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Introduction. In chapter I, E = {nk} c Z is shown to be a Sidon set if and only if
(**). For each XCT,

N
sup ~ c~heGnk z 6 Mz < w implies that 5 Icnk/ < co.

N.cZ+k=l k=l

Let E c Z+ be a lacunary sequence. In chapter II, it is constructively shown that
the characteristic function of E is uniformly approximable by Fourier-Stieltjes
coefficients; i.e. PE● M(T)’–.

In Chapter III, it is shown via the construction in Chapter II that there exists
F c Z+ such that TF” _F e M(T)’-, the von Neumann mean of q~u .F is O, but

VP ~M(T)’-; also there exists G c Z+ such that q~ is weakly almost periodic but
qa # M(T)’–.

Preliminaries. Let T denote the unit circle; Z the integers; CB(Z) the algebra of
(continuous) bounded functions on Z; M(T) the algebra of (bounded) Borel measures

on T; M(T)’ the algebra of Fourier-Stieltjes coefficients; and M(T)”– the completion
of M(T)A c CB(Z) in the sup-norm topology on Z. Let E c Z. If M(T)A[E = C~(E),
then E is said to be a A’idon set. For y c Z, let 8Vdenote the unit point measure at y.

The object of this paper is to study the characteristic functions on Z which are

uniformly approximable by Fourier-Stieltjes coefficients; i.e. the idempotents in
M(T)’-.

CHAPTER I

Stechkin ((I); (2), vol. D, p. 249) has proposed the following question: For what class
of subsets, E, of the integers, Z, does the following conditions hold?

(*) Let E = {nk] c Z. If k~l Cnke-tnt’ is the Fourier series of a continuous function,

then ~ lc.~l < co.
k=l

Condition (*) characterizes Sidon sets ((3), p. 207). This gives a relationship between

Sidon sets and the absolute convergence of Fourier series (see also(5)). In this chapter,
the relationship between Sidon sets and the absolute convergence of trigonomet~ic
series is investigated. We show that E = {nk} c Z is a Sidon set if and only if

t The author is a research associate of the Office of Naval Research, contraot number
‘NOO014-66-C0269.
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(**) l?oreachz,

Let E={nk}~Z bea8idon set. The trigonometric series ~ c.ke-i”k’is calleda
k=l

Sidonseries. Thoughout ttispaper, weusethe convention that Inzl < ln~+ll.

PROPOSITION1. Let ~ cn~e-ink’ be a Sidon series such that for each x,
k=l

N
sup ~ Cnbe–% z GMZ <m. Then ~ lcn~l < m.

NEZ+ k=l k=l

Proof. Suppose that ~ lc.~l = co. Let h~ e M(Z) be defined by
k=l

Let f be detied on E by f(nk). C.k= lc~k[.By a characterization of Sidon sets ((4),

Theorem 3.2), P N N

But

This is a contradiction and thus $1 Ic.tl < co. I

PROPOSITION2. Suppose E = {nk} c Z is not a Sidon set. Then E does not satisfy

condition (**).

Proof. If E is not a Sidon set, then as in Theorem 3“2 (4) we may find (~~) c M(E)

such that supp AN are fite and pair-wise disjoint, IIA,v)l= 1, IIAfillo < (~)N, and such

that if n ~ supp & and m e supp JN+~,then Inl < [ml. Let

M

Now ~ cn~e<nkz (ME Z+),
k=l

is (pointWise) bounded; but i Icnk[= co. I
k=l

THEOREM3. Let E = {nk] c Z. E is a Sidon set if andonly if E satis$escondition (**):
(**) For each z,

N
sup ~ Cmke‘@X < MZ < co implies j Icnkl< m.

NGZ+ k=l k=l
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Remark 4. It is immediate that E = {r+} c Z is a Sidon set if and only ii’ for all x,

Note that Theorem 3 is an assertion about pointwise boundedness and not about uni-
form boundedness of the partial sums.

Remurlc 5. Zygmund ((2) vol. n, p. 249) has shown that condition (**) is satisfied by
lacunary series.

Remark 6. one can replace Z in (**) with any discrete Abelian group and Z+ with
an infinite subset.

CHAPTERII

Let E c Z and A c C’B(Z). We say that E is a strong peak $et for A if there exists
feA such that j(z) -1 on E and l~(z)l < c <1 off E. If c = 1, E is called a peak set.
If E is a Sidon set and a strong peak set for M(T)’, we say that B is a strong peak-
interpolating set. In this chapter, it is constructively shown that for E c Z+, a lacunary

sequence, q~ e M(T)’– and E is a strong peak set for M(T)”.
Let E c Z. A function f e L1(T) such that ~ = O off E is called an E-function. If ~ is

a trigonometric polynomial, t is called an E-polynomial. If ~is real-valued, ~ is called a
real E-@nction.

Let E c Z be such that there exists a constant B such that iff is a real E-polynomial,
then Z lj(n) I < Blljll ~. E is called a reai-llidon set.

PROPOSITION1. Let E c Z. The following are equivalent:
(A) E is a real-~idon set.
(B) Every bounded real E-function has Zl~(n)] c co.

