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Introduction. In chapter I, B = {n;} < Z is shown to be a Sidon set if and only if
(**). For each €T,

N »
Z cnk e tng T
k=1

sup
NeZ+

< M, < oo implies that 3 [c,,| < co.
k=1

Let E < Z* be a lacunary sequence. In chapter 11, it is constructively shown that
the characteristic function of E is uniformly approximable by Fourier—Stieltjes
coefficients;i.e. pz e M (T)*~.

In Chapter ITI, it is shown via the construction in Chapter II that there exists
F < Z* guch that opy_peM(T)~, the von Neumann mean of ¢py_p is 0, but
or¢ M (T)—; also there exists G = Z+ such that ¢g is weakly almost periodic but
ea ¢ M(T)~

Preliminaries. Let T denote the unit circle; Z the integers; CF(Z) the algebra of
(continuous) bounded functions on Z; M(T) the algebra of (bounded) Borel measures
on T'; M(T) the algebra of Fourier-Stieltjes coefficients; and M(T)"~ the completion
of M(T)* < C3(Z) in the sup-norm topology on Z. Let E < Z. If M(T)"|E = CE(E),
then E is said to be a Sidon set. For yeZ, let §, denote the unit point measure at y.

The object of this paper is to study the characteristic functions on Z which are
uniformly approximable by Fourier-Stieltjes coefficients; i.e. the idempotents in
M(T"-.

CraPTER I :

Stechkin ((1); (2), vol. 11, p. 249) has proposed the following question: For what class

of subsets, E, of the integers, Z, does the following conditions hold?

(*) Let E = {n;} < Z.If X c,, e~ is the Fourier series of a continuous function,
k=1
0
then ¥ {c,,| < .
k=1
Condition (*) characterizes Sidon sets ((3), p. 207). This gives a relationship between
Sidon sets and the absolute convergence of Fourier series (see also (5)). In this chapter,

the relationship between Sidon sets and the absolute convergence of trigonometric
series is investigated. We show that E = {n,} < Z is a Sidon set if and only if

+ The author is a research associate of the Office of Naval Research, contract number
N00014-66-CO269.
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616 Doxarp E. RAMIREZ
(**) Foreachuw,

N 0
sup | 3 ¢, e~™% < M, < co implies that 3 [c,,| < co.
NezZ+lk=1 k=1

0

Let E = {n;} < Z be a Sidon set. The trigonometric series ¥ ¢, e "= is called a
k=1

Sidon series. Throughout this paper, we use the convention that |n;| < |74,

e
ProrosrTion 1. Let 3 ¢, e~"® be a Sidon series such that for each ,
k=1

N [
sup | X ¢, e ™% K M, < 0. Then 3 |c,,| < .
Nez+ k=1 k=1

Proof. Suppose that 3, |c,.| = co. Let Aye M(Z) be defined by
k=1

N N
T ol [ 14 3 o
Then |Ay]] < 1and

N .
Mf‘v(x)] = ) by cnke-—mkz
k=1

N N N
/1+ Z el st/l—l- Z gl = 0.

k=1 k=1
Let f be defined on E by f(n;).c,, = |c,|- By a characterization of Sidon sets ((4),
Theorem 3-2), N N
[ f@.d25) = X fim).dying >o.

1

k=
N N N N
But 3T flng).dAy(ng) = Icnkl/1+ T el = 1.
k=1 k=1 k=1
Thisis a contradictionand thus ¥ ¢, | <. 1
k=1

ProrosrtioN 2. Suppose E = {n,} < Z is not a Sidon set. Then E does not satisfy
condition (**).

Proof. If E is not a Sidon set, then as in Theorem 3-2(4) we may find (1)< M(E)
such that supp Ay are finite and pair-wise disjoint, |Ay] = 1, |AM]|» < (3)¥, and such
that if nesupp Ay and mesupp Ay, then |n| < |m|. Let

1

i1 N
A= % 6pb,, and Ay= ¥ ¢,6,,N>1
k=1

k=iy—1+1
M .
Now Y e o™ (MeZY),
k=1
is (pointwise) bounded; but py |cnk| =o. 1
k=1

TaEOREM 3. Let E = {n;} < Z. E is a Sidon set if and only if E satisfies condition (**):
(**) Foreachz,

N

Z cnk e—tng T
k=1

sup
NeZ+

«©
<M, <o implies T |cy) < 0.
k=1
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Uniform approximation by Fourier—Stieltjes ooeﬁicients 617
Remark 4. It is immediate that £ = {n,} < Z is a Sidon set if and only if for all ,

N

—ing
5, Cppemime
k=1

sup
NeZ+

< M < oo implies that 3 |c,,| < co.
k=1

Note that Theorem 3 is an assertion about poiniwise boundedness and not about uni-
form boundedness of the partial sums.

