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LOCALLY COMPACT SUBGROUPS OF
THE SPECTRUM OF THE MEASURE ALGEBRA ITII
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Communicated by K., H. Hofmann

The maximal ideal space of the measure
algebra of a locally compact abelian (LCA)
group has the structure of a compact commuta-
tive semitopological semigroup (separately

continuous multiplication). Idempotents in
the semigroup correspond to certain algebraic
projections on the measure algebra. In this

paper we study the maximal groups about
certain idempotents.

NOTATION: For an infinite LCA group G,
let M(G) denote the Banach algebra of finite
regular Borel measures on G, and let AG de-
note the maximal ideal space of M(G). We will
use our previously established notation from
[2] and [3].

We sketch the results from [2]. Let €

be an idempotent in ¢f% G and H(e) the maximal

subgroup of ¢c% G containing ¢ . If ¢ is
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associated with an R-projection P, of M(G)

1
where Pl is the projection of M(G) determined
by a finer LC-topology jz for G then

H(eg) = Gl (algebraically and topologically),

and H(e) is the maximal subgroup of A, con-

taining € . Conversely, if € 1is an igempotent
in cd é with H(e) locally compact (in the
induced topology from c& é), then there is a
finer LC-topology jz for the group G, with

the induced proéection Pl corresponding to ¢
Further (G,ffl) = H(e). Such an idempotent
will be called an LC-idempotent. Thus the
maximal subgroups of cf é which are locally
compact are determined by the finer LC-topol-
ogies for the group G.

In [3] we showed that a maximal subgroup
of c2 é is not necessarily locally compact
(in the induced topology from c¥ é). Indeed,
we showed this for the group G = T™ the
countable product of the unit circle T with
the product topology. Recently, this result
has been shown in general by G. Brown [1].

We now state some conventions which will
hold throughout. The group G will denote a
nondiscrete LCA group with topology tr. A
net will always be unbounded above.

Idempotents in A, will be denoted by €€ .5

G
and given the natural ordering PE < e if

B

and only if €, X g, = €4 (where x is the

B

multiplication in AG). We will use additive
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notation for G, and multiplicative notation

~

for groups of characters, such as G.

DEFINITION: Let {?a:a & A} be an

increasing net of Raikov families (see [2,
p.96]) for G (a < B if and only 1f'? C.j¢ ).
We assume ; N #'? for o # 8. We let ‘}# be
the Raikov family generated by {‘} ta C A}
Each element of the family ?} has the form

o]
= Un=l F.F €& §a ({an} a sequence in A).
n

We call T;# the increasing limit of {'ga:a(:Al
THEOREM 1: Let { f ta (<A} be an increas-

ing net of Raikov famllles, and let :; #
be the increasing limit of {jf ta & A}, Let
the rings Ra’ R#; the ideals I , I#; and the
R-projections Pa’ P# be assoc1ated with

? s S# respectively. Then P# = 1im P

in the SO-topology, I" = /) . I , and

— r_——————— o« Ao

R" = co{ U o« c ARy

Proof. For pn&M(G),n & I# if and only
if |u]|(S) = 0 for all S & j# if and only if
|ul(s) = 0 for all se ‘-Sfa , (o & A) by the
monotone convergence theorem, if and only if

U G;Ia, all o €& A. Thus
#
I" = - .
naéAIa
ol
Let u&Ri and € > 0. Choose S¢& T§# such
that Iu] is concentrated on S. By the mono-

tone convergence theorem, there exists B(&’f
o

(some a) such that ]ul(S\B)< € . Thus
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u|B < Ra and IIuIB—u\I < € . It follows
that R# C cl(L)a e ARa)' The other inclusion
is trivial.

