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EXISTENCE AND NONUNIQUENESS OF INVARIANT
MEANS ON .#>(G)

CHARLES F. DUNKL AND DONALD E. RAMIREZ!

ABsTRACT. For G an infinite compact group we show the exist-
ence and nonuniqueness of invariant means on the dual of the
Fourier algebra. It follows that the space of weakly almost periodic
functionals on the Fourier algebra is a proper closed subspace of the
dual of the Fourier algebra.

We let G denote an infinite compact group and G its dual. We use the
notation of [2, Chapters 7 and 8]. Recall 4(G) denotes the Fourier algebra
of G (an algebra of continuous functions on G) and Z£=(G) denotes its
dual under the pairing {f, ¢) (fEA(G), ¢E$°°(G)). Further note £~ (G)
is identified with the C*-algebra of bounded operators on L%(G) com-
muting with right translation. The module action of 4(G) on ¥ *(G) is
defined by the following: for feA(G), $€Z=(G), f-$e¥"(G) by
(g, [ ={fg, $), geA(G). Also | [l = /1 sl

DEFINITION.  An invariant mean on #*(G) is a bounded linear
functional p on .#*(G) such that (1) p(¢)=0 whenever ¢$=0, (2) p=1
(1is the identity in £ (G)), and (3) p(f$)=f(e)p(), feA(G), $ L (G),
e the identity in G. (Note |[[pl|=1.)

If G is also abelian, then G is a discrete group and (3) is equivalent to
p(b)=p($), L (G), xeG, where ¢, is the translate of ¢ by x.

Let P={fecA(G):f(e)=1 and fis positive definite}. Now P is a convex
spanning subset of A(G) and a commutative semigroup under pointwise
multiplication. Further P contains functions with supports in arbitrarily
small neighborhoods of e.

The collection of invariant means on #*(G) will be denoted by 4.
Thus for pe#=(G)* (the dual of = (G)), peA” if and only if (1) p($)=0
whenever $=0, (2) p()=1, and (3) p(f-$)=p(¢), feP, L *(G).

Note (f, I'=f(e), and f-I=f(e)] (feA(G)).

In #*(G) let w* denote the weak-* topology o(#*(G), A(G)). In
ZL*(G)y* let T denote the weak-* topology o(ZL=(G)*, L (G)). Let j
denote the canonical embedding of 4(G) into £~ (G)*.
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THEOREM 1. A" is not empty.

PROOF. Let K={qe#*(G)*:q($)=0 whenever =0 (¢.£=(()) and
g(I)=1}. Then K is a 7-compact convex subset of .#*(G)*. Further P
acts as a commutative semigroup of r-continuous operators of K into K;

the action is (f, g)—f-g where (f-q)($)=q(f¢), for feP, geK, and
£ (G). By the Markov-Kakutani fixed point theorem [1, p. 456] there

exists peK such that fp=p for all peK. But then p(f-¢)=p(4) for all
L >(G), so pet. O

For ¢c£*(G), let O*($) be the w*-closure in L*(G) of {f-d.fepP}.
We will characterize the fixed points on O*(¢), that is, the constant
multnples of I which are in O*(¢). Observe that on O*($) the w* topology

is the topology of pointwise convergence on G. (See [4] for a more general
setting.)

THEOREM 2. Let $€£(G) and {g,} be a net in P such that J e Ao §
in w*, ceC. Then there exists pe A" with p(¢)=c.

PROOF. Let g,,¢Z>cl in w*. For a neighborhood V of e, let upP with
sptup< V. For A a w*-neighborhood of cl, write g, =g,u, where
uyg, pel. (Note gupdp2>cl in w* for each V.) Thus

(V) (CNON

sptgay —> {e} and g,y ¢ ——>cl
in w*, Thus we may assume that spt g,%>{e}.

Let pe#=(G)* be a r-cluster point of {jg,}. Since spt g,%{e}, pet’.
Let £>0. Pick «, such that a=«, implies

(gas #) — ¢l = 1(1, ga " $) — (1, cD)] < /2.
Choose aZa, with |{(g,, $)—p($)|<e/2. Then
[p(d) — cl S 1p(#) — (o D) + 1(gas ) — €| <&
and so p(¢)=c. O
COROLLARY 3. [f there is some ¢c#™(G) such that {ceC:cleO*(¢)}

has at least two points, then there are at least two different invariant means
on L*(G), hence infinitely many.