Remark 5. Zygmund ((2) vol. I, p. 249) has shown that condition (**) is satisfied by
lacunary series.

Remark 6. One can replace Z in (**) with any discrete Abelian group and Z+ with
an infinite subset.
CrAPTER IT

Let £ < Z and 4 < CB(Z). We say that E is a strong peak set for A if there exists
fed such that f(x) = 1 on F and [f(z)] < c < 1off B. If ¢ = 1, F is called a peak set.
If E is a Sidon set and a strong peak set for M (T')*, we say that E is a strong peak-
interpolating set. In this chapter, it is constructively shown that for E < Z+, alacunary
sequence, ¢z € M(T)*~ and F is a strong peak set for M(T)".

Let E < Z. A function fe LY(T) such that f = 0 off E is called an E-function. If f is
a trigonometric polynomial, fis called an E-polynomial. If f is real-valued, f is called a
real E-function.

Let £ < Z be such that there exists a constant B such thatif fis areal E-polynomial,
then T |f(n)| < B||f|«. E is called a real-Sidon set.

ProrosiTioN 1. Let E < Z. The following are equivalent:
(A) E is a real-Sidon set.
(B) Every bounded real E-function has Z| f(n)] < 0.

(C) To every bounded, real-valued function ¢ on E there corresponds u€ M(T) such that -

w(n) = d(n)forallne k.

(D) E is a Sidon set.

Proof. That (A) implies (B) and (B) implies (C) follow by modifying a theorem of
Rudin ((6), p. 121).

That (C) implies (D) follows by ((6), p. 123).

Clearly (D) implies (A). 1

LemMA 2. Let E < Z. E is a strong peak set for M(T)*~ if and only if o € M(T)*~.

Proof. Let E be a strong set for M(T')*~. Then there exists fe M(T')*~ such that f = 1

onEand|f| <c < loffE.
Clearly f* > oz 1

Prorosrrion 3. Let E < Z be a Sidon set. E is a strong peak set for M(TY*~ if and only
if E is a strong peak set for M(T)*.

Proof. Since E is a Sidon set, there exists a constant B > 1 such that if ¢ e CB(E),
there exists u € M(T') such that u* = ¢ on E and ||ul| < B|¢|| g, (3, p. 207).

Let ve M(T) be such that [* -9z, < 1/4B.

Let ue M(T) be such that u*(n) = 1/v*(n) for ne E and ||p*,, < |#] < 2B.

B




618 Dowarp E. RaMIREZ
Let A = p*ve M(T).
A*=1on E and for n¢ E, |A\(n)] = [p*(n).v*(n)] < 2B.(1/4B)=3. |
ProPOSITION 4. There exist strong peak sets for M(T) .
Proof. Let E = {n,} < Z* be such that n; ,/n,;, > 3. Consider the Riesz product

[ee] K

I (1 4oy cosn,z) represented by 1+ ¥ v coske;
k=1 k=1
m Vm
ie. I (1+a,cosn,x) =1+ X v, coskx.
k=1 k=1

v, = 0 unless
keS8 ={n;, tm, tm; +..199 >4 > i3> ...} ((7),p.208).
Leta;, = 1. Substituting

Y cos (n;+n;)x+%cos(n,—n;)x for cosm;xcosn;z,
one has for

k=mn,tn tn,+...£0,, With 44> >G> 0>, that vy, = 1j2™.

Thus ¥y, = 1 when keF and 0 < y;, < } otherwise. Let y, = 1 and y_; = 4. Thus
{3(7,)} are the Fourier-Stieltjes coefficients of a measure e M(T) ((7), p. 209). Thus
Eu —E v {0} and B u —E are strong peak sets for M(T)". 1

TrEOREM 5. Let E = {n;} be a lacunary sequence; i.e. ny4/n; > q > 1. Then Ev — K
18 a strong peak set for M(T)* and ¢py_ge M(T)*~.

Proof. Every lacunary sequence, E, is a finite union of lacunary sequences,
E,,E,,....,E, with g, > 3 ((6), p. 127). By the proof of Proposition 4, E;u —E, is a
strong peak set for M (T)*. Thus E v — E is a strong peak set for M(T')*, so by Lemma 2,
egu-ge M) 1

PROPOSITION 6. There exist strong peak-interpolating sets.