Let p & M(G) and write p = Mg
Y & R# and  up S I#. For € > 0, let S & TS;O‘
(some a) such that ||uR-u|S|| < €/2. For
B > a, SE&E #3 Since Mo & I#
PB(uI) = 0 for B > a . Thus

+ M1 with

‘a (= AIa’

PB(uIS + pI) = uIS, for B > a .
Thus

ety = 2 ] = [lug - uls + uls - PG ]
= [fug - uls + PoCuls + up = W]

[lug = wisll + [luls = upll < e,

oo .
and so P = llma é’APu (in the SO-topology).Ud

DEFINITION: Let {‘}’a:a ¢ A} be a de-

creasing net of Raikov families for G

(o < B if and only if #B C —ga)f We assume
j}a #<¥B for o # B . Let i;bbe the
Raikov family defined by

-b -~
.g ={W {’Ya:a & A},
We call ?6 the decreasing limit of {’;a:a € AL

THEOREM 2. Let A be a net with a co-

final sequence. Suppose { f;a:a & A}l is a

decreasing net EE Raikov families for G, and

let f;b be the decreasing limit of
{ 1J?OL:OL € A}. Let R_, rRb ; I, 1 P, p?

be associated with E}a,";b respectively.
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b 4
Then P llma G_-APa
topology, I’ = co¢ U aeAIa)’ and R= )

in the strong operator

a&ARoc'
Proof. Let p & Rﬁ then u is concentra-
ted on some B € ¥®, and so p&l} . R .
~f) o A o
Conversely suppose u(! uC-'ARa and ¢> 0.
Choose Gysly s @ cofinal sequence in A.
Pick KIG;T?G to be a compact subset of G
1

such that IIuIKl - u|] < e/2. Suppose

Kl,K2,~--,Kn have been chosen. Now pick

K € ¥ to be a compact subset of G such
n+l o
n+l
that Kn+lc‘ K and ||u|Kn+l - ul]
< e/2 + e/bteeete/2™ Ler x =N°_ k., a
compact subset of G. Then K é.?Fb and
!IuIK - ull < E. Since RD is closed it
b L
follows that p @ R”. Thus R —()a e ARa'

Let p &€ M(G),u > 0 and ¢ > 0. We wish
to find o & A such that B > o implies
|[PB(p) - Pb(u)|| < e. By induction there
exists a monotone decreasing sequence of com-
pact subsets K_ C G such that Kne Ta and

n+1 n

[lulg, = P owl| < e(@/22+--41/2777) . Let

. b _ b b
K = g:& Kn G;fg s then u|K = P p‘K < Py, By
the monotone convergence theorem choose n

such that ||p|Kn - uwlk|| < €/2. Thus for

g > a s

PP £ P G0 S B, () = wlk

69



DUNKL et al.

= ulk + v+ v <P+ v+

(where v',v € M(G) with ||v'|[|,]||v]] < e/2),
and so |IPb(u) - Ps(u)ll < g¢. Hence

a
Pa + P> in the SO-topology.

b \
Clearly I~ D cf( ba c AIa)’ so let
U & Ib. Write u = P 4y + v where v E I .
o i a a ag ba
Since w & I, P °(u) = 0. Since Pau -~ P’y = 0,

o} b - ! —_—
v, T H and so I ct( ba GAIa)' (I

THEOREM 3. Let ¢ be an idempotent in

¢2(G) and suppose ¢ 1is a continuous function

on H(e) (Cc2(G)). Then ¢ is a restriction

to H(e) of the Gel'fand transform t of a

measure uEQEE(M(G)) if and only if there

exists B < « such that for

al,---ﬁﬂle,c and Yis° 'Y, € G,

(*) 115 a0y < o <BII% a,v ],

’oc-’a

Proof. Let uy & M(G), then for a; n

< € and Yl,""Yne G,
n
1151 3 WOy <] = [JgIT., agv dE v

n
< HYyoq gy MG HE ul
Conversely, suppose ¢ satisfies (*). We
define the continuous function ¥:c2(G) -~ € by
p(t) = ¢(1 x €),7 & c2(G). Now for
al,-'-,aneg € and Yot teY, < G, we have
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15 a v | = 110 ja 0 Crxed [<Bl 112 ja vy 11

and so there exists by Eberlein's theorem
[5,p.32] a measure uw € M(G) with ﬁ(y)= v(v),
Y & é. But then ﬁ = y on cl(é). Hence for