PROOF. A" is a convex subset of £*(G)*. [

THEOREM 4. Given pe N, there is a net {g,}< P such that g, ¢2p(¢)]
in w* for all $cL>(G).

PROOF. Let pet”. Now p as a linear functional on #*(G) has norm
one, thus by Goldstine’s theorem [1, p. 424], there is a net {#,} in the unit
ball of 4(G) such that ji,%p in 7.
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Write h,=h, ~h,,+ih, —ih,,, h, positive deﬁmte 1=n=4. For
$eL=(G) thh <;6 b*, the numbers p(¢), (h,,—h,,, ), and (h, —h,,, )
are all real. Thus (1, —h,,, $)%-0. Thus we may assume /za=l1al;/1a2 with
hy (e)+h,, (=1 Since JhSp in 7, B, (e)—h,,(e) 51 (put ¢=I), hence
h, (e)ql and h,, ()50, Let ga—h Jhe (e) (for o sufficiently large), then
g:EP. And for &P, $£°(G), (f, g $)=(gu D) 5p(fH)=p($). Thus
gebSp@) in wr, DO

COROLLARY 5. For ¢ £ (G), {p($):peN}={ceC:clcO*($)}.

THEOREM 6. Let H be a closed subgroup of G and suppose p is an
invariant mean on L”(H). Then p extends to L(G), that is, there is an
invariant mean q on £ (G) with qlp*L” (H)=p where p* is the adjoint of
p:A(G)—~A(H), the restriction map, which is bounded and onto (see [2,
Chapter 8]).

ProOF. Previously defined symbols subscripted with H denote the
appropriate objects with respect to H. By Theorem 4, there exists a net
{f,}= Py such that f,'¢5p($)y in wi for all gL =(H). Let V be a
neighborhood of e in G and let upeP with spt up-< V. For 1 a 7-neigh-
borhood of p, let f, y=fupy|H where jy(fu |H)€/1 (Note that
(fuuy|H, $)=(us|H, £:$) % s | H, p($) 1) =p($), 4L (H) and V fixed.)
Now let g,€P with pg,=g,|H=f,. Define g, ;-=g,u;-. Choose g a T-cluster
point of { jg; y}. Then ge4” by Theorem 2.

For ¢c#*(H) and £>0, pick A, such that for A=A, (that is, A< 1,)
and any V, [(fip,$)—p($)<ef2. Now choose (4, V)=(4,, V) with
lg(p*d)—(grps p*P)I <e/2. Thus

lg(p*d) — p(D)l = 19(p*$) — (gav> P*) + 1(g0rs p*$) — p(P)]
<24+ fiv,d) — pld)l < e

Hence g(p*$)=p(¢) for gL (H). O

CorOLLARY 7. Let H be a closed subgroup of G with two different
invariant means on ¥ (H). Then there are two different invariant means on

Z>(G).

CoROLLARY 8. Let G be a compact Lie group. Then there are two
different invariant means on £ (G).

Proor. Compact Lie groups have a torus 7 as a closed abelian sub-
group. And invariant means are not unique on T, for 0 and 1 are in
O*(¢7+) (z+ is the characteristic function of the nonnegative integers).
Now use Corollary 3. 3
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REMARK. If G=SU(2), the group of 2 X2 unitary matrices of deter-
minant one, then we can construct $.Z*(G) with O*(¢) containing two
different constants. The dual of SU(2) can be identified with the set Z_,
and for k=1,2, .-, choose integers n,, m, such that the subsets E,
FeZ, , E=n—k -, m—1,m,m+l, -, mt+k}, B={m—k, -,
my—1, my, my+1, - -+, m+k}, are pairwise disjoint and cover Z,. Let
$e£(G) be such that ¢, =1, (identity operator on C"t1) for nelJ E,
and ¢,=0 for ne\J F,. Then O*(¢) contains 0 and I.

For a, BeG, the tensor product, T,&T,, of the two representations
decomposes into irreducible components: T,&Ts=> @, M(¥)T,
where M,,(»)={¢ Xa2siy Mg, @ nonnegative integer (y, is the character
of the class o and my,; is normalized Haar measure on G). For E, F< G,
we define EQF={yeG:M,4(y)#0, «cE, fcF}. This operation makes G
into a hypergroup. If EQE<E, then E is called a subhypergroup of G.
For a€G, there is a conjugate &eG such that y,(x)=7,(x), xeG. If Eis a
subhypergroup and E={&:acE}<E, then E is called a normal sub-
hypergroup.

