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1. INTRODUCTION

Graded structures play an important and often subtle role in representation theory.
For example, in characteristic 0 theory, the existence of a Z"-grading—even a Koszul
structure—on the finite dimensional (quasi-hereditary) algebra representing the prin-
cipal block for the category O (associated to a complex semisimple Lie algebra gc)
follows from classical (and deep) work of Beilinson-Ginzburg-Soergel [4] (see also [23]
for another point of view). In positive characteristic p, Andersen-Jantzen-Soergel [1]
prove that the principal block of the restricted enveloping algebra of a semisimple alge-
braic group G has a kind of Koszul structure whenever the Lusztig conjecture holds. In
general, the existence of an interesting Z"-grading on other important algebras (e. g.,
Schur algebras) seems to be a very difficult problem: If the Z*-grading is sufficiently
rich, its existence implies the validity of the character conjectures in standard Lie the-
ory contexts [14, Rem. 2.3.5 and Ex. 3.2]. However, even the validity of the strongest
non-graded versions of these conjectures yet devised do not imply the existence of a
nice (compatible with the radical powers) Z"-grading in an abstract setting.

But the existence of an interesting Z/2-grading appears much easier, and is poten-
tially almost as useful.

Let A be a quasi-hereditary algebra (QHA) over a field k with weight poset A. Call
A a Z/2-QHA provided that A has a Z/2-grading A = Ay & A7 with A; C rad A, the
radical of A. We will let C,, denote the category of graded A-modules. Natural exam-
ples of such Z/2-QHA algebra structures, may, of course, be obtained from any Koszul
grading (or any Z"-grading compatible with the radical powers) on a quasi-hereditary
algebra by collecting together even and odd grades. But another algebraically nat-
ural Z/2-QHA structure arises for any quasi-hereditary algebra whenever a function

(: N — Zis given: Put
=Y (=1)Wey, (%)
AEA
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where the e, are a complete set of orthogonal idempotents in A such that Ae, is
isomorphic to a direct sum of the projective indecomposable cover of the irreducible
module L()\) indexed by A. Clearly, t* = 1, so let § € Aut(A) be conjugation by ¢. If
Ap (resp., Aj) denotes the fixed-point space (resp., —1-eigenspace) of 0, A = Ay & Ax
defines a Z/2-QHA structure on A (provided p = char k # 2).

This paper studies Z/2-QHAs. In particular, we introduce the notion of a Z/2-
based Kazhdan-Lusztig theory in terms of functions ¢/ : A — Z/2. We require that
Homp e (L(A), V()(m)) # 0 = '(A) = ¢'(n) = m +n mod2 for all A\, i € A.
A dual condition involving A(M)(m) and L(u) is also assumed. (Typically, ¢/ = 0
identically.) In Theorem 5.1, we prove that if Cy, is defined by means of (*), then it
has a Z/2-based Kazhdan-Lusztig theory provided that A-mod has a Kazhdan-Lusztig
theory.

The converse to Theorem 5.1 fails. A counterexample is provided in Example 5.2.
Thus, the new notion is a candidate for a revised, and, perhaps more flexible, version of
an abstract Kazhdan-Lusztig theory. So far, most properties previously proved by us for
quasi-hereditary algebras A for which A-mod has a Kazhdan-Lusztig theory also hold
for this new notion. For example, in Theorem 4.2 and Remark 4.3(a), we prove that
the existence of a Z/2-based Kazhdan-Lusztig theory is sufficient to establish character
formulas for irreducible modules in the standard Lie-theoretic setting; in particular, a
7./2-based Kazhdan-Lusztig theory is sufficient to prove the famous Lusztig conjecture
(for reductive groups in positive characteristic p > h, the Coxeter number). This
sufficiency also a property of the original Kazhdan-Lusztig theory. We also prove
another major property of the previous notion, that all Extg groups between irreducible
modules can be determined in terms of abstract Kazhdan-Lusztig polynomials in the
presence of a valid Z/2-based Kazhdan-Lusztig theory. See the remark after Definition
4.1.

Finally, we discuss, in type A, some suggestive symmetric group ring to which this
investigation led. The examples suggest a possible Kazhdan-Lusztig theory—even in
the original sense—for Schur algebras, involving at least some (singular) weights for
smaller primes p < h. We speculate on a possible future verification, involving a
sufficiently strong version of Broué’s abelian defect group conjecture (now known as
an abstract equivalence by Chuang-Rouquier [6]).

Notation. Given A an abelian category (with enough injectives and projectives),
let D(A) be the associated bounded derived category; see [3]. Let [1] : D*(A) —
D*(A), X — X[1], be the translation functor on D?(A) arising from its structure as a
triangulated category.

Let A be a finite dimensional algebra over k, and let C = C(A) be the abelian
category (with enough projectives and injectives) of finite dimensional left A-modules.
We will often assume that A is a graded algebra, e. g., A = @ . Aw, where Q is an
additive monoid, and A A, C A, Usually, Q = Z/2,Z or N. In this case, let
Cor = Cgr(A) be the category of finite dimensional, graded A-modules. Then C,, is an
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abelian category with enough projective and injectives. For M € Ob(Cy ), and ' € €,
define M (w') € Ob(Cy,) by setting M(w'), := M(w + w’). For M, N € Ob(Cy,), there
is a graded isomorphism

(1.0.1) Extg(M, N) = @D Ext (M, N(w)),
weld

where in computing Extg (M, N) we “forget” the graded structure on M and N. Be-
cause the “twisting functor” (w’) : Cgy — Cgr, M +— M (W), is exact it defines a twisting
functor (w') : D?(Cq) — DP(Cy) on derived categories. Let {w'} := (w')o[1] = [1]o(w') :
Db(cgr) - Db<cgr>-

Many of the objects considered in this paper will be modules for the ring Z :
Z[t,t7'] of Laurent polynomials in an indeterminant ¢. Let (=)~ : Z — Z, f — f, be
the unique automorphism satisfying ¢ = ¢~1.

