sum of indecomposable, distinct summands
Yy. For each A, assume given a fixed “Specht” submodule S\ C Y) as
well as a filtration F) : 0 = FY C F} C --- C F{* = Y, of ¥, with
bottom section F! = S\ and higher sections Fi/Fi_l = S5, for some p €
A with i > A. For elementary reasons, P(A) = Y\ (in the notation of
(1.7)) is a projective indecomposable A-module. If L(A) = head(P(})),
then {L(A)}rea is a set of representatives of the distinct irreducible A-
modules. In order to verify the hypotheses of (1.6), one might first try
setting A(A) = SY. Unfortunately, this simple approach does not always
work, as shown by the following three examples, where we also illustrate a
successful, more sophisticated approach.

Example 1.8 Let R = k&, be the group algebra for the symmetric group
W = &, of degree r. For a positive integer n, let AT(n,r) be the set of par-
titions A of r into at most n parts. The set AT(n,r) comes equipped with
the dominance order <: if A = (Ay > Ay > ---)and g = (g > p2 > )
belong to AT(n,r), then A < p if and only if Ay < py, Ay + Ay < py + po,
etc. For A € AT(n,r), let W) be an associated Young subgroup (i. e.,
the stabilizer in W of a tableau of shape A with distinct entries chosen

from {1,2,---,n}) and let T = ind%kk be the corresponding permuta-
tion module. Put 7" = @AeAJ,(m,) TA@TLA for some choice of positive integers

ny, and let A = Endg(T). Of course, the choice of the ny is purely a
matter of convenience: changing their values leads to a Morita equivalent
algebra. (For example, let V' be a vector space over k of dimension n. Re-
gard VO as a right &,-module by place permutation. For some choice
of the ny, V& = D rent ) TE™ . Classically, Endp(V®") is the Schur
algebra S(n,r) [22].) Suppose first that k& does not have characteristic 2.
For A € A*(n,r),let X' be the dual partition and let sgn : &, — k be the
sign representation. Classically, dim Homg, (T'v @sgn,T) = 1, determining
unique indecomposable summands YAh and Yy of Ty @ sgn and T, respec-
tively, with HomR(YAh,YA) # 0. If ¢, : YAh — Y, is a basis vector for the
space of morphisms YAh — Yy, set Sy = Im(¢y). Then Yy (resp., S)) is the
Young (resp., Specht) module associated to A. The Y\, A € AT(n,r), are
precisely the indecomposable summands of 7" above. We put A(\) = 5%.

If k& does have characteristic 2, however, the Specht and Young modules
are defined first for the group algebra O&, over a DVR O with residue field
k. Then their analogues over the field k£ are obtained by base change. In this
case, the 5\ need not be distinct for distinct A. For example, Sqry = 5,
in characteristic 2. Now define A(X) to be the set of all morphisms S\ — T
which lift to a morphism Y\ — 7. Clearly, A()) is an A-submodule of S¥.
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In both cases, the collection {A(A)}rea+(n,r) Of A-modules does satisfy
the hypotheses of (1.6), so that A has a stratification of length [A*(n, r)|;in
fact, A-mod is a highest weight category with standard modules the A(A).
We always have A(X)® = 5, and if char k # 2, A(A) = Homp(5),T) =
S (i. e., the stratifying system {A(A)} is “A-reflexive”). In all cases, the
standard modules A(A) are distinct for distinct A.

For more details, consult [4], (1.6), (3.8.3), (4.4.15), and (5.2), which
presents a complete development of the above discussion, including a re-
organization of most of the modular representation theory of symmetric
groups dealing with Specht modules, etc.

Example 1.9 Let R be a self-injective commutative local ring with radical
quotient R/rad(R) = k. Let A be a poset of cardinality equal to dim R.
Suppose for A € A, there is given a local ideal Yy C R such that Y, C Y,
if and only if A > p. Put T = @, Y\ and A = Endg(T). By [12], A
is quasi-hereditary if and only if rad(Yy) = >~ ., Y, for all A € A. When
this condition holds, put S\ = soc(Y)), and let A(A) be the A-module
consisting of all morphisms f : 5y — T which lift to a morphism Y, — 7.
Then {A(A)}, satisfies the hypotheses of (1.6), as shown in [5]. Observe
that here all the “Specht modules” S are isomorphic!