(C) To every bounded, real-valued function $ on E there wrrespondsp e M(T) such that
p’(n) = #(n) forallncE.

(D) E is a tlidon set.

Proof. That (A) implies (B) and (B) implies (C) follow by modifying a theorem of
Rudin((6), p.121).

That (C) implies (D) follows by ((6), p. 123).

Clearly (D) implies (A). 1

LEMMA 2. Let E c Z. E is a ~trongpeak setfor N(T) A- if and only if p~ e M(T)’-.

Proof. Let E be a strong set for M(T)’-. Then there exists f ● M(T)’- such that fs 1

onE and /fl < c c 1 offE.
Clearly f“ + ~~. I

PROPOSITION3. Let E c Z be a Sidon set. E is a stro~peak set for M(T)’- if and only
if E is a strong peak set for M(T)’.

Proof. Since E is a Sidon set, there exists a constant B 21 such that if $ ~ CB(E),
there exists p e M(T) such that p’ = #on E and Ilpll < Bl]@ll~, ((3), p. 207).

Let veM(T) be such that IIvA–q~l[ ~ < l/4B.

Let p c M(T) be such that p’(n) = 1/v’(n) for n e E and llp’[l~ < I[pll < 2B.
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Let A=p*ve M(T).
A’ -1 on E and for n#E, 1~’(n)l = lp’(n). vA(n)\< 2B. (1/4B) = ~. I

PROPOSITION4. There exist strong peak sets for M(T)’.

Proof. Let E = {nk} c Z+ be such that n~wlln~ >3. Consider the Riesz product

R (1+ ak cos nkz) represented by 1 + 5 y~ cos kx;
k=l k=l

i.e. H (l+akcosnk~) = 1+ ~ ykcoskz.
k=l k=l

yk = O unless

k~S={ntO ~n#ni,i-.. .:i O > il > iz > . ..} ((7), p.208).

Let ak = 1. Substituting

&COS(nt +nj) X+ $ COS(nt – nj) X for COSntXcosnjx,
one has for

Thus yk = I when k e E and O < yk < ~ otherwise. Let y. = 1 and y.~ = y~. Thus

{~(~k)} are the Fourier-Stieltjes coefficients of a measure peM(T) ((7), p. 209). Thus
E u – E u {O} and E u – E are strong peak sets for M(T)’. [

THEOREM5. Let E = {nk} be a hx.nzary sequence; i.e. nkqllnk > q >1. Then E u – E

is a strong peak set for M(T)A and $’BIJ-B~M(T)’–.

Proof. Every lacunary sequence, E, is a finite union of lacunary sequences,

EI, EZ,..., E. with qi>3 ((6), p. 127). By the proof of Proposition 4, Ei u – Et is a
strong peak set for M(T)A. Thus E u – E is a strong peak set for M(T)’, so by Lemma 2,

~E U -E e ‘(T)’-” 1

PROPOSITION6. There exist strongpeak-interpolating sets.

Proof. Let E be as in Theorem 5. E u – E is a strong peak set. But E u – E is a
Sidon set since every bounded fimction on E can be matched by a function pA(n)

where p is a real measure ((3), p. 21O; (!0, p. 8). I

It is well known ((14), p. 134) that if p’ ~M(T)A is such that p’(n)+- O as n+- + co,
then p’(n) ~ Oas n ~ – co. We prove this result for completeness. It is natural to ask
whether a similar result holds for M(T) ’-. We show that this conjecture is false by

proving that for a lacunary sequence E c Z+, q~ c M(T~-.

PROPOSITION7. Let p’ e M(T)A be such that p’(n)+- O as n ~ + m. Then p’(n)+- O
asn+ —co.

proof. Let p >0. Then p’( – n) = p’(n). So the proposition is clearly true in this case.

Let p’ e M(T)’ be such that p’(n) ~ Oas n G + co. By the Radon–Nikodym theorem
((9), p. 181) there exists f ~L1(Ipl) such that IPI = fdp. Let g,(z) be a trigonometric

polynomial such that Ilg.dp – f dpll < e. Since (gedp)’ (n) ~ Oas n ~ + m, the same is
true for (fdp)”, and so for IPIA.Since IPI >0, Ip\A(n) ~ O as n+ –co. Let p = hdlp]

for h cL’(IPI ). Let k. be a trigonometric polynomial such that Ilk.dlpl – hdlpl II< e.

Since (k.dlpl)’ (n) ~ oasn +- – co, the same is true for (hdlpl ~, and so for p’. I
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THEOREM 8. Let E = {n~} c Z+ be a lacunary sequence. Then q~ c .M(T)A- and
E is a strong peak set for M(T)’.

Proof. We may assume that n~+l/n~ >3. It will suffice to show that q_~ e M(T) A-.

As in Proposition 4, we consider the Riesz product R (1+ a~ cos n~x) represented by
k=l

otherwise. Thus there exists p ~M(T) such that p’(n) = ~($) on E w – E, PA(0) = O,
and O < p’(n) < ~(+) otherwise.