2. 7Z/2-QUASI-HEREDITARY ALGEBRAS

From now on, C = C(A) for a quasi-hereditary algebra (QHA) A over a field k.
The “weight” poset making C into a highest weight category (HWC) is denoted by A.
For A € A, let A(M), V(X), and L(A) be the corresponding standard, costandard, and
irreducible modules. Thus, A(\) (resp., V(X)) has head (resp., socle) isomorphic to
L()N).

Let Z — Z/2, i — 1, be the quotient map. We often suppose that A has a fixed
structure A = Ag @ Aj as a Z/2-graded algebra. Thus, A;4; C A;,; for 4,5 € Z/2.
We will also assume that A; C rad A, the radical of A. When these conditions hold,
we say that A is a Z/2-quasi-hereditary algebra (Z/2-QHA). Let Cy = Cg(A) be
the category of finite dimensional, Z/2-graded A-modules. We call C is a Z/2-highest
weight category (Z/2-HWC). When no confusion results, given M € Ob(C,,) and
i € Z, write M; in place of M; and M (i) for M (7). We also write A; for A;, i € Z.

For A € A, we regard L(\) € Ob(Cy) by setting L(A)g = L(X). This grading
is possible since A; C rad A and (rad A)L(A\) = 0. The standard and costandard
modules are objects in C,, in a natural way, as we now show.

Lemma 2.1. Let A be a Z/2-QHA. For A € A, the standard module A(\) has a unique
structure A(X) = A(XN)g & A(N); as a graded A-module such that L(X) = L(\)g is an
Ag-homomorphic image of A(N)g. A similar statement holds for V(\).

Proof. The proof is based on the arguments given in [8]. Because A; C rad A,
Ap/rad Ag = A/rad(A). Therefore, Ay contains a maximal set E of primitive or-
thogonal idempotents of A. We can (temporarily) assume that A is totally ordered,
and let A\ € A be maximal. Then A(X) = Ae for some e € E C Ap. Thus, A())
is graded, with A(\)g = Age and A(N); = Aje. Clearly, L(A) = L(\)g is an Ag-
homomorphic image of A(A)g. Of course, L(A) is also a homomorphic image of A(\)
in the graded category Cg. Since A()) is a projective indecomposable module in Cgy,

its grading is uniquely determined by these properties. Also, J := AeA is a (graded)
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heredity ideal of A, and so A := A/J is a Z/2-graded quasi-hereditary algebra. We
can now argue by induction on |A]. O

Examples 2.2. (a) Assume the hypotheses of the lemma. For A € A, let X () be the
indecomposable tilting module of high weight A. Then it can be proved that X () has
a unique structure as an object in Cy in such a way that the inclusion A(X) — X ()
and the epimorphism X (\) — V(A) are morphisms in C,, if A(X) and V(X) are given
their Z/2-gradings as in the lemma. We will not use this fact below.

(b) Let A = @22 A, be a N-graded QHA. Putting Ag = @&° Az, and A; =
@ Asyi1, we obtain a Z/2-graded QHA.

(¢) Suppose that A is a QHA and 6 : A — A is an involution in Aut(A). Set Ay = A?,
the fixed-point subalgebra and A; equal to the —1-eigenspace . Then A = A & A;
defines a Z/2-QHA, provided that A; C rad A.

(d) To consider a specific case in (b), let £ : A — Z be a function. Now define ¢
as in (*) in the introduction. Let § € Aut(A) be conjugation by t. Since teyae,t =
(=1)!N+eyae, for a € A, Ay is contained in the radical of A. We refer to this
Z/2-grading as the Z/2-QHA structure induced by ¢. In this case, let Cér denote the
corresponding category of graded modules.

Finally, it will be useful to record the following result. Part (a) is proved in [9,
Lemma 2.2] and then (b) follows from (a) and (1.0.1).

Lemma 2.3. (a) Let A be a QHA. For \,u € A, n € N,
dim Hompe ey (A(N), V(p)) = dim Extg(A(N), V(1)) = dx u0n.0-
(b) Now assume that A is a Z/2-QHA. For \,u € A, m € Z, and n € N,
dim Homy ¢ (A(N), V() (m)) = dim Extg (A(N), V(2)(m)) = b o0mo

3. VARIATIONS ON THE ENRICHED GROTHENDIECK GROUPS

Throughout this section A is a Z/2-QHA and A is the poset for the HWC C = C(A).

First, fix functions ¢, ¢, r,v" : A — Z. We call £,¢',r,r" “length” functions on A,
though we will only use their reductions modulo 2—hence, they are effectively Z/2-
valued. (Traditionally, ¢(\) is the length of a Weyl or affine Weyl group element
associated to A.) In the main applications we have in mind, ¢ = r, and ¢’ = ' (and,
even, ¢ =1’ = 0 identically), but these assumptions are not needed to develop some
of the theory and allow for more flexibility.

We now define categories £X, EY L and EF, ER €1, Here £ and £F will be full
subcategories of D°(C), while the others are full subcategories of D?(Cyy).

First, €L is defined in the familiar way (see [9, §2] and, more recently, [19, Appendix
C)): EF is the full subcategory consisting of all objects in the derived category D°(C)
which are direct sums of A(X)[m], A € A,m € Z, with m = ¢()\) modulo 2. Then
&L, is defined recursively as the full subcategory of all objects X for which there

7



SOME Z/2-GRADED REPRESENTATION THEORY 5

is a distinguished triangle A — X — B — in D(C) with A,B € Ob(&L). Set
= Uiy &L, regarded as a full subcategory of D’(C).
To define £V, we replace C above by Cer, and define &L to be the full subcategory

of the derived category D*(Cy) consisting of objects which are direct sums of objects
A(N)(n)[m] with

(3.0.1) n=m+/¢(\) mod2, VA € A.

