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The maximal ideal space A of the measure
algebra M(G) of a locally compact abelian group G
is a compact commutative semitopological semigroup.
In this paper a ¢lass of locally compact subgroups of
the closure of G, the dual group of G, in A is
characterized. Each such group is the dual of the
abstract group G with some stronger locally compact
topology than that of G. There is no more than one
such group about any idempotent in the closure of G.
In a previous paper the authors showed that every
stronger locally compact topology on G determines
an idempotent in the closure of G. In other words,
an exact description is given of those idempotents
in the closure of G which are contained in locally
compact maximal subgroups of AG.

NOTATION. Denote the dual of an LCA (locally
compact abelian) group G by é. For LCA groups G
and H, and a morphism (continuous homomorphism)
¢+ G > H, there exists the dual morphism &: ﬁ > é,
defined by &;Y(x) = Y(¢x) for xE&€ G, YE ﬁ For G
an LCA group, M(G) denotes the measure algebra, and
AG denotes the maximal ideal space of M(G). As
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2 DUNKL et al. -

usual, we identify AG with the space of nonzero mul-
tiplicative linear functionals on M(G) furnished
with the Gelfand topology. Let Md(G) be the closed
subalgebra of discrete measures and Ll(G) the ideal
of absolutely continuous measures. For u € M(G), i
is the Fourier-Stieltjes transform given by
ney) = fGYdu, and 1 is the Gelfand transform, a
continuous function on AG. We will identify G with
a subset of AAG’ so that ’1\1(\() = ﬂ(y) for
LEM(G), YEG. For x€G, let ch be the unit mass
at x. Generally we will use additive notation for
G, and multiplicative notation for G.
Henceforth G denotes a fixed LCA group.
We now recall some facts about Raikov systems.
DEFINITION 1. A nontrivial class ¥ of
o-compact subsets of G 1is called a Raikov system
if

1) A€ §, B a o-compact subset of G and
BCA imply BE ¥,
2) if {A} ,C T then U 24,7,

3) A, B€E ¥ implies A+ BE€ ¥, and
4) AE€F and x €G imply A+x€ F .
THEOREM [5]. Given a Raikov system ¥ there

exists a unique bounded algebraic projection P on
M(G) such that PM(G) = {u € M(G): w is carried
by some A€ ¥ } and the kernel of P, an ideal, is
the set {u € M(G): |u|la =0 for all AEF].

We will call such a projection a Raikov projection.

DEFINITION 2. Let ¢: H~> G be a monomorphism.

Let GH be the group G topologized so that ¢H
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DUNKL et al. 3

has the H-topology and is open in GH' Note GH is
LCA and the identity: G, > G 1is continuous. Let P
be the Raikov projection associated with the Raikov
system generated by the GH—compact sets. We say P
is the Raikov projection induced by ¢.
DEFINITION 3. Let ¢: H~> G be a morphism.
Define ¢*: M(H) + M(G), a homomorphism, by
o*u(E) = u(¢-lE} for each Borel set EC G, u &€ M(H).
Equivalently (¢*u)"(y) = n(¢v), for vy € G. If ¢
is a monomorphism then ¢* is an isometric
isomorphism of M(H) into M(G) (see [4] and [6]).
PROPOSITION 1. With the hypotheses of the two

prior definitions, the range of P may be identified

with M(GH). If further, ¢ maps H onto G, then

o* is an isometric isomorphism of M(H) onto M(GH).
We now single out an important set of operators on
M(G).

DEFINITION 4. Say T is an R-homomorphism of

M(G) if T 4is a bounded nonzero homomorphism of M(G)
into itself, such that (Tw)|E = T(r|E) for u € M(G),
E Borel C G. That is, T commutes with restriction to
Borel sets. If T 1is a projection and an R-homo-
morphism, then T 4is called an R-projection.
PROPOSITION 2. If T is an R-homomorphism, and

x € G, then T5x = xT(x) ch, where Xp is some

‘' character (not necessarily continuous) of G. If

further T 1is an R-projection, then TcSX = Gx.
Proof. For any u € M(G), Tu = T(u*ao) = Tu*TGO,
but T # 0, so TGO # 0. For any x € G, del{x}

= TGX, so there exists a complex number xT(x)

97

ORI



4 DUNKL et al.

such that T6_ = X,I.(x) 8.+ But since TSX_PY = T(Gx*ﬁy)
= T(sx % Tsy, we have XT(x+y) = )(T(x) XT(y), for all
X, vy € G, and XT(O) #0 so Xp 1s a character of G.
If T 4is an R-projection, then ()(,1,)2 = Xp» SO

Ts, = &y all x€& G. O

COROLLARY 3., The set of R-homomorphisms is closed

. under composition, and is a semigroup with identity I

(where I is the identity map on M(G)).