Example 1.10 Let g be a complex semisimple Lie algebra. Consider the
principal block Oy in the category O associated to g. Then Oy is a
highest weight category with poset the Weyl group A = W (using the
Chevalley-Bruhat ordering) and standard modules V(w - 0), the Verma
module of high weight w -0 = wp — p, where p denotes the half-sum of the
positive roots. (When g 2 sl3(C), the PIMs in Oy are described by the
diagrams (1.4.1).) Let 77 = P(—2p) denote the projective cover of V(wy),
where wq is the long word of W. It known that 7’ is also an injective
object in O and that any V(w -0) C T'. By [32], R = Endy(7")® =
H*(G/B,C), the cohomology algebra of the flag manifold /B associated
to g. In particular, R is a commutative, Frobenius algebra.

Let A be a finite dimensional algebra so that A-mod is equivalent to
Ouiv- Let T, A(w), w € W, be the A-modules which correspond under this
equivalence to 7", V(w), w € W, respectively. Then R = End4(7") and it
can be shown using [32] that the double centralizer property A = Endg(T)
also holds.

For w € W, let X, be the associated Schubert variety in the flag man-
ifold ¢/ B. The intersection cohomology Y,, = H*(X,,,C) (regarded as an
R-module) play the role of the Young modules—they are the indecom-
posable components of the R-module T. Let 5, be the socle of Y,,. For
w € W, A(w) identifies with the A-module of all R-morphisms 5,, — T’
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which lift to Y,,. See [4], (5.4), for more details. Again all “Specht” modules
are isomorphic.

We have purposely avoided describing the conditions on the data con-
sisting of the Y}, the Specht modules 5, and the filtration F\ of Y which
are necessary and sufficient in order that the hypotheses of (1.6) hold with
A(A) defined just as in the above three examples. (See [4], (3.1.1), (3.1.3),
and (3.3).) Although it sometimes is necessary to work at the field-theoretic
level, we have learned (painfully) that it is usually easier to “lift” the prob-
lem to the setting of orders in semisimple algebras. We will end this section
by discussing integral conditions guaranteeing a stratification. The next
section shows how this theory works for Hecke endomorphism algebras.

First, some more notation: Let Z be a commutative, Noetherian domain
with fraction field K. Let R be a Z-algebra which is finitely generated and
projective as a Z-module, let T be a ﬁnitely generated (right) R-module,
projective over Z, and put A =FEndx T ) Now suppose that <is a preorder
on a finite set A. Let T = Drea T® be a direct sum decomposition into

R-submodules. (We make no assumptions that the T\ be indecomposable,
or that the decomposition be unique up to isomorphism.) For A € A, form

the left A-module A()\) = Homx (SA, T).

Theorem 1.11 ([15], (1.2.10), (1.2.5), and (1.2.12)) In addition to the
above assumptions, assume that Z is a regular ring of Krull dimension
< 2. For A € A, suppose gzven an R-submodule Sy of Y\ and a filtration

FA 0= FO C F1 - C F onA Assume that the following conditions

(1)-(3) hold -

(1) For A € A, there is a fived sequence vy o,Vx1," ",V y(n)—1 in A such
that vyo = A and, for i >0, V)i >N For0<i< t(/\), there is given
a fized isomorphism Gr* Py Sl,A

(2) For A,p € A, Homz (SM,TA)#0:>/\<M

(3) For all X\ € A, we have EXtR(T/\/Fi, TY=0 for all i.

Then for any field k which is a Z-algebra, the Ap-modules {&(/\)k}AeA
satisfy the hypotheses of (1.6), so that Ay has a stratification of length |A.
Furthermore, if, in condition (1), the inequalities vy ; > A hold, then the
stratification is standard.

The homological requirement (3) is very natural and surprisingly easy
to check—see (2.9) below. By contrast, its analogue in the field case is often
false, even when it holds integrally, cf. (2.13) below.
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2. Hecke Endomorphism Algebras

In this section, Z = Z[q,q7!] is the ring of Laurent polynomials in an
indeterminate ¢. (Sometimes ¢ also denotes the specialization of the variable
q to a prime power p¢ in the field k or in a DVR O having k as residue
field.) Let (W, 5) be a finite Coxeter system associated to a reductive group
G, defined over a finite field F,a, p a prime. For s € .5, let p* = [B(p?) :

B(p?) (N *B(p?)], where B is a Borel subgroup defined over F,q. If 5,1 € 5 are

W-conjugate then ¢, = ¢;. The Hecke algebra H of G over Z has Z-basis
{Tw}wew satisfying the multiplicative relations (w € W,s € 9):-

Tsw if sw > w,
TsTw = (2.1)
G Tsw + (¢° — 1)1, otherwise.