Then &L +1 is defined as the full subcategory of objects X’ which are part of a dis-
tinguished triangle A’ — X’ — B’ — in D’(Cy) with A, B’ € Ob(EL). Again,
& = Uz, er.

To define £, replace the condition (3.0.1) for a given A € A by the condition

(3.0.2) m =/4(\) and n=m + '()),

with the rest of the construction parallel to that of EX.

The categories £, £F', £ are defined similarly, replacing A(X) by V()) in each
case, and the functions ¢ and ¢’ by the functions r and 7/, respectively.

Observe that £ and £ are closed under the operation {1} = (1)[1] : D*(C,,) —
D*(Cyr).

Obviously, there are inclusions E¥" C X, €8 C £F and natural forgetful functors
EV' — L R — €R The construction of EX, £ in the case ¢ = r’ = 0 identically
is reminiscent of a Z-graded construction in [10], but the categories £ and £ are
new. We will see that they support Kazhdan-Lusztig-like theories, just as £¢ and &7
do.

All three of the pairs (X, ER), (Y, %) (X, ER"), support enriched Grothendieck
groups. Put L = €L @ EL[1], and define KX = KE(C) as the quotient of the free
abelian groups on objects of gL by the subgroup spanned by all relations X + 7 — Y
where X — Y — Z — is a distinguished triangle D*(C) with terms X, Y, Z either all
in Ob(EF) or all in Ob(EX[1]), or a direct sum of two such triangles. Similarly, we put
EV = g 4 eV {1} = EF and EY = X + EX'{1}. We define KV = Kl (Cy) and
K = KF'(Cy,) as the quotients of the free abelian groups on objects of gL e
respectively, by all relations X + Z — Y, where X — Y — Z — is a distinguished
triangle in D°(C,,) which is a direct sum of distinguished triangles from &X' = €% {1},
or from &X', £ {1}, respectively.

If X is an object in EX (resp., EX,EL"), then [X], (resp., [X]w/,[X]1+) denotes its
image in K} (resp., KF', K}"). Often we will omit the subscript, and just write [X]
for [X]z, [X]L/, etc.

We now concentrate on gL,EL/ and SAL”; see Remark 3.4 for the right hand ver-
sions of the results below. Fix an indeterminate ¢ and define multiplications by ¢ on
Kb KE KY by X, = [X[-1]]s. HX]p — [X{~1}]o, fX]20 = [X{~1}pr. In
this way, each of K}, K K" becomes a Z-module, which is spanned, over Z, by
the various elements [A(N)]|L, [AN)(€'(N)]z, [AN)(€'(N))]Lr, respectively (A € A). In
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fact, these elements give Z bases for their respective groups K¢, KOL/, Ké:”, as noted in
Cor. 3.2.

The categories EF, €X' ER” and enriched Grothendieck groups K&, KE K KE' are
defined by analogy with the “dual” L, L', L” cases. As before, there are maps | |g :
Ob(ER) — KB | 1w : Ob(ER) — KE  and [ |ps: Ob(ER") — K&’ The subscripts
R,R',R", are sometimes omitted. Again, we define t[X]z = [X[-1]]g in K&, and
t[X] = [X{—1}], as before, in K and K. We put V'(i) = V(u)('(1)), and again
find that [V'(y)], u € A a basis for K&, K&, K respectively.

For the category Cg,, it is convenient to write A'(A) = A(A)('(N)) € Ob(Cy) and
V/(\) = V((r'(X)). Observe that A'(\) € Ob(EX) and V/(\) € Ob(EX). If £(\) = 0
mod 2, then A’(\) € Ob(EX"). If £(\) = 1 mod 2, then A’(\) € Ob(EL"{1}).

Proposition 3.1. (a) M € Ob(EL). Suppose

(3.1.1) (M] = AW, (Pass € 2)
in K. Then
(3.1.2) Parg(t) =Y dim Homlb, o) (M, V ())t".

(b) Let M € Ob(EYX) (resp., EX"). Suppose

(3.1.3) (M) =) parulA (W), pary € 2)

HEA

in KE (resp., K}"). Then

(3.1.4) par(t) =Y dim Homl o (M, V () (€' (1) + n))t".

nez

Also, for any m,n € Z,
(3.1.5) Homfp e (M, V()0 (n)+m))) =0 if m #Znmod?2.

Proof. The proof of (a) is similar to the proof of [9, (3.0.4)]. We leave this to the reader,
and we prove (b) in the case of M € Y. We first address (3.1.5). The property (3.1.5)
for M is obviously true on &' by Lemma 2.3, and follows for any £ (i > 0) from
its inductive construction and the long exact sequences for Homps e (=, V'(1)(m)
associated to distinguished triangles in D?(Cy) (i > 0).

It follows now from (3.1.5) that pys,, is additive in M over distinguished triangles in
EY. Hence, with pys, as in (3.1.4), the additivity implies there is a morphism

(3.1.6) K — 2, My~ pag,

of abelian groups.
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The additivity implies that [M], +— par,, with pa, given as in 3.1.4), is a Z-
homomorphism on K¥'. For m € Z and [M]p = t~™[A'(1)]z:, we have

paru(t) = Y dimHom, @ (A(p)(m + €(p)), V() (¢ (1) + n)t"

neL

= "

Then (3.1.6) implies that (3.1.4) holds when (3.1.3) does. This proves (b) for M €
Ob(EX).
A similar argument establishes (b) when M € Ob(EX"). O

Corollary 3.2. The Z-module K§ (resp., K&, K} ) is a free with bases {{A(v)]L}ven
(resp., {[A (V)] bvena, {[A (V)] LrYven). The natural forgetful functor E¥" — EF and the
inclusion X" C EY induce isomorphisms K" = K} and K" = K}’ of Z-modules.

We have the following corollary of the above proof.