Proof. It suffices to observe, that
SOT(SD) = S(Go) = 60 so SoT # 0, for R-homomor-
phisme S and T. U

We briefly sketch the details of the isomorphism
between the semigroup E‘: of R-homomorphisms and the
compact space AG (see [2, Chapter 1]). For each
T € AG there exists a unique generalized character
{f:}, where f:j [ Lw(u) for each u of the form
U= exp I\)I, v € M(G); and for each A & Ll(u) (that is,
the space of elements of M(G) which are absolutely
continuous with respect to ) we have the relation
3:(1) = fG f: dA. Observe that for each such u , that
T[Ll(u) is a bounded linear functional and thus
determines an element f: of L (1) with the re-
quired property. Note further that if W and M

1 2
are both exponentials, and ul&' Ll(uz) then

f:z = ful ul-almost everywhere. One can also prove
that for u= exp|v|, v €M(G), that
£ (xty) = £ () £209) for (x,y) €6 X6, u X -
almost everywhere.

Now to each T € AG we associate the R-homo-

morphism ET defined by ETA= fli_)\ (where X € M(G),
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DUNKL et al. 5

and u = exp|)r]).

Conversely, if E 1is an R-homomorphism, define
TEA, by (D = (Ew (1), (u € M(G)), then it can be
ghown that E = E_f (see [2, Chapter 1]. Now we give
bg the structure of a semigroup so that for o,

T&€ A, o x Tis described by the generalized charac-
X7 = EgET.
Further it can be shown that multiplication (%) is

ter fﬁ f::_; or equivalently, that Ec

separately continuous on AG’ so AG becomes a commu-
tative compact semitopological semigroup with identity
1, (for a general reference see [1]). The R-projectioms
correspond to idempotents in 8+ Note that é is
embedded homeomorphically irito AG’ in fact, as a sub-
group, since for Y0 Yy € G we have Yy X Yy =YYy
the generalized character f$ for vy 1is exactly ¥y
(as a function on G).

The space that will hold our interest is the

closure of é, cG, a compact subsemigroup of A For

G

B a set of symmetric maximal ideals of A B con-

)
sists of all t € 4, for which lH¢n | < gup{[?f(n)!:
m € B}; for if the inequality holds, +t can be extend-
ed to a multiplicative linear functional on C(B)
(since M(G)'\'| B is sup-norm dense in C(B) by the
Stone-Weierstrass theorem), and so Q‘—B_. Thus for
T €4 T € cgG if and only if IU(T)I < Hﬁl]w, for
~all y € M(G). An equivalent formulation is that
H(ETu)AHw_< H;Hm, uEM(G); and to see this,
observe that (E 1) (y) = fyfX du = H(vx0), for

Yy€6, LeEM@G), )= exp |u|. Clearly A

sup{l?l'(OD l: s € c2G} = [1ul], and yxt € c2% for all
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6 DUNKL et al.

Yy & G if and only if 1 € c2G.

Observe that any Raikov projection is an R—pro-
jection. However, Yu. Sreider [8] has constructed an
R-projection which is not a Raikov projection. In our
paper [3] we proved the following:

THEOREM 4., Let ¢: H -~ G be a monomorphism, and

let P be the Raikov projection induced by ¢. Then
1@ ], < [[3l], Thus 7 =E_, for c € cs.

We will describe how Theorem 4 gives the existence

of LCA subgroups of c9,(::, and then characterize the
LCA subgroups of c9G which arise this way.

For further illustrations of the theory of R-pro-
jections we give the following:

PROPOSITION 5. If P is an R-projection and
i) # {0}, then P = I,

Proof. Write P = Es’ € an idempotent in 4.
Then for any u€ M(G), W (y) = r{f(y x ¢), but if
ue€ Ll(G), then ?f= 0 off 6. (Note that € is the
spectrum of Ll(G); see [7, p. 7].) Hence if
PLl(G) # {0}, there exists Y12 Yy GA ¢ such that
Y X €T Yy but then ¢ = Y1 Yy €G, so e=1. O

Recall from Proposition 2 that if P is an R-pro-
jection then P is the identity on Md(G).

EXAMPLE. There exists an LCA group G, and a
bounded algebraic projection P on M(G), such that
PLl(G) = {0}, P is the identity on Md(G),

HeEw < |, all ueM(G), but P is not an
R-projection.