v € G, (yxe) = ¥(yxe) =¢(yxexe) = ¢(yxe), and
so t = ¢on H(g). We now observe that

u G’EE(M(G)) since for y & &,

;(Y) = y(y) = ¢(exy) = ¢ (exexy) = Plexy)
= Ulexy) = (E_ W) (). O

DEFINITION: Let {na} C:AG be a net and
m E'AG. We say that {na} converges strongly
to m if and only if ETr $ ETT in the SO-topo-
logy. ©Note that stron% convergence clearly
implies convergence in AG. Indeed strong

convergence is equivalent to convergence in

AG for idempotents. (Let p be a probability
measure on G and €4 $ ¢ in AG' Then

- = B _ el = H _¢ly2
| [E_ w-E_ul] fclfea £ du = [o(£) -£0)2dy

v o V] Y] o . o0
= W(e )Hi(e)-2u(e xe) % 0, where £! € L7 ()
is the generalized character corresponding

TE Ay, [2])

THEOREM 4. Let {Ea} C ci(G) be a net

o& A
2£ Eg—idempotents, such that €, > eB for
0,8 & A with oa<B . Let ¢ EE the limit point
of {ea}, and so € < €y & A. Then
M = .
B u(e)) =1 ABe (H(0)

Proof. Suppose ueEEE(M(G)) and so

71



DUNKL et al.

Ee(u) = py, Thus for each o & A,

E_ (W) = E_ (Ee(u)) = Ee(u) =y,

o o
and so u&',EE (M(G)).
o )
Conversély, suppose u &{qa c AEe (M(G)),
and so EE (u) = u,a& A. Now since eaa 8 ¢

in AG’ eaOtg ¢ strongly, and so p = Es (u)%EEOQ
Thus up= Ee(u). O @

Let Gd denote G with the discrete topol-
ogy, and let €, E_AG be the idempotent corre-
sponding to the sup-norm bounded projection
PO:M(G) > M(Gd). (The idempot?nt €5 is th?
identity in the Bohr group of G, B8G, in c%G.)
Note Bé is just the set of all characters on
G. We sometimes identify ?é with H(eo).

For ﬂEiAG, let jm & BG be defined by
(3m) (x) = (5x)m(") (x &€ G). The map

~

j:AG -+ BG is a semigroup morphism. Further

for ¢ an idempotent in A, the map j takes

H(e) onto a dense subgrogp of BG (see [2,
Proposition 7]).

DEFINITION: Let e, be the idempotent in
clé which is the limit of the idempotents
{ea} where {ea} corresponds to a decreasing
net of LC-topologies for the group G. Then we
call e an inductive limit idempotent.

PROPOSITION 5. Let Em.EE an inductive

R

limit idempotent in cf%G. Then the map

j:H(em) » BG is one-to-one.

72



DUNKL et al.

Proof. Let o,0'é§& H(e_ ) and jo = jo'.
We will show that ¢ = o', ©Now j(EaXO)
= J(e )i(o) = iCe )i(e") = jle x0'). Since j
is one~to-one on H(e ), € Xg = ¢ xg'. Now as
o o o
e 3 e, e xo0%e xoand ¢ xo' > e x g'.
o3 o« o} co o =)

Thus 0 = ¢_x 0 =¢_x o' = ¢". {d

o0
THEOREM 6. Let €, be an inductive limit

~

idempotent in cfG, then €, % H(ew) =
nOLGAEO x H(ea)' i
Proof. Let 7 & H(e_). Put M, = T X e,

then ﬂa(i H(ea) (recall that €y S €y for all
(jﬂ)(X)(jea)(X) = (im) (%)

(x € G) since je = 1. Thus € x 7 =
o o a

o). Now (jna)(x)

e x (mx g )= (e %X g ) x| =¢ X T
o o o a o
Therefore e, X H(ew)(; (\a e Ao X H(ea).