Corollary 3.3. For a fired p € A, there is a well defined Z-linear K¢ — Z (resp.,
Ky — 2, Ky — Z) satisfying [M]y +— Py, (resp., M1 = Bagyr [IM]er = Pag ).
where pry, is as given (in each case) as in the statement of the above proposition. Also,

Parp(t) = Z dim Hom3n ¢y (M, V(p))t".

nez

(In other words, we can the ungraded Hom" in each of the possible three cases: M €
Ob(EF), M € Ob(EX), M € Ob(EL).)

Proof. The result is clear for M € gL, so we may take M € EL or EV (which is
contained in £X). By (1.0.1), for M in D®(C,,),

Hom}l)b(C)(M> V() = Homgb(cgr)(Ma V() @ Homgb(cgr)(Ma V(u)(1)).
The result now follows from (3.1.5). O

Remark 3.4. The “right” analog of Proposition 3.1 holds, with [V'(x)] replacing
[A'(11)] and Hom (A(u)(n + 7/ (u), M) replacing Hom, (M, V(u)(n + ¢/(1)). However,
the right-hand version of py ,, which we will call p, s, should be introduced in the
right-hand version of the proposition by [M] =" p, m[V'(1)], without any “bar” over
pum- Of course, each right enriched Grothendieck group replaces its left analog.

The right analogs of the two corollaries requires similar replacements. All the proofs,
of the proposition and corollaries, are entirely analogous in the right-hand case to the
left-hand versions, and are omitted.

We can now state
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Theorem 3.5. (a) Suppose ((\) = r(\) for all \ € A (i. e., { —r has a constant value
modulo 2). Then the Laurent polynomial

(M,N) =" dim Homy, (M, N)t"
(<yA
defined for M € Ob(EL), N € Ob(ER), depends only on [M] € KE, [N] € KE.
(b) Similarly, if ¢'(\) = r'(\) for all X\ € A, then the “same” Laurent polynomial
(using D*(C))

(M', N ZdlmHome( (M, NI,

ne”L

defined for M’ € Ob(EX), N € Ob(ER'), depends only on [M'] € KV, [N € K&

Proof. First, assume £(\) = () for all A € A. If we replace 7(\) with £()), then ER
remains the same, since ¢(A) = r(\) + € modulo 2, € = 0 or 1. This reduces (a) to a

result of [9]. We may also reduce (b) to the case /(\) = r/(X) by replacing £, N’
with E'(¢'), N'(¢), where € =0 or 1, € = £'(\) — r'(\). O

Lemma 3.6. Assume ('(\) = 1/(\) for all A € A. Let M’ € Ob(EX), N’ € Ob(ER).
Then, for any m,n € 7Z,

Hom%b(cgr)(M’aN'(m)) #0 = n=m (mod 2).

Proof. Because of the construction of £ as |J& and that of £ as [JEF', the long
exact sequence of Hom},b(cgr) shows that it suffices to assume that M’ = A'(X\)(¢)[t]

and N’ = V'(u)(s)[s] for integers s,t. Now apply Lemma 2.3. O

As a corollary, we have, for n € Z, M’ € Ob(EX), N’ € Ob(EY), and still assuming
(X)) =7'(\) for all A € A,
Homlp e, (M', N') if n =0 (mod 2),

Hom’, o (M, N') =
7o HomJyu e, ,(M', N'(1)) if n % 0 (mod 2).

In either case, dim Hom%b(c)(M ' N') is additive over distinguished triangles in £ =
EL or EF = ER' That is, dim Hom{y, ) (M', N') depends only on the classes [M']1 €
K({J’ [N/]R’ € Ké%/

Definition 3.7. Under the hypotheses of Theorem 3.5 (part (a) or part (b) depending
on circumstances), we set ([M]r, [N]L) = (M, N) (resp., ([M]y, [N]r) = (M, N))) for
M € Ob(EX), N € Ob(ER) (resp. M € Ob(EX), N € Ob(ER)).

Given M € &L (vesp., EY', €Y"), we will often simply write [M] for [M]y (resp.,
[M]z:, [M]z#). A similar notation will be observed for £, €% and £%".
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Proposition 3.8. Under the hypotheses Theorem 3.5(a) (resp., (b)), the form (|, ):
KExKE — Z (resp., ( , ): KE x Kl — Z) are Z-sesquilinear, in the sense that
they are bi-additive and satisfy

(fE M [N]) = ([M], f(O)[N]) = f(){[M], [N]),
for all f(t) € Z and M € Ob(EX), N € Ob(EF).
Proof. The result is clear, since
Hom?py, o) (M, N) = Homps ) (M[—n]), N) = Hompe(e) (M, N|n])

for all n € Z. The bi-additivity is an easy consequence of the definition, since (M, N)
is obviously additive over direct sum decompositions of M or N. 0

Corollary 3.9. Under the hypotheses of Theorem 3.5, we have
([M],[N]) = ZPM,u(t)pmM(t)a

HEA
for M € Ob(EL), N € Ob(ER), or M € Ob(EL'), N € Ob(ER) .

Proof. The result is clear from the definition of py, and p, n, together with the
sesquilinearity of ( |, ). O

Another useful way to say the same thing is the following version.
Corollary 3.10. Under the hypotheses of the theorem, let n € Z. Then
dim Hompy, o) (M, N) = Zdim Hompy, ) (M, V(1)) dim Hom'p, o (A(p), N),

Db (C
reZz

for each M € Ob(EL), N € Ob(ER), or M € Ob(EY), N € Ob(ER'). The sum on the
right-hand side 1s always finite.

The first part of the following “recognition” theorem essentially restates an old result
9, (2.4)], but the second part is new.

Theorem 3.11. (a) Assume that A is a QHA. Let X € D*(C). Then X € Ob(EL), if
and only if for eachn € Z and v € A,

Hompy o) (X, V(v)) #0 = n ={(v) (mod2).
Similarly, X € Ob(ER), if and only if for eachn € Z and v € A,
Hompy, o) (A(v), X) #0 = n=r(v) (mod 2).