For F< G, [F] denotes the smallest normal subhypergroup containing F.
We say that G is finitely generated if and only if there is a finite set
oy, 0,EG such that [oy, - - -, 0 ]=G.

Let qSeJ“’(G) define the carrier of ¢, cr ¢, to be the set {0eG:¢,#0}.
For feA(G), and ¢ Z*(G), cr(f-$)=(cr f Yy ®(cr ¢) (see [3)).

THEOREM 9. Let G be an infinite compact group. Then there are non-
unique invariant means on £ < (G).

Proor. If G is a Lie group, then #*(G) has nonunique invariant
means by Corollary 8. So we assume G is not finitely generated.

Let v=card G (the cardinality of G). Then v is an infinite limit ordinal,
and let G={yg, 71, ", 71 "} (A<¥) be a well-ordering of G. Let
tp=y,. For A<, let a,€G be the least element of G relative to the well-
ordering with o,¢U {[eg, - - * , @, ]: u<A}. (The existence is assured since
for A<w with A infinite, card U {[og, * * * , @, ]: p<A}=card 1=1<v.)

Define an ordinal-valued function i on G by i{fe)=inf{A: a0y, * = , 0]}
(0eG). If o, PeCG with i(a)>i(B), then i(y)=i(2) for all yea®p (recall
My (y)=M,;(a), o, B, Veé)-

Call a limit ordinal even, and a nonlimit ordinal even (respectively odd)
if its predecessor is odd (respectively even). Let E= {0eG :i(a) is even}.

Let $c.Z(G) be defined by $,=1, (the identity operator in Z(C"+))
for «cE and ¢,=0 otherwise. We first show 0cO0*(¢). For each a,, let
J3=%a,/1.,- Then fieP. If accr(f;-¢), then (¢;@x)NE#Z. Now con-
sider {o;:A<w, Aodd} as a net. Fix aeG, then for all odd A<» with
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2>i(e), i(y) is odd for each yea®u,; and so a®a;NE=g. Thus (fi'$),
= 0 for all large odd 4, and so (f;'$)%.0 pointwise on G. Thus f;$*,0
in w*, and so 0e0*(¢).

Now let y=I—¢. A similar argument yields 06O *(y). Thus there are
invariant means p and g on £*(G) with p($)=0 and ¢(y)=0. But g(¢)=
q(I—w)=1-0=1. Thus there are nonunique means on F=G). O

DEFINITION.  Let ¢ (G). We call ¢ a weakly almost periodic func-
tional if and only if the map fiof¢ from A(G) to Z*(G) is a weakly
compact operator. The space of all such is denoted W(G). If the map
JSi=f$ is a compact operator, we call ¢ an almost periodic functional.
The space of all such is denoted AP(G).

THEOREM 10. Let G be an infinite compact group. Then W(G) is a
proper closed subspace of £~ (G).

ProoF. In [3] we showed that W(G) is a closed subspace of L°(G)
with a unique invariant mean (by using Eberlein’s ergodic theory). [

REMARK. The group G=SU(2) provides an example of a compact
group such that there are nonzero continuous measures whose Fourier-
Stieltjes transforms are in AP(G), a remarkable contrast to the abelian
case. We can in fact show %o(G)< AP(G), where €o(G) ={¢c. ¥ (G):
for >0, there are only finitely many 2€G with |||, =e}.

Since AP(G) is an A(G)-module it suffices to show that the Fourier-
Stieltjes transform #i1 of the Haar measure on G is in AP(G). For keZ,,
let P, denote the map from 4(G) to £*(G) by (Pf),= (/). (f(x)=f(x"D),
xeG) for 0=n=k, and (P,f),=0for n>k. Now P, is of finite rank, and so
it suffices to show that

IPLS) = f+ Figl < —— 1111l

P (f € A(G)).

But
1P = f gl S max{l(Nallwin > k}
< max{|(allin > k} < ;ﬁ 11
since || flly=1/14=352u0 (1) 115 I

The same method proves the following:

Tueorem Ll. If G is a compact group such that for each I1=1,2,- -+,
there are only finitely many «cG with I=n, (the degree of o), then
%o(G)<= AP(G).
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