Proof. Let E be as in Theorem 5. Euv —E is a strong peak set. But Ev—F is a
Sidon set since every bounded function on E can be matched by a function u*(n)
where u is a real measure ((3), p. 210; (5), p. 8). |

It is well known ((14), p. 134) that if u*e M(T)" is such that u*(n) > 0 as n - +oc0,
then u*(n) — 0 as n - —oco. We prove this result for completeness. It is natural to ask
whether a similar result holds for M(T')*~. We show that this conjecture is false by
proving that for a lacunary sequence E < Z*, oz e M(T)*~.

ProOPOSITION 7. Let u*e M(T)* be such that u*(n) - 0 as n - +o0. Then p*(n) -0
asn —> —QO,

Proof. Let # > 0. Then p*(—n) = u*(n). So the proposition is clearly true in this case.

Let u* € M(T')" be such that u*(n) - 0 asn - + co. By the Radon~Nikodym theorem
((9), p. 181) there exists fe L1(|u|) such that |u| = fdu. Let g.(x) be a trigonometric
polynomial such that ||g.du—fdu| < €. Since (g.du)* (n) =0 as n - 400, the same is
true for (fdu)*, and so for |u|*. Since |x] > 0, |x|* (n) > 0 as n— —o0. Let u = hd|u|
for he L'(|u|). Let k, be a trigonometric polynomial such that |k,d|u| —d|p|| < €.
Since (kd}x|)* (n) > 0 asn - — oo, the same is true for (hd|u|)*, and so for u*. |
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TaEOREM 8. Let B = {n,} < Z+ be a lacunary sequence. Then oge M(T)*~ and
E is a strong peak set for M(T) .

Proof. We may assume that n,,,/n; > 3. It will suffice to show that ¢_z e M(T)*~.

As in Proposition 4, we consider the Riesz product [J (1 + ¢, cosn,x) represented by

k=1
©

1+ v coskx. Let o, = 1. For
k=1

. .o s , 11
with ¢y >4, >4y > ... %

k=n “tm Yk = gmgm-

L TR X (PP 3 [

And Yk = O,

Tm?

otherwise. Thus there exists e M(T) such that u*(n) = $(}) on Ev —E,u"(0) = 0,
and 0 < p*(n) < (i) otherwise.
Now consider the Riesz product

I1 (1 +B;sinn,x) represented by 1+ X a;coskx+ b, sinke.
k=1 k=1

Let 5, = 4. Let

k=mn, tn, tn +...4n,, with 45> >d> ... >y,

then
(i) form =0, a;, = 0 and b, = §,
(ii) form > 1,either @, =0 and bk=i2im3%+1,
1 1
or b,=0 and U= toms.

And a; = 0 = b; otherwise. Let Ae M(T') be a measure with Fourier-Stieltjes co-
efficients ¢, such that ¢, = 0 and forn + 0

Cen = Hatib,); Lo AN(—my)=oc, = }—ib) = —il,
No(y) = ¢y = 3H) = b,
and [A(n)| < b(z) otherwise.
Let v = tp—A, so v* = ip*— AN
Thus W(—my) = ih—(—4}) =i}, V(n) =i}~ (i}) = 0, »40) =0,
and [m)] < [ptm)] +|Am)] < s +ds =15
otherwise. Thus — Z is a strong peak set for M(T')* and so o_ge M(T)Y*~. |

CororraryY 9. Let E < Z+bea lacunary sequence. Then E is a strong peak-interpolating
sel.

Proof. E is a Sidon set ((6), p. 127). 1
We now generalize Theorem 8.

ProrosrrioN 10. Let E = {n,} < Z be a Sidon set such that pze M(T)*~. Then for
F < B,ope M(T).

STy




620 Doxarp E. RAMIREZ
Proof. Let ¢ € CB(E) be such that ¢(n) = 1on F and 0 off. Let pe M(T') be such that
pMn) = ¢(n) on E. Then o5 = gpute M(T)*~. |
Remark 11. Let E < Z+ be a lacunary sequence. Theorem 5 shows that
¢my_geM(T)Y.
Proposition 10 implies that ;e M(T)*~. Theorem 8 gives this result constructively.
ProrosITION 12. Thereis e M(T) such that if f = u*|Z—, then there exists no ve M(T)
such that v*|Z— = f and ||, = |f]«

Proof. Let E < Z* be an infinite set such that ¢pze M(T)*~. Thus there exists
pe€ M(T) such that |#*—egll. < 7. Suppose ve M(T') was such that v* = p* on Z~
and |v*, = |#*|Z7|. Then z—A would be such that (#—A)* = 0 on Z~ and thus
absolutely continuous ((6), p. 168). But (x —A)* () 4> 0asn >oo. |

Let E <= Z. We call E an extension set if for all ue M(T') and e > 0, there exists
ve M(T) such that v*|E = p*|E and [, < [#"|E] - +e.