(b) Now assume that A is a Z/2-QHA. Let Y € D*(Cy). Then Y € Ob(EY) if and
only if for each m,n € Z and v € A,

Hom?7y e, (Y, V(v)(m)) # 0 =n =m+ {'(v) (mod 2).
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Similarly, Y € Ob(EX) if and only if for each m,n € Z and v € A,
Hom%c ((A()(m),Y) #0=n=m+ r'(v) (mod 2).

Proof. Since part (a) is essentially known, we prove only part (b). (In any case, the
proof we give for part (b) works easily for part (a).)

Let T be the ideal of weights v € A such that v < w for some w with L(w) a
composition factor of H*(Y).

By (1.0.1), the inclusion D?(Cq[I']) — D’(Cg) is a full embedding, since the corre-
sponding inclusion D?(C[T']) — D*(C) is a full embedding. Here Cy,[I'] is the category
of all graded submodules of C,, with composition factors of the form L(v)(s), v € T,
and s € Z/2.

A standard argument, inductively building Y using distinguished triangles, shows Y
is isomorphic to an object in D°(Cy, [I]).

Let v € I' be maximal, and let Pr(y) = A(y) be the projective cover in Cg[I'] of
L(v) = L(7)o- Put

E= P Ak (L))

mez/2
nez

This is regarded as a complex of projective modules in Cq with zero differential. Ob-
serve that

[H"(7) : L(v)(m)] = dim Hom7 . (Y, V(y)(m))

= dim HOme(C (Eav(fY)(m))v

by construction. The Hom'’s in each case may also be taken in the underlying homotopy
category of Z/2-graded complexes.
We can easily give a complex map E — Y which induces an isomorphism

Homj e (Y, V(y)(m)) = Hom i (B, V(7)),

for each n € Z and m € 7Z/2. Indeed, we just filter the n-cocycles Z"(Y) by a
composition series in C,, that passes through the n-coboundaries B"(Y')

Bn(Y) :F() QFl Q Q Fa:Zn(Y>

There will be [H™(Y') : L(7)(m)] terms F;, /F;_1, isomorphic to A(y)(m). We choose
a summand D; = A(v)(m) of the degree n-cochains C"(E) = Z"(FE), and a map
Dy, — Z™(Y) C C™(Y) with image in Fj_, subjective to F;, /Fy, ,. The various D,
s=1,...,[H"(Y) : L(y)(m)] are taken to be the full set of [H™(Y") : L(v)(m)] distinct
summands of C"(E) isomorphic of A(y)(m).

Adding all the resulting maps over all n € Z and m € Z/2 we get a cochain map
E — Y inducing an injection

> Hompp . (Y, V — Y Homp . (E,V(y)),

which must also be an isomorphlsm.
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Now, form a distinguished triangle £ — Y — Y’ — in D’(C,,). We have
Homp e, (Y', V(7)(m)) = 0,
for all n € Z and m € Z/2. Also, for p € I" with p # ~,
HOm%b(cgr) (Y, V(u)(m)) = HOm%b(cgr)(Ya V() (m)),

for all n € Z and m € Z/2. The theorem now follows for £ easily by induction (on,
say,
Z dim Homp, o (Y, V(A)(m)), Y € ED).

AEA
n€L,meL/2

The statement for £7 is obtained in a similar, but dual, manner, and we omit further
details. O

4. 7/2-BASED KAZHDAN-LUSZTIG THEORIES

We have previously introduced the notion of a Kazhdan-Lusztig theory for a HWC
C =C(A) in [9]. It requires a length function ¢ : A — Z (which we take here to also be
r(A), A € A). Explicitly, C has a Kazhdan-Lusztig theory with respect to ¢ provided,
forn>01in Z and A\, u € A, that

(4.0.1) Exte(AN), L(p)) #0 = n={(\) —{(p) (mod 2),
and also
(4.0.2) Ext(L(p), V(A) #0 = n=£4(\) — {(u) (mod 2).

When C has a strong duality in the sense of [7], it is sufficient that one of the two
conditions above hold in order for C to have a Kazhdan-Lusztig theory with respect to

l.

As a consequence,

(4.0.3) dim Ext3(L(n), L(v)) = 3 dim Ext}(L(1), V() dim Ext? " (A(A), L(v)),

when C has a Kazhdan-Lusztig theory [9, Thm. 3.5]. As shown in this reference this
expresses the left-hand side of (4.0.3) in terms of Kazhdan-Lusztig polynomials.
We will describe an alternative theory which leads to such a formula.

Definition 4.1. A Z/2-HWC C = C(A) with weight poset A has a Z/2-based Kazhdan-

Lusztig theory with respect to a length function ¢ : A — Z provided that, for all
A€ Nand m,n € Z,

Exte,, (A(A), L(p)(m)) #0 = n—m = l'(A) = (1) (mod 2),

and
Exte (L(p)(m), V(A)) #0 = n—m=L{'(A) = (1) (mod 2).
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Taking r' := ¢’ : A — Z, the conditions in the above definition imply that
L(p) € Ob(EFY N Ob(ER), VYu e A.

This gives, by Corollary 3.10, the formula (4.0.3) from an entirely different starting
point.

We saw in [9] that the existence of a Kazhdan-Lustzig theory—even just the n = 1
part of the defining property—was sufficient to prove the Lusztig or Kazhdan-Lusztig
conjecture in standard cases arising in Lie theory. This fact remains true for the Z/2-
based theory, as can be seen from the following result.

Theorem 4.2. Suppose V' : A — 7Z and, for each A\, u € A,
Extg (AN), L(p)(m)) #0 = m = {'(A) — () + 1 (mod 2),
and
Extg (L(1)(m), V() #0 = m=¢(\) = (1) + 1 (mod2).
Then, for T,v € A, the natural maps EXté(L(T), L(v)) — EXté(A(T), L(v)), and
Extg(L(7), L(v)) — Extj(L(1), V(v)) are surjective.