Conversely, let né_(ﬂ(xe;Aeo x H(Ea)w
For each a & A, there exists Y, E’H(ea) such
that Yo % €, = T Indeed Yo is unique in

. ' ' =

H(Ea)’ for if Y, = H(Ea) such that Y X €g =T

. = = ' = 3 '
then J(Ya) Yo X €g Yo X &g J(Ya)s and so
Y, = y& (as a function on G) and so
= ' i =

Y, Y, in AG. Thus for a < B’YB x €, Yy

i e X =
since YB X €, C,H(ea) and YB €4 X €y
Yg X €, = T Let o be a cluster point of hu}.
Now Yo = Yu X €, < Y, X (ea X € )
= (Ya X Ea) X e = Yo ¥ €o Thus o=0 x ¢_.

Fix o€ A. For g >a, ?a X Yy =
(v, X_ea) XY= Yy X (e X vp) =y Xy = e .
Thus Yo X0 = € Let v be a cluster point of

e and so ¢ GH(Em)‘

{?a}. Then 1 % ¢
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Finally, recall that Yo X €0 = T and so
o x g = T. Thus 7w ¢ e, X H(sw).(j
REMARK. Let X:G# -+~ T be a (not

necessarily continuous) character on G# where
G# is the inductive limit of the LC-topologies

. . —p #
corresponding to {ea} . Then X is ff -
continuous if and only if X is continuous for
each LC-topology from the inductive limit.

oo c

Thus (G") = /Wa & A(Ga) = H(e_ ), as a group

of characters.

THEOREM 7. Let €, be an inductive limit

~

idempotent in c%G, then the set H(e_) of

continuous characters on H(e ) is algebraicaly

isomorphic to the group G.

Proof. Let p“:AG - AG (m G;AG) be de-

fined by p (1) = 7™ x 1, T & A,. The morphism
T S G ~

P takes H(e_ ) onto a dense subgroup of BG
(o] ~
and so G C H(e ) .

Conversely, the morphism p¢ takes
[2<]

H(1l) = G onto a dense subgroup of H(em). Thus

~ A A
 m—

H(Em) C G = G. J
THEOREM 8. Let €, be an inductive limit

~

idempotent in c®G, then on H(em) there exists

three equivalent group topologies:

(1) -S’W, the relative topology from AG,

(2) ‘Yb » the projective limit topology

on H(e_ ) given by the system {H(ea):a & A},

and (3) 'TK, the topology of uniform con-

vergence on the ‘Ta -compact subsets of G
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viewing H(e_) as a subgroup of characters on

G under the map Jj.

Proof. Since €, e, I takes H(sm)
o
onto a subgroup of H(ea). The topology
is the weakest (group) topology such that the

maps p_ :H(em) - H(Ea) is continuous (where
a

H(eu) has the relative topology from AG’

is, H(Ea) Ga). Let {01} be a net from H(e )

and let o € H(e_ ). The net o + o in A, if

and only if o1 X €4 3 o x €4 for each o; since
%) - ¥ | < 2[[E_w - E_wl] +
[W(e, x o) - ¥(e, x of[, (v @M(E)). Thus
(1) and (2) are equivalent.

That th 2 tyb is clear since \T; is

a group topology for which H(e ) - H(Ea) is

that

114

continuous. Conversely, let {01} be a net in
b
AG which converges in ¥” to 6 . Thus

1 .
€4 x g > e, X0 in H(Ea) for each a , and so

in'3>K .d

DEFINITION: Let L*(G) denote the closed
subalgebra of M(G) generated by the set of
Ll (G, ffl) where ffl is an LC~topology finer
than § (the given topology on G). We call
L*¥(G) the maximal group algebra.

REMARK. The algebra L*(G) has the form
2 & Ll(G,:fl), where ffl is an LC-topology
finer than the given topology on G (see
Varopoulos [6, p. 503]). The maximal ideal
space A* of L*(G) has been characterized by

Varopoulos [6,p.507], and using this charac-
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terization we have that A* is equal to
U {H(e):e is an LC-idempotent}
U{H(ew):eo° is an inductive 1limit idempotent}.
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