Levyma 13. Let E < Z. Define I(E) = {p*e M(T)*: p* = 0 on E}. The following are
equivalent:

(A) E is an extension set

(B) "B, = inf{a" + A% o2 A" e I(E)}.

Proof. Immediate from the definition of an extension set. |

Prorosrrion 14. If E is a strong peak set for M(T)*, then E is an extension setf.

Proof. We follow a proofin ((12), p. 417). Clearly || 4*| B, < inf{[p*+A%,: A" e [(Z)}.

Let v ¢ M(T)" be such that 1* = 1 on B and |»*| < ¢ < 1 off E.

Let Aj = (v)*.p*—p*. Thus A}, e I(E) and

ler + Al < 1@+ 2| Bl + [ (0 + A2)| 2\ B oo < || B o +] "] ™

Thus £ is an extension set. |

CorOLLARY 15. If E is a Sidon set and oz M(T)'~, then E is an extension set; in
particular lacunary sets are extension sets.

Proof. Lemma 2 and Proposition 3. 1

CoroLLARY 16. If E is a Sidon set and oz M(TY-, then for ¢ > 0 and fe CB(E),
there exists v* € M(T)* such that V| E = f and |, < |V*|E],+e.

Proof. Since E is a Sidon set, there exists u* € M(T')* such that u*|E = f. Now use
Corollary 15. 1

ProPOSITION 17. Z— is not an extension set.

Proof. The proof of Proposition 12. |

Remark 18.1 Let E = {n;} = Z+. Denote by E(E,n) the number of representations
of neZ in the form n = tn, Tn,+...tn;, 1 < g < ... < %, Suppose that there

t After this paper had been prepared, the author learned from Dr Robin Chaney that D. Rider
[Gap series on groups and spheres, Canad. J. of Math. 18, (1966), 389-398] has shown that if
E < Z is such that R,(E, 0} < B*, then or € M(T)*~.
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exists a constant B such that B (E,n) < B?, seZ+,ne{0}u E. Then ¢z e M(T)"~. This
follows as in Theorem 8 and ((6), p. 124).

Remark 19. Let E;, E, < Z be Sidon sets. If o5 € M(T')*~, then E, v E, is also a
Sidon set. Thus it is natural to ask if ¥ < Z is a Sidon set, then is ¢z € M(T)*~ ¢

CrartEeR T11

Let fe CB(Z). For ye Z, we define f,(z) = f(x—y). Let fZ be the Stone-~Cech com-
pactification of Z. f is said to be weakly almost periodic if for all sequences {y,} < Z
there exists a subsequence {y;} such that {f,} converges weakly in C®(Z); i.e. there
exists f’ € CB(Z) such that for all u# e M(BZ), p#(f,) - p(f").

Let WAP(Z) denote the weakly almost periodic functions on Z. For fe WAP(Z),
let #(f) be the von Neumann mean of f(10). Since M(T)"~ < WAP(Z), ((10), p. 233),
it 1s natural to ask whether there exists fe M(T)*~ with .#(f) = 0 and such that
Fooge ¢ M(TY=1

ToarorREM 1. There exists opy_pe M(T)'~ with M(ppy_g) = 0 such that F < Z+
and ¢pé M(TY.

Proof. Let E = {n;} < Z* be such that n,,,/n; > 3. Let F = {n,+n;:i > j}. By
the proof of Proposition 4, Chapter II, and since gz y_ge M(T)*, it follows that
opu_r€M(T)~. Direct computation yields #(¢zy_p) = 0. That ¢z¢ M(T)*~ will
follow by the subsequent Lemma. |

Let {f.} < CB(Z). f,, - 0 quast-uniformly on Z if for all € > 0 and N > 0 there exist
Ny, Mgy .., Ny, > N such that

supmin{|f, (¥)|, l <t <m} <e (yeZ).
Leuma 2. With the notation of Theorem 1, opé WAP(Z).

Proof. Consider (pp)y,, 7€ E. (95)n, = Pr u g Pointwise on Z. If o€ WAP(Z), then
there would exist a subsequence {n;} < {n,} such that (pp),, > ¢gu _r weakly, and
hence quasi-uniformly ((9), p. 281). But (¢5),, +> ¢z u —g quasi-uniformly. 1

CoroLLARY 3. With the notation of Theorem 1, F v — F is not a Sidon set.