If w € W has reduced expression w = s;, ---s;,, the expression ¢, =
Cs; Co; s
g "1 ---q 7 is well-defined.
For A C S and W) = (s|s € A), define

= S mand gy = 30—zt (2.2)

wEW)\ wEW)\

In the same spirit as (1.8), let

T=EPT) and A= Endz(T), (2.3)
ACS

where each n) > 0 and fA is the right “g-permutation module” xAﬁ. (Sim-
ilarly, we can define the “twisted g-permutation module” Tf =yH.)

Example 2.4 Let V be a free Z-module of rank n. Let H be the Hecke
algebra over Z corresponding to the Coxeter group W = &, (with all

¢s = 1). Fix a basis {v1,---,v,} for V. For a sequence [ = (i1,---, %) of
integers ¢;, 1 <14; < n, write v; = v;; @ --- @ v;,.. The structure of VO asa
right H-module was first investigated by Jimbo [25]. Here, we will use the
right action of H on VO defined in Dipper-Donkin [9], (3.1.5), by setting,
fors=(j,7+1) € &~

quis it i; <544
Ty = 7= (2.4.1)
vis + (¢ — 1)vy  otherwise .

(Here we are using the natural right action of &, on the set of sequences

I.) For suitable choice of ny in (2.3), VO 2 T, Thus, the algebra A in (2.3)
def

is Morita equivalent to the ¢-Schur algebra Sy(n,r) = Endﬁ(ﬁw).
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Now consider a homomorphism Z — k (and continue to let ¢ denote
the image in k of the variable ¢) and form the ¢-Schur algebra S,(n,r) =

Sq(n,r)g over k. Let GL,, ,(k) be the (Manin) quantum general linear group
over k [30]. As proved in [30], the category S,(n,r)-mod of finite dimen-
sional S,(n, r)-modules is isomorphic to a full subcategorgy of the category
of finite dimensional rational modules for G'L,, ,(k)—mnamely, the full sub-
category of rational modules which are homogeneous of degree r. In partic-
ular, the irreducible S,;(n,r)-modules are indexed by the set AT(n,r): for
A € At(n,r), let LE(X) be the Sy(n,r)-module corresponding to the irre-
ducible G L, ,(k)-module of highest weight A (which will necessarily be ho-
mogeneous of degree 7). It is also known that 5,(n,r) is a quasi-hereditary
algebra. In fact, this result can be deduced very conceptually from the
methods of this section and is discussed more fully in (2.15) below.

To apply (1.11), we require candidate “Specht modules”, together with

an appropriate filtration on each Ty. For this, we let {C] }wew be the C’-

basis for the Hecke algebra Ho= H® Z[q"/?, ¢~ /?]. This basis is defined

in [27] in the case in which all ¢; = 1 (i. e., G is split), and in general in
[29]. Putting

Ct = qg(w)/zC{U, w e W, (2.5)

defines a Z-basis {C'F}yew for H satisfying

qsCF, if sw < w;
O = — (2.6a)
-CH+CE, +>, M:,,CF, otherwise,

for s € S, w € W. Here M;w € Z. Also, we have:—

q;CF, if ws < w;
Chry = — (2.6b)
—CH+ O+, M2, CF, otherwise.

Let <p, <R, and <pp the Kazhdan-Lusztig preorders on W. The corre-
sponding cells (i. e., equivalence classes) are, respectively, the Kazhdan-
Lusztig left, right, and two-sided cells of W. (The preorders as well as the
cells depend on the choice of the integers c¢;. When all ¢, = 1, the M;w
have a simple description as leading coefficients of Kazhdan-Lusztig poly-
nomials. )

Ifwe W, let R(w) ={s € 5| ws < w} be the right-set of w. It is known
that if ,y belong to the same left cell w, then R(z) = R(y). Thus, for a
left-cell w, R(w) is defined. The set {C;}/\gn(y) is a basis for the left ideal