Proof. 1f Ext}(A(7), L(v)) # 0, then EXtégr(A(T), L(v)(m)) # 0 for some m. In fact,
such an m is unique in Z/2 satisfying m = ¢'(v) — {(v) + 1. We also know 7 < v, since
C is a HWC. Let E be any graded extension of A(A) by L(v)(m), and let £ be the
smallest graded homomorphic image of F which contains L(v)(m) as a submodule.

Since soc(E’) is graded, soc(E’) = L(v)(m). Also, the head of E’ is L(7). We claim
E’ has a composition series of length two.

If not, let w be the largest element of A for which L(w)(s) is a composition factor of
E’, for some s € Z/2, w # 7, w € v. Then there are graded homomorphisms

A(w)(s) = E'/L(v)(m),
rad ' — V(w)(s),

resulting in nontrivial elements of Extégr (A(w)(s), L(w)(m)) and Extégr(L(T), V(w)(s)),
respectively. It follows from the hypothesis of the theorem that

m—s = {'(w)—¢(v)+1 (mod2);
= (1) —l(w)+ 1 (mod?2).
Adding these two congruences gives
m=/{(r)—{(v) mod2,

contradicting the previously derived congruence on m.
This proves the claim, and it follows that

Exte,, (L(7), L(v)(m)) — Exte, (A(7), L(v)(m))
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is surjective. Since the right-hand Ext! group is zero if m is replaced by m+1 (mod 2),
the map of ungraded Ext! groups between the same modules is surjective, as claimed
in the theorem.

Similarly, one can prove the surjectivity of

Exté(L(7), L(v)) — Extp(L(7), Aw)),

for each 7, € A. The details are similar, but with dual arguments, and are left to the
reader. O

Remarks 4.3. (a) As a consequence, the existence of a 7Z/2-based Kazhdan-Lusztig
theory implies the validity of the Lusztig or Kazhdan-Lusztig conjecture in the standard
cases where such a conjecture is stated, giving a formula for characters of irreducible
modules in terms of characters of standard modules and Kazhdan-Lusztig polynomials.
This is a consequence of [9, (5.4)] together with the above theorem.

(b) In many of the above cases in which a valid Lusztig or Kazhdan conjecture is
known, the existence of a Koszul grading is also known. Together with the existence
of a Kazhdan-Lusztig theory in our previous sense [9], this implies the existence of a
Koszul grading for which, for n,m € Z and A\, u € A,

Extl (AN, L(u)(m)) £0 = n=m,

and
Extt (L(u)(—m), V(\) £0 — n=m.

In particular, there is a 7Z/2-based Kazhdan-Lusztig theory in these cases (even a
7/2-graded Kazhdan-Lusztig theory—see the note at the end of this section for a
definition—and a graded Kazhdan-Lusztig theory in the sense of [9]).

(c) However, for abstract HWCs, it is possible to have a Z/2-based Kazhdan-Lusztig
theory in our previous sense, or a Koszul grading on the underlying quasihereditary
algebra. This is demonstrated by the following example.

Note on terminology. We prefer to reserve the term Z/2-graded Kazhdan-Lusztig
theory for the case where we have both a length function ¢ : A — Z for £F, R and
a length function ¢ : A — Z for EY, €™ such that both the above theories work:
L(1) € Ob(EL) N Ob(ERE) N Ob(EY) N Ob(ER) = Ob(EX") N Ob(ER") for all 1 € A.

5. KAZHDAN-LUSZTIG THEORY VERSUS Z/2-BASED KAZHDAN-LUSZTIG THEORY

In this section, we investigate the relationship between the existence of a Kazhdan-
Lusztig theory and the existence of a Z/2-based Kazhdan-Lusztig theory. Let A be a
QHA with weight poset A, and consider the Z/2-QHA structure induced by a fixed
function ¢ : A — 7Z as defined in Example 2.2(d).

Theorem 5.1. Suppose that C has a Kazhdan-Lusztig theory with respect to ¢ : A — Z.
Then Cgr has a Z/2-based Kazhdan-Lusztig theory taking ¢! = ' = 0 identically.
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Proof. We have to prove that, under the stated hypothesis, given n € N;m € Z,

(5.1.1) Extgér(A(/\), L()(m)) #0 = n = mmod?2.
and
(5.1.2) Extgér(L(,u)(m), V(A) #0 = n=mmod2.

We will prove (5.1.1), leaving the similar argument for (5.1.2) to the reader.
Fix A € A, and let

(5.1.3) i = Pp— P — Pp— A\ —0

be a minimal projective resolution of A(A) in C. For a given ¢ > 0, P; is a direct sum

of various projective indecomposable modules P(u), say P = @,cq, P(1)®®, where

Q; C A and each ¢;(u) > 0 for p € Q;. If p € Q;, then Ext,(A(N), L(u)) # 0. Since C

has a Kazhdan-Lusztig theory with respect to ¢, it follows that i = ¢(\) — £(u) mod 2.
Now we grade P; by writing

(5.1.4) P, = @ P(u)((p) — €)=,
HELY;

where P(u) is Z/2-graded with its degree 1 summand contained in rad P(u). (That is
P(p) is given the standard grading with “head in degree 0”. In P, this grading is shifted
by £(p) —£()).) Each idempotent e, further decomposes as a sum e, = e, 1+---+e€,.4,
of primitive orthogonal idempotents so that P(u) = Ae,; = --- = Ae, 4,. Since any
morphism Ae,; — Ae,; is right multiplication by e,xe, for some = € A, it follows
that the differential P, — P;_; in (5.1.3) defines a morphism in C,,.