Proof. Let G be an LCA group having subgroups

H and K # {0} such that H has its own LCA
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DUNKL et al. 7

topology, and K is compact, KC H and such that
the injection maps K - H - G are continuous, and not
open. Let PK be the Raikov projection M(G) - M(GK)

induced by K + G, and let PH be the Raikov projec-
tion M(G) - M(GH) induced by H -+ G, Let

T: M(G) » M(G) be defined by
TY = (PHL\)*mK + (60 - mK)*PKu, for u € M(G),

where My is the normalized Haar measure on K. A
direct computation shows that T 1is a projection on
M(G) (note that PHm.K = PKmK = mK).

The Fourier-Stieltjes transform of Tu is given
by

~ L
(PHu) (v), YEK

(TV) (v) = ) N
P (M, YK
(where K‘L is the annihilator of K in 5). Thus
|1 (Tw 7| | < 4] | » and T is an algebraic projec-
tion, which is the identity on Md(G) and
TLl(G) = {0}, To show that T 4is not on R-projection
it suffices to show T(yw) # v Tu, for some Yy € C;,
u € M(G), (since R-projections commute with multiplica-
tion by bounded continuous functions). Let Y ¢ K"',
and let y € Ll(GH) such that ﬁ(l) # 0, then 4
(W) (N = B (v)) () = 0 but (v TW) (V)
= (T (W) = (g (1) = w1) $0. O
DEFINITION 5. Let € be an idempotent in c¢4G.
Then the maximal subgroup of c 26 containing ¢ ,
denoted by H(e¢), is the set {o €c52£3: 0 %X eg= 0,
and there exists Tt € cﬂé such that o x t= e}, It

can be shown that o g H(e) implies lfgl fz

, for

101




8 DUNKL et al.

all u = explll, A € M(G): and for {oa} a net in
H(c), 9 3 0 €H(e) (in the AG topology) if and
only if fGlf;‘a - fgldu >0 for all u = exp|A],
A € M(G). Thus H(ec) has jointly continuous multi-
plication, and is thus a topological group.

DEFINITION 6. For € an idempotent in clé, let

A

P be the continuous map YbP vy X e for v € G.

PROPOSITION 6. For ¢ an idempotent in cfG, o,
is a continuous monomorphism of G with dense range
in H(e). Further cfH(e) = € x c2G = {0 € cfG:

g X e= g},

Proof. Since € 1is an idempotent, Pe is a

~

continuous homomorphism. Now suppose for some Y € G

that € X y = ¢, then for each x € G, (Gx)m(e % v)

€5 (M = (87N = ¥ and (§)™(e *x 1)

(GX) Y(e) = 1; hence v =1 and p_ is a monomor-
phism, Finally e xG C H(e) C € X ¢, and

ctle x6) = ¢ XcS?,(E. O

PROPOSITION 7. Let ¢ be an idempotent in c?G,

then there exists a morphism j: H(e) ~ 8G, the Bohr

compactification of é, which is identified with

(Gd) ", (G is G with the discrete topology).

Further j¢ Pe = i, the canonical injection of G

into gG; so j has dense range.

Proof. For each o€H(e), define a character on
G (hence an element of B(S) by jo(x) = (5x)m(°),
X € G; (jo is a character by the argument of
Proposition 2). Turther if a net {Oa} C H(e) con-

verges to ¢ € H(e), then for each x, jca(x) a*jo‘(x),
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DUNKL et al. 9

since Jo_(x) = (6 )(s) > (6)"(0). Let v €&,
X € G, then jpy(x) = (8 )V x ¢) = (Eedx)a(v)
= () (v) = y&x). O )
DEFINITION 7. Let ¢ be an idempotent in c4G,
then we say L is a good group containing ¢ if L
is a locally compact (in the AG-topology) subgroup of
H(¢) and L Dpe é.
We will show that the good groups arise exactly
as the dual groups of the GH's, the abstract group G
furnished with LCA topologies so that id: GH -G is
continuous. Further there is at most one good group

containing an idempotent.

PROPOSITION 8, Let ¢ be an idempotent in c 16

and let L be a good group containing ¢, then

5 : L >G is a monomorphism onto G.
€ =2

Proof. Since P, * G > 1L has dense range, we see
that o, is a monomorphism. Consider the map j de-

fined in Proposition 7 restricted to L. Then

jo o =41, where i: G > £G. Passing to the duals,
€ R -

~

we obtain 1= p_o j, and 1i: Gy > G. Hence o is
onto. J

A

For notational convenience put ¢ = p e*' Applying

Proposition 1 to the above situation we obtain that ¢
is an isometric isomorphism of M(I:) onto M(Gi)A. We
now show that the Raikov projection induced by Pe
is actually E€.

THEOREM 9. Let € be an idempotent in clé, and

let L be a good group containing €. Then E_ 1is

the Raikov projection induced by Se’ and L is

igomorphic under 55 to Gﬁ’ G with a stronger
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10 DUNKL et al.