ﬁxA for any A C 5. Then (2.6a) implies that <j, induces a filtration on
Hzy: Let Q be the set of left cells in W, and put Q) = {w € Q| A C R(w)}.
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Fix a listing wx 1, +,wypn, of Q) so that if € wy;,y € wy; and = <y, y,
then 7 < j. (Exercise: wy ,, is the left cell containing the long word in W.)
The left cell filtration B ﬁam = Eé D .- D ng of ﬁxA is defined by
putting:—

{ EZA = span(C;|y€wA7]‘,j§nA—i), 0 <i< my; and @)

E) = 0.
For a Z-module M, let I* = Homz(M, Z), so that (HxA) xAﬁ. Thus,
taking Z-duals in (2.7) defines a filtration F\:0=FCFlcC...CF»=
T\ on TA, viz.,, we set Fi = (H’xA/EA) Let S\ be the bottom section F1
of this filtration. The other sections of Iy have the form Su for p satisfying
Wi, <L Wi,y -

There is also a coarser filtration fA,R of TA. The right-set preorder <R
on W is obtained by putting z <® y <= R(z) 2 R(y). Now put

{ BN = span (CF [R(y) = Ay, j < ma —14) i 0 < i < my, (2.8)

R g
Let ]:;i R = (ﬁxA/EZA’R)* We call ﬁA,R the dual right-set filtration of T\.
For A C 5, let §§3 = ]:;Aln The §§3 are the dual right-set modules. The

other sections of fA,R have the form S‘JZ; for ,u;%/\.
Theorem 2.9 With the above notation, we have for A C 5 and all 1:—
Ext%(xAﬁ/ﬁiR,xuﬁ) = 0,
Ext%(xAﬁ/fi,xuﬁ) = 0.

This is proved in [15], (2.3.9), making use of the following observation:
suppose that Risa 2- algebra (finite as a Z- module) with RB semlslmple
(where K is the fraction field of Z). Let M,T be finitely generated R-
modules, T" being Z-torsion free. If, for every d € Z, the natural map

Hom (M, T) — Hom (M /dM,T/dT)

is surjective. Then Ext}z(ﬂ, T) = 0. See [15], (1.2.13), for the proof. Using

this fact, (2.9) follows from properties of the Ct-basis.
Because of this result, condition (1.11(3)) holds using either the filtra-

tions FA or FA R of TA Let A be the power-set of 5. Define the preorder <
on A to be the smallest preorder containing the set

{(/\,u) € A x A|AC por Homy (SR, §R) # o} . (2.10)
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If |S] > 1, it is proved in [15], (2.4.3), that |A| > 3. Now we can state the
main result in [15]:

Theorem 2.11 Assume that |S| > 1. Let k be a field which is a Z-algebra.
Then:—

(a) Ax = Fndg (T).
(b) For A € A, set A(\) = Homﬁ(glz,f). Then the Ag-modules {A(N);}
satisfy the hypotheses of (1.6) for a stratification, using the preorder

(2.10) on the power set A of S. Hence, Ay, has a stratification of length
> 3.

Example 2.12 Suppose that under the structure map Z — k in (2.11),
the variable ¢ — 1. Then Hy kW | the group algebra over k of the Coxeter
group. Also, Ty = T) is the permutation module ind%kk defined by the
parabolic subgroup Wy of W. Then (2.11) shows that A = Endw (7') has a
stratification of length at least 3, proving the conjecture [4], (6.3.1).

Example 2.13 Assume that (W, S) has rank 2. It is proved in [15], (2.4.11),
as a corollary of the above theorem, that the stratification of A = Ay is
standard. For example, suppose that G = Spa(q), where ¢ is a prime power
satisfying ¢ = —1 mod p. Then H = H @ k has two distinct irreducible
modules, labeled ¢y, ¢y, with ¢y projective. The space Ext}; (¢, ¢1) has
dimension 2; let £, ( be a basis. If P denotes the projective cover of ¢,
then T = @, H is isomorphic to P & (/5;‘94 BEDRLCD P1. Put Y, = P,
Yo =&, Yy = (, Yo = ¢3 and Y. Thus, we take A = {-1,0,0',0",1}
with the preorder defined by —1 < 0 = 0/ = 0”7 < 1. Letting S = soc(Y)),
and taking A(XA) to be the A-submodule of Homp(S5y,T) of morphisms
that extend to Y, the set {A(A)}) satisfies the hypotheses of (1.6). The
verification of this (over k, without using Z) takes some work! Thus, A
has a standard stratification of length 3. Observe that Extl (¢1,¢1) # 0,
so that condition (1.11(3)) fails at the field level—though it holds at the
integral level.

