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Abstract

This paper is concerned with the identification of outliers and influential
observations in a linear regression model, Y = X8 +¢, of full rank k. Cook’s D;
statistic is the scaled Mahalanobis type squared distance Dy = (81 — 8) (X Xo)
(Br — B8)/(rs?) between $ (using all the cases) and B; (using all cases except
those in the subset I with r cases), where s3 is the unbiased estimator for o2
with the cases in I omitted . We show how to compute the exact distribution
of D; and the corresponding p-values.

In the case of deleting a single point, Cook’s D statistic is shown to be a
multiple of an F statistic having (1, N — 1 — k) degrees of freedom. When [
contains some r > 1 cases, the distribution of D; is a generalized F distribution.
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1. Introduction

Consider the standard linear model Y = X8 + ¢, in which Xp is an (N x k) matrix
of full rank, Y is a vector consisting of N observable responses, and ¢ is a random
vector for which F(¢) = 0 and Var(¢) = 0?I. The vector § consists of k& unknown
parameters, and € consists of unobservable Gaussian errors. The problem we address
in this note concerns the identification of outliers and influential observations in a
linear regression model. For example, if some cases are deleted, then what changes
occur in estimates for the parameter vector 8?7 This is the basic idea in influence
analysis as introduced by Cook (1977). Cook’s Dy statistic is based on a scaled
Mahalanobis type squared distance between § (using all the cases) and B (using all
cases except those in the subset I), as given by

Dy = (1 — B) (XoXo)(B1 — B)/(cd?), (1.1)

with 62 as some unbiased estimate of the variance and ¢ a user defined constant. We
use the estimator s%, the residual mean square with the r cases in I omitted; and we

use ¢ = 7. Equivalently, D can be written as Dy = (Y7 — Y) (Y7 — Y)/(r s2) using
Y = Xo Br. Thus Dy can be viewed as a multiple of the squared Euclidean distance



between the prediction vector using all cases, and the prediction vector with the cases
in I deleted. For later reference, let

~

Q1(XXo0) = (Br — B) (XoXo)(Br - B) (1.2)

denote the quadratic form in the numerator of Equation (1.1). To obtain other ver-
sions of Cook’s D; we introduce the notation

Dr(B, M, c6%) = (Br — BY M(Br — B)/(c6*) (1.3)

To use Dy(f3, XyXo, ks?) diagnostically, Cook (1977) and Weisberg (1980, p. 108)
suggested using the 50th percentile F'(0.50,k, N — k) as a benchmark for identify-
ing influential subsets. Since DI(B,XéXO,ksz) is not distributed as F(k, N — k),
they recommended the 50th percentile as a rule-of-thumb for determining influential
observations. As noted by Belsley, Kuh, and Welsch (1980, p.27), such empirical pro-
cedures should be guided by statistical theory. In this note, we present the required
statistical theory for using Dy as a test for outliers by deriving the cdf’s of @;(M) and
Dr(8,M,rs?) for M = X} Xo and M = X'X. We are able to compute numerically
the cdf of Cook’s Dr statistics, and, in particular, to compute their p-values. This
approach supports a statistical procedure for identifying joint outliers. In the case of
single deletion with I = {i{} (1 <i < N), we show that D; (now denoted by Dj;) is
distributed as a multiple of an F(1, N — 1 — k) random variable, such that

L(D;/x(Xo())Xo(i)) 2s) = F(1,N — 1 — k), (1.4)

where z; is the i-th row of X and Xo() results on deleting the i-th row from Xj.
When I contains more than one index, say, I = {¢1,...,4,}, then the distribution of
Cook’s Dy statistic is a generalized F distribution.

2. Basic Results

For basic notation, we denote the Euclidean space of dimension m by R™ and its
positive cone by RT'; and for a random variable Y, we denote the law of the dis-
tribution of Y by L£(Y). Probability density and cumulative distribution functions
are abbreviated as pdf and cdf, respectively. Np,(p,X) designates the Gaussian law
on R™ having mean p and dispersion matrix V(Y) = X. Standard distributions
on R}l_ include the chi-squared distribution, x2(v), having v degrees of freedom; the
t-distribution, #(v), having v degrees of freedom; and the F-distribution, F(v1,vs),
having degrees of freedom (v, ;). For Y] and Y» two vectors of random variables,
we denote the covariance matrix for ¥; and Y2 by cov(Y1, Ys).