Proof. ppy .y M(T)*~ by the proof of Theorem 1. Now use Proposition 10, Chapter
IT, and Lemma 2. |

Remark 4. Professor Irving Glicksberg has shown [unpublished] that there exists
we M(T), #(u") = 0,such that p*.¢,,¢WAP(Z). The author is indebted to Professor
Glicksberg for communicating to him this earlier result: Let x € M(T') be a non-trivial
continuous measure on a perfect Kronecker set, P. Thus, #*(n) > 0 as n - 00 ((6), p. 119).
Thus there exist {n;} < Z* such that |u*(n;)] > € > 0, and ve M(P) a weak* limit of
fe~im=du(x)}. So v £ 0 and v*(—m)+4>0 as m - + oo (see Proposition 7, Chapter II).
Thus there exist {m;} < Z*+ such that |[1*(—m;)| > § > 0. Now

lim lm (#*.¢z+) (n —my) = lim Y (~m;) 40 and limlim (u*.94+) (n,—m;) = 0.

i k i I |
Thus p*.¢,+ ¢ WAP(Z) ((11), p. 91).

1 See Berglund and Hofmann, Compact Semitopological Semigroups and Weakly Almost
Periodic Functions (Springer—Verlag, Berlin, 1967), p. 148 for related questions,

39 Camb. Philos. 64, 3
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622 Doxarp E. RamMmrez

Let £ < Z be such that (£ +y,) n (£ +v,) is finite for all y; + y, in Z. F is called a
T-set. Let Wy(Z) = {fe WAP(Z): M (f) = 0}. We show that there exists £ < Z such
that o€ WAP(Z) but oz ¢ M{T)*.

ProrosITION 5. Let E < Z be a T-set. If fe CB(Z) is such that the support of f is E,
then fe Wy(Z).

Proof. This result is proved in ((13), p. 218). We give a proof using quasi-uniform
convergence.

Let {n,} < Z be an infinite sequence of distinct integers. Let IV be any given integer
and ¢ > 0. To show fe WAP(Z) it suffices to show that there exists g e CB(Z) such that
foj =>4 weakly for some subsequence {n;} < {n,}.

Suppose there exist p,geZ such that f, (p) + 0 + £, (q) for infinitely many i,
then (suppf—p) ~ (suppf—q) is infinite. So p = q.

Case 1. limf, (k) = 0 for all keZ:suppfy nsuppfy,, is finite, say {k;,...,%,}.

i

By the case assumption we can find ng, ...,n, > N such that |f,.(k;)| <€, 3 <i<m.
Let n, = N and ny = N +1. Then sup min {|f,.(k)|:1 < % < m} < e. Any subsequence

of {f,} has the same properties. In thls case, fe Wy(Z) since f, — 0 pointwise ((9),
p. 281).

Case 2. Suppose there exists a unique k€ Z such that lim supf, (k) +0:
Taking a subsequence if necessary, we may assume that hm I (k) # 0. Agin Case 1,
we may find n,, ..., n,, > IV such that

supmm{]fni(lc)—g(k)[: 1<i<m}<e,
kez

where g(n) =0 for n+k and g(k) = limf, (k). f, (k) —>g(k) pointwise, and for

{n;} < {ns}, fa; > g quasi-uniformly, thus f, —g weakly.
By the remark before Case 1, we have covered all possible cases. Hence fe WAP(Z).
Finally, wenote that there alwaysexists{n;} < Z satisfying Case 1. Hence fe W,(Z). 1

COROLLARY 6. Let E = {nk!,1 <n <k, k=1,2,3,...}.ogc WAP(Z).
Proof. E is a T-set ((13), p. 217.) |

THEOREM 7. Let B = {nk!,1 < n <k, k= 1,2,3,...}. Then oz ¢ M(T)*-.
Proof. Recall ((2), vol. 1, p. 91) that there exists ¢ > 0 such that

f} sin nx <o
for any x and any k. n=1 T
k
LetS,= X la,nd
n=1
1 1 1
Ak=ZSv—(_E6_k 73 Bl —ak!+8kl+%82kl+“‘+—8k.k!)'
Thus “Ak" =1 and lAk x)l = 28 l2 _(e_"‘klw_emnk' )
k sinnklx 1
2Sk 2@n§ E;C—>0
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Thus by the characterization of M(T')*~, ((4), Theorem 1.9), if o ;€ M(T)*~, then

fz%d/\k—w. But fchEdaﬁ%.
So ope M(T)Y-. 1

CoroLrarY 81, M(T)*~ + WAP(Z).

Remark 9. Corollary 8 was proved in ((13), p. 216) using a deep trigonometric in-
equality. The proof in this paper uses only elementary inequalities.
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