For more details of this example, see [15], (3.2). All told, there are 26
different possible cases to consider for the finite groups of Lie type of rank
2. Though eventually we found a uniform argument, our first proof that A
has a standard stratification of length 3 was case by case!

Returning to the general case of a Hecke algebra of Lie type over Z,
consider the A-modules 5,, w € Q. as defined above. Generalizing the
conjectures in [4], §6, we have the following conjecture. (A somewhat more
precise version appears in [15], (2.5.2), where all rank 2 cases, twisted and
untwisted, are checked. The type A case is checked in [16] with X = 0.)

Conjecture 2.14 ([15], (2.5.2)) There exists a right H-module X which

has a filtration with sections 5,, w € €, such that if T+ = f@)?, and
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if k is any field which is a Z-algebra, then the algebra %T: = Endﬁ(f"')k
has a standard stratification of length equal to the number of two-sided
Kazhdan-Lusztig cells in the Coxeter group W.

We wrap this section up with a brief description of some of the further
results for the ¢g-Schur algebras which can be obtained using the methods
above.

Example 2.15 Let W = &,, etc. be as in (2.4). Let = be the set of two-
sided Kazhdan-Lusztig cells in W, and form the poset (=, <}%,) using the
opposite of the poset structure deﬁned by <pr. It follows as m [27], (1.4),
that if w,w’ are two left cells contained in the same two sided cells, then
S, =S as right H-modules. So, if £ € =, put Sg 5., for any left cell w
contained in . (It is easy to see that if O is a discrete valuation ring which
is a Z-algebra, then the Sgo are actuaﬂy Specht modules for Ho in the sense
of [10]. See [16].) For £ € E, let A(£) = Hom (Sg, T). 1t is proved in [16]
that, for any field & which is a Z-algebra, S(n, 7)-mod is a highest weight
category with standard modules {A(&)g}ee= and poset E(n, r) for an ideal
X(n,r) of (Z,<P). The proof uses the homological property (2.9) and
gives a very easy proof of the quasi-heredity of g(n ) in the integral case.
(It turns out that (2(n,r), <{%») 2 (At(n,r),<). However, a proof of this
fact presently requires the positivity of the Kazhdan- Lusztlg polynomials. )

We also mention that [17] uses cell theory to obtain a new determination
of tilting modules of ¢-Schur algebras (in the integral and well as the field
case), extending and generalizing earlier work in the direction for Schur
algebras in [4], (5.2), and in [13], [14] (the latter using completely different
methods). Consider the case n > r and put

X = @ VOry,,

ACS

where g is as in (2.2). Then X & P, ﬁk@w is a full tilting module for
Sy(n, ) = Sy(n, ). Also,

Endsq(n,r)()?k) 2 Sy(n,7),

so that S,(n,r) is isomorphic to its own Ringel dual (in case n > r). (This
result has also been obtained in [14] by other methods.) The details are
given in [17], §7, which also calculates the Ringel dual of Sy(n, ) for n < r.
As long as ¢ # —1 in k, the partial tilting module X () of highest weight
A is isomorphic to Homsq(mq)(YAh,ﬁk@T), where YAh is the “twisted” Young
module for Hj, defined by analogy with (1.8).
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Conjecture 2.16 In the spirit of the discussion in (2.15) above, we con-
jecture that the algebras A defined in (1.10) for any complex semisimple
Lie algebra are Morita equivalent to their Ringel duals.

3. Non-Describing Representation Theory and Cohomology of
GLn(‘])

Fix a discrete valuation ring O with fraction field K of characteristic 0 and
residue field & of characteristic p > 0. We let G = GL,(p?), where the
prime p is distinct from p. We assume that K is a splitting field for . For
simplicity, we often denote p? by q.