Thus, if Extg (A(A), L(p)(m)) # 0, (1.0.1) and the assumption that C has a Kazhdan-
Lusztig theory implies that ¢(\) — ¢(1x) = n mod 2. Thus, all summands of P, have
heads in degree ¢(\) — ¢(p). Hence, m = ¢(u) — ¢(\) mod2. So, m = n mod?2, as
required. 0

On the other hand, the following example shows that the converse to the above
theorem fails.

Example 5.2. Consider the quiver

with relations

€fd€da = €da€ab = €abClbc = €dbCoc = 0,

€ba€ab = CEbcCcefCrdEdb-
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Here e;; represents the unique arrow in the diagram from ¢ to j, and compositions are
read from right to left. The algebra A with such generators, together with idempo-
tents e; = e, 1 € {a,b,c,d, f} satisfying the above relations, together with e;e;; =
e;; = eyej; (and €7 = e;), whenever there is an arrow from ¢ to j in the diagram,
is 19-dimensional over any field. It is quasi-hereditary with respect to the poset
A ={a,b,c,d, f} witha < b; b < a,b<d, ¢c< f, d< f. This gives the same
standard modules A(\), A € A, as the simpler, linear order a < b < ¢ < d < f. Dia-
grams for the PIM’s P(A) are given by the following diagrams. These diagrams are to
be viewed as directed graphs, with all edges pointing downward. There is an edge from
A to u precisely when Ext’ (L()\), L(p)) is nonzero (in which case it is 1-dimensional)
and is realized by a section in the ambient PIM. The nodes are all labeled by various
elements A of A, and represent composition factors of the ambient PIM. The rectan-
gles in the diagram represent standard modules, exhibiting the filtration by standard
modules of the ambient PIM.

| a]
b a 7‘ b

| l

S
(g

-

-0
=-oHe
S Iy

I
C
I

S

Certainly, A has no Kazhdan-Lusztig theory in the sense of the parity conditions
of [9], since the groups Ext}(L(a), L(b)), ExtY (L(a), L(d)) and Ext}(L(b), L(d)) are all
NONZero.

Also, A has no Koszul grading. This is fairly evident from the structure of P(b)
above, and we leave further verification of this fact to the reader.

However, we will show that A has a Z/2-based Kazhdan-Lusztig theory with respect
to a suitable Z/2-grading and “length” function ¢’ : A — Z. For the Z/2-grading, we
assign ey, and ey, degree 1 in Z/2, and each of the other generators e;; or e; degree 0.
For the length function, we set ¢'(a) = ¢'(b) = ¢'(f) =0, and ¢'(c) = ¢'(d) = 1 in Z/2.

Next observe the following minimal projective resolutions, which are also minimal
Z,/2-graded projective resolutions:

0= (P(@)1)® P(f)) = (PO)1) @ P(d)) = Pla) — Ala) — 0,
0— P(d) — P(b) = A(b) — 0,

0— P(c) — Alc) — 0,

0— P(f) = P(d) — Ald) — 0,

0 P(f) = A(f) — 0.
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Computing Ext’y (A(\, L(p)(m)) with these resolutions, we find, forn € Z, m € Z/2
and A\, € A,

Exte (AN), L(p)(m)) #0 = n—m ={(\) = {'(u) (mod2).

Here C,, denotes the category of Z/2-graded A-modules.

Next, we consider the dual condition involving costandard modules. Using linear
duality, this amounts to the above standard module condition, but with A replaced by
A°P. The PIM’s for A° are found to be

HZJ e Hfj AL
Z ’
z;

a
[

f

d

b

“Quiver” generators e;; can be found for A°" by taking €7 € Enda(a4,4 A) to be

a graded map from P(i) to P(j) with nonzero image in rad P(i)/rad® P(0) if such
a nonzero map exists. The algebra AP = Enda(aA,4 A) has a natural Z/2-graded
structure, and we find that e P has degree 1 in Z/2 fori =a, j=b,ori =0, j = a,
and has degree 0 otherwise.

Minimal graded projective resolutions of the standard modules A°P(\) are given as
follows:

0 — PP(c)(1) = PP(b)(1) — PP(a) — A%(a) — 0,
0 — P%(c) — P°®(b) — A®’(b) — 0,

0 — P°°(f) — P(c) — A®(¢) — 0,

0 — P°®(d) — A°®(d) — 0,

0— PP(f) = A®(f) — 0.

Computing with these resolutions, we find, for n € Z, m € Z/2, and A\, u € A,
Exte, (A®(A), LP(u)(m)) #0 = n—m={(X) = (p) (mod2).
Equivalently,
Extggr(L(,u)(m), VA)#0 = n—m=0(\)—(u) (mod2).

This completes our proof that C = C(A) has a Z/2-based Kazhdan-Lusztig theory,
though it has neither a Kazhdan-Lusztig theory in the sense of [9] or a graded Koszul
structure.
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6. HOMOLOGICAL DUALS

If A is a finite dimensional algebra over the field k, let Ly, ..., L, be the distinct (up
to isomorphism) irreducible A-modules, and put

(6.0.1) L=L(A) =L

and
(6.0.2) A= Ext%(L, L),

the homological dual of A. If C =2 A-mod, then the homological dual of C is defined to
be C' = A'-mod. This category is unique up to Morita equivalence.

In [11], it proved that if C is a highest weight category having a Kazhdan-Lusztig
theory, then the homological dual C' is also a HWC. The main ingredient in the proof
is the formula (4.0.3), which, as we have remarked following (4.1), is available here.
The surjectivity [9, (4.3)] is also used, but is a consequence of (4.0.3). Finally, there is
an inductive derived category description of objects satisfying the even-odd vanishing
properties used in the proof, but there is a completely parallel description here, from
the constructions in section 3. With this briefly sketched proof, we claim the following
7 /2-graded version of this result on the homological dual.