LCA topology.

Proof. The action of ¢ can be described as
follows: for u € ML), v € 6, Gu) () = uly x €).
First we show that ¢ M(f..) C EeM(G). Since € € cJL(A},
there exists a net {y } C 6 such that Y, 2 € Let
u € M(L), Y € G then
(o) (v, 1) = By, X ¥ x ) 2 e Xy x &) = (1) (V)
since Ut is continuous on L. But
GW™r Y 2 (40™(e x ¥) hence ($W)™(e X V)
= (ou) (Y), arld so E_ou= ¢éu. To show that
EEM(G) C ¢ M(L), let u be a positive measure in
E M(G) To see that these positive measures span
E M(G), observe that E M= fzu, for u € M(G),

= explu' and f > 0; hence u >0 implies
Eeu > 0. Then the function ulL is positive definite
on the dense subgroup © G of L and is continuous
and bounded on L; note for Y€ G U(Y X €)
= (Eeu) “y) = H(Y). Hence UlL is positive definite
on L, (suppose f 1is a continuous function on a
topological group X and is positive definite on a
dense subgroup Y; then for n=1,2,..., c; < C ,
x, €X for i—l,...,n the expression

i
21 .4 c, r'n f(xj x ) can be approximated by expressions

of the form 21 3 ci'c_:_j— f(yglyi), yie Y, by taking
9

Yyseres¥y close enough to KyseresX respectively,
thus f 1is positive definite on X), and by
Bochner's theorem (see [7, p. 19]) there exists

v EM(I:) such that \:(E X Y) = !1\1(6 x y) for each
Y€ (5 Clearly = ¢V,
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DUNKL et al. 11

Let P be the Raikov projection induced by

A~

Pe> but then P M(G) = M(Gi,) = ¢M(L) = EEM(G). Since
P and Es commute, this shows that P = Ee‘ g
Conversely, let G, be the abstract group G

with an LCA topology stgonger than that of G. Let
P= Ee be the Raikov projection induced by )
id: GH~> G, then & is an idempotent in cG. (see
Theorem 4). Now consider G as a subgroup of éH
(both groups are groups of characters of the abstract
group G), then the morphism ot G > H(e) extends
to GH in the following way: let X & GH
o, where o 1s defined by fg = X fz, for
p = explv], v € M(G).

THEOREM 10. Under the preceding hypotheses,

s, then put

©
bad
]

pEéH is a good group containing € . Further

pe@H = H(e), and H(e) is the maximal subgroup
of A, containing e .
Proof. The topology on éH

Fourier-Stieltjes transforms of the elements of M(GH).

is induced by the

The AG-topology on paéH is induced by the functions
'1\1, u€ M(G). But for u € M(G), ¥ € éH’ we have
0 . N
ﬁ(psx) = (e xp ) = (EW) (PX) = (E,H) (X), where
the last term is the GH—Fourier-Stieltjes transform
3 A -
of E_ uGM(GH). Hence OEGH Ain the c topology

is homeomorphic to éH’ 80 DEGH is LCA, and con-

~

tains peé. Thus DeGH is a good group.
The topologies on the maximal ideal space &g

of M(GH) and on € X AG are both induced by the

e e
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is homeomorphic to e x AG. Indeed, a generalized

character argument shows that A is isomorphic to

Sy

g X AG as a semitopological semigroup (see the re-
mark immediately precéding Theorem 10).

The annihilator of Ll(GH) in € x AG
(e x AG)\DEGH. Now let o € by with o xe =0
(that is, 0 € € X AG), and suppose there exists

is

T € AG such that o x v = €. We now show that
=1 peéH’ For u = exp]kl, X € M(G), we have
|f§| = fz. In particular, let A € Ll(GH), A #0,

and u = exp|A|. Then fg = 1 (|u| almost everywhere),
SO Iful = 1 (|u| almost everywhere). Thus

f§ € L7()), and there exists a bounded continuous

function g on G, such that f £ gd\ # 0. But
GH c

- .1 ~ :
g\ €L (GH) and so o € p_Gy. J

COROLLARY 11, Let ¢ be an idempotent in cXG,
and let L be a good group containing ¢ . Then

L = H(e), and H(e) 1is the maximal subgroup of AG

containing ¢ . Hence H(e) 1is the unique good group

containing ¢ .

Proof. Apply Theorem 10 to Gﬁ' [}

Taylor [9] showed that the maximal subgroup of

AG containing 1 is 6. In a future paper the
authors will present an example of an LCA group G
such that czé contains an idempotent & with H(e)

not locally compact.
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