Let C (resp., Css, Cssp0) be a set of representatives from the conju-
gacy classes (resp., semisimple conjugacy classes, semisimple p’-conjugacy
classes) of Gi. (Recall that « € G is semisimple provided that it is semisim-
ple in the usual sense in the algebraic group GLn(de), where E‘pd is the
algebraic closure of F q.) Given s € Cy,, its centralizer Zg(z) has the form

m(s)
s) & ]___[ CTYLM(S)((ZUM(S))7 where Zai(s)ni(s) = n. (3.1)
=1

Put n(s) = (n1(s),---,n
partitions A F n(s),i.e., A
n nm(s)(s)

The following result is proved in [5], (9.17). (As mentioned in the intro-
duction, the special case for unipotent blocks already appears in [33].)

Theorem 3.2 There exists an ideal J «OG such that the algebras OG and
OG/J have the same irreducible modules. Further, the there is a Morita
equivalence

m(s)(5)) and let A*(n(s)) denote the set of multi-
— (,\(1) o, Alm(s ))),Where A ny(s), - L A(m(s))

0G/J | ~ @ @sq (o (ni(s), ni(s))o. (3.2.1)

orlta
/ Z 1

To explain the notation for the algebras Sya(m, m)o above, let §,(m, m)
be the ¢-Schur algebra over Z = Z[q, ¢"'] defined in (2.3). Regard O as a Z-

algebra under which ¢ maps to the image of p® in O, and set Sya(m,m)o =
Sg(m,m) @z O.

The Morita equivalence above induces a Morita equivalence

kG T - @ ®s aaso (ni(5), mi(8))k (3.3)

/21
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for the indicated algebras over the field k. (As defined, OG/J is O-torsion
free, so that J, = J ®o k C kG.) As explained in (2.4), for any field
k which is a Z-algebra, the irreducible modules Lé“(A) for the algebra

Sq(n,r)y = S4(n,r) are indexed by the poset AT(n,r). (In the Morita
equivalence (3.3), we only consider ¢-Schur algebras S, (a, b) in which a = b.)
Thus, (3.3) provides a natural indexing of the irreducible kG-modules: if
5 € Coopr and A = (A ... X)) € A*(n(s)), let D(s, ) be the ir-
reducible kG-module corresponding to ®L’;dai(s)(/\(i)). In particular, the

trivial module for kG is labeled D(1,(1")) and corresponds to the quan-
tum determinant representation det, of S,(n, n). More generally, the label-
ing D(s, A) coincides with that used in [10] for the irreducible modules.

We emphasize that the above result is proved using the methods of [10],
together with those of [18]. Besides providing a conceptual framework for
considering the non-describing representation theory of the finite general
linear groups, we can apply our Morita equivalence (or that of Takeuchi [33])
to obtain new results on the cohomology groups H*(G, L) for kG acting on
an irreducible module L. We wish to conclude by briefly mentioning some
of our results along these lines. The proofs will be given in [5], §§10, 11.
Besides (3.3), the arguments make use of the Kazhdan-Lusztig cell theory
methods of §2.

We can now state the following cohomology result.

Theorem 3.4 Assume that p is relatively prime to ¢ and to ¢ — 1 for
i = 1,---,m. Then for any kG /J-module V (e. g., any V. = D(s,\),
5 € Cyspy and A 1(s)), there is an isomorphism

HY(G,V) = Exty , (dety, V), 0<i<m+1
and an injection
Extg”q*('in)(detq, V) — H™ (G, V).
In both these expressions, we have identified the kG | JJp-module V' with the

Sq(n, n)-module to which it corresponds under the Morita equivalence given

In the above result, if s # 1, the module D(s,A) does not lie in the
principal block for kG, so that the cohomology groups H*(G, D(s, \)) van-
ish identically. We do not know much about Ext™-groups for non-unipotent
blocks, except that (3.2) obviously gives some inequalities for Ext!. (For
n > 1, there are some well-known “change of rings” spectral sequences for
quotient algebras.) We also emphasize that the ideal Ji in kG is generally
not a stratifying ideal (since it is nilpotent); in fact, the algebra kG/Jy
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has finite global dimension, while the group algebra kG does not have fi-
nite global dimension if p divides |G|. The stated arithmetic conditions are
required in order to pass from the cohomology of kG /J; to that of kG.