To continue, let I be a subset of {1,...,N}, say I = {i1,...,i-}. Let Xy be
partitioned as X, = [X', Z], with Z containing the rows determined by I, and X the
remaining rows. We assume that the matrices Xy, X, and Z are all of full rank, of
orders (N x k), (n x k), and (r x k), respectively, such that k < n and n+r = N,
with r < k for notational convenience. Partition Y’ = [Y{,Y]], and set 4 = X'X and



B=122. Using the positive definite square root, we next diagonalize A~12Bg-1/2
by
(X' X)" Y27 2)(X'X)"1/? = A"/2BATY? = PTP, (2.1)

with P as the matrix of eigenvectors and with I" as the diagonal matrix of correspond-
ing eigenvalues {y; > -+ > v > 0}. The matrix I' has at most r (< k) non-zero
elements, namely, the eigenvalues of Z(X X)~1Z’. (For the case r > k, the rank of
Z(X'X)~'Z' is min(r, k).) In particular, if I = {i}, then A~'/2BA~1/2 has only one
positive eigenvalue, namely, v1 = z;(X(¢)Xo(3)) 12;.

In Jensen and Ramirez (1993), we used the structure of Equation (2.1) to examine
efficiencies pertaining to augmenting or deleting subsets of design points. In a similar
manner, we may convert the linear model into an equivalent canonical linear model
through a one-to-one reparametrization as in

- ()= (- ()l - (g,

where ¢ = P'A1/23. Observe further that

b1 = [(XA™V2P)Y(XA™Y2P)~"Y(XxA~Y?P)Y; (2.3)
[P A=Y2X X A™Y2P)"1P'A-2X Y, = P A4y,
We convert the quadratic form Qr(X{X,) into canonical form through several steps
as in
Qr(XeXo) = (Br - B) (X6Xo)(Br = B) (24)
= (Br—B) (A*P)P'(1 4+ AT/*BATY?)P(P AY*)(fr — B)
= (9r=9) (I+T)(dr - 9),
with I + T’ a diagonal matrix. i X
By construction, ¢; and ¢ are jointly Gaussian variables, since f; and § have

multivariate normal distributions. We next compute the expectations and dispersion
matrices for ¢7, ¢, and ¢; — ¢. First, we note that

E(¢r) = E(P'AY?3;) = P AY?p, (2.5)
and
E(¢) = E(P'AM?B) = P'AY?p, (2.6)
so that X i
E(¢1—¢)=0. (2.7)
The dispersion matrices for ¢y and ¢ are given by
V(ér) = P AY2V(Br)AY?P = ¢* P AM?(A)~1 A2 P = o7, (2.8)
and
V(§) = P AV2V(BAVIP =P AV} (A + B)"1AY2P (2.9)

= P (AV?(A+B)A™V) P =1+ 1)L



The covariance between ¢; and é is given by

cov(pr,¢) = cov(P AY2@, P AY2B) (2.10)
= P AY2cou(A7' XYy (A+ B) Y (X' Y1 + Z'Y,)) AP
= P AY2A7 X cov (Y1, Y1) X(A + B)"1AY2P +0
= o’P' AV} A+ B)"'AY2P = %1 4+T)"L.

The corresponding result in terms of 3; and B has
cov(Br, B) = 0% (X4 Xo) . (2.11)
To find the dispersion matrix for ¢; — ¢, use Equations (2.8), (2.9), and (2.10) to get
V(r—¢)=c*(I—(I+T)71). (2.12)
The corresponding result in terms of #; and B is
V(Br = 8) = o* (X' X)™" = (XoXo0)™"). (2.13)

We now give the structure theorem for @;(X{Xo), the numerator of Cook’s Dy
statistic.