Theorem 6.1. Assume that C = C(A) is a Z/2-HWC with weight poset A which has
a Z)2-based Kazhdan-Lusztig theory with respect to a length function ¢ : A — Z. Then
C'isa HWC.

7. KAZHDAN-LUSZTIG THEORY AND BROUE’S CONJECTURE

One motivation for studying Z/2-based Kazhdan-Lusztig theories is the possibility
that such theories might be easier to verify for algebraic categories involving singular
weights. The idea is that exact functors, such as translation to a wall or facet, might
more easily be found to preserve a Z/2-grading than the parity in a length function.
This philosophy has, so far, not been substantiated, but has lead, nevertheless, to the
discovery of unanticipated examples in the singular case. These examples have a length
function satisfying the original formulation of a Kazhdan-Lusztig theory [9], though it
is doubtful the authors would have had the courage to investigate them without the
Z/2-based theory in hand.

To illustrate the approach, we begin by proving a special case of the Lusztig (and
James) conjecture, using only symmetric group theory existing prior to [6]: The (new)
result is that all L(\) for SL,(k) which have regular high weight A\ < pww; satisfy the
Lusztig character formula (LCF). From the classical viewpoint of [19] (say), the original
conjecture is noted to be true only for A3 and in all rank 2 cases. Indeed, we will not
settle the conjecture for all regular weights of S, in the Jantzen region, but our point
of view will be to focus on a smaller, but non-trivial collection of regular weights.



18 BRIAN J. PARSHALL AND LEONARD L. SCOTT

To sketch the proof, the modular theory of the symmetric group &, (p > 2) of degree
p gives a resolution of the Specht module Si» by Young modules Y, (the indecomposable
components of permutation modules associated with all partitions A F p):

(7.0.1) 0— S —=Yr—>Yop2—-- =Y, 11 —>Y,—0

This resolution comes from Brauer’s defect 1 theory and its subsequent interpretation
by James, but its resemblance to the Solomon resolution [28] (and, more recently,
[15], [21], and [24]) is striking, Moreover, all images of differentials in this resolution
are themselves Specht modules, associated to the partition of the containing Young
module. In this way, we obtain resolutions by Young modules of all Specht modules
in the principal block of &,. The contravariant version of Schur-Weyl duality (see
[24], [13], or the contravariant equivalence [25, (5.0.3)]) gives a minimal projective
resolutions of all A(w) lying in the principal block of the Schur algebra S(p,p) (so
w < pwy). Visibly, the parity conditions for a Kazhdan-Lusztig theory in the sense of
[CPS17] hold, with length function equal to the number of parts of a partition. The
results [9] thus imply that the (LCF) holds for these weights (with the length function
assigned by Lusztig)!

We can pass to a similar resolution as (7.0.1) of Specht modules by Young modules for
the direct product £ = &, x --- x &, (n < p factors). And, though Specht and Young
modules are not officially defined for the group N = 6,16, = Ex &, = Ng,,(E), we
at least get resolutions of the modules Sy 1% by modules Yy 1%, which are again direct
summands of natural permutation modules. The Broué conjecture guarantees that the
derived categories of G,,, and N are equivalent. Moreover, formulations by Broué-
Rickard [5] provide, in this equivalence, a correspondence between objects represented
by complexes of direct summands of permutation modules. Projective modules of the
Schur algebras S(m,np) are obtained by contravariant Schur-Weyl duality from such
modules.

We speculate here that, with a deeper study of Chuang-Rouquier [6], it might be
possible to reproduce the essential ingredients of the above result for SL, instead for
SLyp, n < p. In addition, SL,, with p> > m, should be similarly attackable, and the
method could yield a proof, in general, of the James conjecture at pth roots of unity
[18]. We have checked that the required Specht module resolutions exist in the case
n = 2, p = 3. Here the symmetric group is G4. The two most complicated resolutions
are:

0— Soqa = Yo1u = Ys®@Y513—= Y55, DY5, — Y33 —0
0— S =Y = Y1a®DY301 = Ys@DY515DYs11— Y51DY301 — Y33 — 0.

Resolutions in all cases are given in Table 1 at the of this section. They were obtained
with standard symmetric group representation theory, together with the methods of
[27]. A key property is that the partitions indexing the Y)’s in a given degree alternate
in parity, if we declare (5,1), (3,2,1), (2,1%) to be “odd” and all others “even”. This
discussion provides the first example of any kind of Kazhdan-Lusztig theory for a Schur
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algebra (or any reductive algebraic group) for p < h (the Coxeter number, which m for
SL,,). All weights, when p < h are, of course, singular in the sense of alcove geometry.

Specht
Specht Resolutions by Young Modules (p = 3 Principal Block of Ss) Dimensions
0— Sa — Ya —0 1
0— Ss1— Y51 —Ys—0 5
0— S33—Ys3—>Y51—Ys—0 5
0— S411—Ys11—Y51—>Ys—0 10
0— S321 — Y321 —Y41,180Y33—Y51—Ys—0 16
0— 53713 — Y3713 —Y321®Y33—0 10
0— 53 =Y —-Y301@0Y51 = Y33BYs1 —Y51—Y33—0 5
0— 8514 =Y 14 > Y3 Y313 > Y301 ®Y51 —Y33—0 5
0—S516—Y6—=Y21®PY321 —=Ys®Y313DYs11 — Y51 — Y321 —Y33—0 1
Young Module Specht Filtrations and Dimensions
Se St S5 Ss.1 Sai Se S3.2.1 S3.3
Se S 1 Sas Si14 S33 S S3,2,1 Ss1 S321 Sas S313 Spqa S321
’ ’ T S3.2,1 S3 13 So3 S 14 Si6
projective projective projective projective projective
1 6 10 15 36 36 27 36 27
Yo Y5 Y33 Yiia Y321 Y; s Yas Y514 Yie
Irreducible Modules and Dimensions
4 6 1 4 1
D5, Daqa Ds D32, D33
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