4. From Characteristic p to Characteristic 0: Generic Represen-
tation Theory

Generic representation theory refers to phenomena which stabilize for large
values of the parameters. For example, consider the describing characteris-
tic representation theory case. If G is a reductive algebraic group defined
and split over F, and if V' is a finite dimensional rational G-module, then
for any non-negative integer n, dim H"(G(p?), V') achieves a stable value as
d — oo [6]. If A is a dominant weight and L(\) is the irreducible G-module
of highest weight A\, then dim H™(G(p?), L()\)) stabilizes as p — oo [19],
[20]. Furthermore, in some cases, these generic values can even be explicitly
calculated and explicit bounds on the size of p given for those calculations
[19], [20]. More recently, the work of [1], [27] and [26] shows that the char-
acters of the irreducible G-modules L(A) can be calculated explicitly in
terms of Kazhdan-Lusztig polynomials once the prime p is large enough
(but nobody knows how large is “large enough”).

In the non-describing representation theory, we can ask for similar generic
results. For example, is there an explicit formula for the Brauer characters
of the irreducible kG'L,(¢)-modules D(s,A) in terms of ordinary charac-
ters in the same spirit as in the work [1], etc., cited above if p is large
enough? In fact, the answer is that there is such a formula [23], (10.2), (see
also [5], §8, and [31]). Similarly, one can expect explicit generic formulas
for the cohomology calculations we have indicated in the previous section.
The answer is not yet known, but the problem can be translated into one
involving affine Lie algebra cohomology in characteristic 0. In this last sec-
tion, we briefly indicate some results along this line, following part of the
development in [5].

Let O be a commutative, Noetherian domain with fraction field K.
Set X = Spec O. Let A be an (O-algebra. We are interested in comparing
properties of the algebra Ay and its representation theory with analogous
properties for the algebra Ay, over the residue field k(p) at p € X. For

example, if Agisa separable algebra over K, there exists a non-empty open
subset @ C X such that if p € Q then Ay is a separable k(p)-algebra.

However, if Ay is only semisimple, the residue algebras ;Ik p) may fail to
be semisimple on any non-empty open subset  of X. (See [5], (1.6), (1.7).)

We have the following elementary result, comparing irreducible modules.
Proposition 4.1 ([5], (1.9)) Assume that A [rad(Ag) is a separable al-
gebra over K. Let LZK, 1=1,---,n, be the distinct irreducible Ax-modules.
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There exists a nonzero f € O such that each LE has an %Tf-lattz'ce Llf with

the property that, for p € Xy, the set {L{k(p), x '7L£k(p)} is a complete set

of representatives for the isomorphism classes of irreducible Ayy)-modules.
We also have the following cohomology comparison:—

Theorem 4.2 Let M, N ¢ Ob(gfmod). If m is a non-negative integer,
there s a nonempty open subset Q,, C X such that for p € Q,,, each
extension field I of the residue field k(p), and 0 < n < m, we have

dim EXtZ"E(MEaNE) = dim EX’E%} (MK,NK).

To apply these results to g-Schur algebras and the representation theory
of finite general linear groups in non-describing characteristic, let { € C be
a primitive (th root of unity (for some positive integer (), set K = Q(()
and form the Dedekind domain O of algebraic integers in the number field
K. There is a homomorphism Z — O under which ¢ — (. Let S,(n,m) =

gq(n, M)k, ete. be as in (2.15). Thus, S,(n, m)-mod is a highest weight cat-
egory with weight poset A*(n,r) and standard modules {A(A)k}AEA+(n,T)'
Then (4.1) and (4.2) apply to yield the following result:-

Theorem 4.3 There exists a nonempty basic open subset X, C X =
Spec O such that if p € Xy and k = k(p), then reduction “modulo p” carries
the irreducible modules Lé"(A), A € AT(n,r), for the highest weight cate-
gory Sq(n, m)x-mod to the irreducible modules Lg(A) for the highest weight
category Sy(n,r)g-mod. Furthermore, [A(N)x LE(w)] = AN LE(p)]
and

dim Extg o (LK), LE () = dim Extq ) (L), Li(p)),

for all \,p€ A, m € Z+.

Coming back to the cohomology discussion at the end of §3, we can,
exactly in the spirit of [6], conclude the following stability result:—

Theorem 4.4 (H'-stability) Let n be a fized positive integer, p a suffi-
ciently large prime (the size requirement depending only on n), and k an
algebraically closed field of characteristic p. Let ¢ = p® for any prime p
distinct from p. Then dim HY(GL,(q), D(1,))) depends only on X\ and the
order { of ¢ modulo p. Also, for any prime p and 1 # s € Cs,,, we have
HYGL,(q),D(s,\))=0.
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