Theorem 1. With £(Y) = Nn(XofB,0%Iy) and the notation above, the quadratic
form Qr(XyXo) is distributed as a weighted sum of independent chi-squared random
variables, namely,

L(Qr(XoXo)) = Lna®ZY + - +7,0°2}), (2.14)

where L(Z) = N(0,1) and the weights {y1 > --- > v, > 0} are the non-zero eigen-
values of Z(X X)='Z’, or equivalently, the non-zero eigenvalues of T.

Proof. Standard results for quadratic forms (for example, Mathai and Provost
(1992, p. 90)) show that Q;(X{Xo) may be represented in distribution as a weighted
sum of independent chi-squared random variables with welghts as the non-zero eigen-
values {y1, -, 7, } of [ = (I+ D) H2(I+D)I - (I+T)"H/2=T. W

We next consider the distribution of Cook’s D; statistic. Its numerator has been
treated in Theorem 1. The denominator is rs?, where we have chosen s3 because it
is independent of By — ,6’ This follows from

fr—8 = (X'X)'X'Y; — (XoXo) " U(X'Y1 + Z'Ys) (2.15)
= ((X'X)"' = (X5X0)™ 1) X'V1 — (X}, Xo) " 2'Ya.

The estimator s is clearly independent of the second term on the right of Equation
(2.15). It is independent of the first term as well since cov(X'Y1,Y: — Yl) =0, as
X" and I - X(X'X)~'X’ are perpendicular. Since L((n—k)s?/c?) = x*(n — k), we
have the following theorem.



Theorem 2. With £L(Y) = Ny(Xof,0%Ix) and the notation above,
rDr\ Qr(XXo)\ 11022 + -+ 0272
ﬁ(n—k;) —E< 7 =L 7 : (2.16)
with Q(X,Xo) = (61 — B) (X Xo)(Br — B) and Vi = (n — k)s2, and with Qr(X}X)
and Vi as independent random variables. When I = {i},
L(r Di/ei(Xo())Xo() ™ 2:) = F(1, N — 1 = k). (2.17)

We now define the generalized F' distribution based on Equation (2.16). Suppose
that the elements of U = [Uy,---,U,] are independent {N;(0,1);1< ¢ < r} random

variables; let {a,- -, a,} be non-increasing positive weights; and identify
Q= Ul + -+ U2 (2.18)
If £(V) = x*(v) independently of U, then the cdf of
- g_;: (2.19)
is denoted by F.(w;ay,---, ap;v). If {L(U;) = Ni(w;,1);1 < i < 7}, then the cdf of
W is denoted by F,(w;ay, -+, ar;wi,--+,wp;v). Thus we have shown

Theorem 3. With L(Y) = Nn(Xo8,02In) and the notation above, the distribution
of Dr(B, XoXo,rs?) is given by

L(D1(B, XoXo,7s7)) = Fr(w;yr, -, rin — k). (2.20)

Another natural candidate for M is X’ X. We now derive the distribution of Dl(ﬁ,
X'X, rs?). First let the ordered eigenvalues of Z(XOXO) 17" be denoted by {A; >

-> A > 0} with {&; = v;/(147i); 1 <7 <7} the canonical leverages (also denoted
h,-,- ,1 <4 <r). As in Equation (2.4), we can convert the quadratic form Qr(X’'X)
into canonical form by

Qr(X'X) (Br = B) (X' X)(B1 - §) (2:21)
= (B = p) (AV2P)P()P(P'AY*)(B; — )
(61— 0) (I) (61 — ¢),

Standard results for quadratic forms (for example, Mathai and Provost (1992, p.
90)) show that Q;(X’X) may be represented in distribution as a weighted sum of
independent chi-squared random variables with We1§hts as the non-zero eigenvalues
A, A} of (I=(I+D) Y2 —(I+T) ™ HY2 = - (I+T)™*. Thus it
follows that

Theorem 4. With L(Y) = Ny(Xo8,6%In) and the notation above, the distributions
of Qr(X'X) and D;(8,X X, rs?) are given by

LQIX'X))=L(*Z2 + -+ \0o?Z2), (2.22)

and
(DI(B,X X,rs9)) = Fp(w; A1, -+, Ayn— k). (2.23)



Further extension of these results are given in Jensen and Ramirez (1996) where
we adapted the theory of singular decompositions to transform a linear model into
canonical form.
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