Now consider the Riesz product

H (1 +P~ sin n@) represented by 1+ ~~1 akcos kz + bz sin kz.
k=l

Let /?~ = ~. Let

k=ni,hnilkni,~...kni~, with io>il>iz> . . . >i~,
then

(i) form =0, a~=Oandb~=~,

(ii) form > l,either ah= O and bk = +~~1,

11
or bk=o and a~=~——2rnZm+l.

And ak = O = bk otherwise. Let A e M(T) be a measure with Fourier-Stieltjes co-
efficients cmsuch that co = Oand for n + O

Let v=ip–~, so fl=ip’-h’.

Thus V’( – nk) = ‘i&– ( – ‘i&)= ii, v’(n~) = ii – (ii) = (), VA(0)= (),

otherwise. Thus – E is a strong peak set for M(T)A and so ~_* e M(T)’–. I

COROLLARY9. Let E c Z+bea kwunay sequence.Then E is astrongpeak-interpolating
set.

Proof. E is a Sidon set ((6), p. 127). I

We now generalize Theorem 8.

PRoPosmIoN 10. Let E = {nh} c Z be a i%don set such that q~ e M(T)’-. Then for
F c E, q)r e M(T)’-.
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Proof. Let @~ C~(E) be such that ~(n) = 1 on F and Ooff. Let p ~ M(T) be such that

p’(n) = +(n) on E. Then CPF= q~p’~ M(T) A-. I

Remark 11. Let E c Z+ be a Iacunary sequence. Theorem 5 shows that

VEU -E= ‘( T)”--

Proposition 10 implies that q~ ~M(T)’-. Theorem 8 gives this result constructively.

PROPOSITION12. !I%ereis p e M(T) such that i~~ = pA\Z-, then there exists no v e M(T)
such that VA]Z- = fund IIvAI]Q= llfll~.

Proof. Let E c Z+ be an infinite set such that q~ 6 M(T)’-. Thus there exists
pe.lf(!l’) such that IIPA–q~llm < ~. Suppose VE ~(~) Wa$ such that VA-PA on Z-
and l]v’]]~ = 1)vAIZ–l\~. Then p – 1 would be such that (p – 2)’ = O on Z- and thus
absolutely continuous ((6), p. 168). But (p —~)’ (n) ~ Oas n -+ m. [

Let E C=Z. We call E an extension set if for all p e M(T) and e >0, there exists
veM(T) such that VAIE= pAIE and [lvA[l@< [[pAIEll~+e.

LEMMA 13. Let E c Z. Define I(E) = @• M(T)A: p’ = O on E}. The following are
equivalent:

(A) E is an extension set

(B) \lpA]E\l@= inf{llp’ + ~’11~:A’ eI(E)}.

Proof. Immediate from the definition of an extension set. I

PROPOSITION14. If E is a strong peak set for M(T)’, then E is an extension set.

Proof. We follow a proof in ((12), p. 417). C1early [lpAIE[/@< inf{llp’ + ~’11~:A’ cl(E)].
Let v’eM(TYbe such that v’ = 1 onE and Iv’] < c c 1 offE.

lliuA+Wcns II(PA+M)P%+ \l(/-LA+AW\WlCa
Thus E is an extension set. I

COROLLARY15. If E is a 15’idonset and y~ CM(T)’-,
particular lacunary sets are exten8ionsets.

Proof. Lemma 2 and Proposition 3. I

COROLLARY16. If E is a A’idon set and ~~cM(T)A-,

~ IIPAWI’=O+ llPAllmCn”

then E is an extension set; in

then for e >0 and f ~CB(E),
there ezists v’ e M(T)A such that VA]E= f and IIVAI]~ < 1]VAIE][~ + e.

Prooj. Since E is a Sidon set, there exists p’ e M(T)A such that pAIE= f. Now use

Corollary 15. I

PROPOSITION17. Z-is not an extension set.

Proof. The proof of Proposition 12. 1

Remark 18.~ Let E = {nh} c Z+. Denote by R.(E, n) the number of representations

of ncZ in the form n= hnilknizk... kni,, il <iz < .. . c is. suppose that there

t After this paper had been prepared, the author learned from Dr Robin Chancy that D. Rider
[Gap series on groups and spheres, Caned. J. of Math. 18, (1966), 389-398] has shown that if
E c Z is such that R8(E, O) G B’, then qJBe M(T) ’-.
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exists a constant B such that R~(E, n) < Bs, s e Z+, n e {0] v E. Then p~ GM(T)”–. This
follows as in Theorem 8 and ((6), p. 124).

Remark 19. Let El, Ez c Z be Sidon sets. If qE, e M(T~–, then El u Et is also a

Sidon set. Thus it is natural to ask if E c Z is a Sidon set, then is q~ e M(T)’- ?

CHAPTERIII

Let fe C~(Z). For ye Z, we define ~U(Z)= ~(z – y). Let /32 be the Stone-~ech com-
pactification of Z. j is said to be weakly almost periodic if for all sequences {y.} c Z

there exists a subsequence {yt) such that {~wi} converges weakly in CB(Z); i.e. there

exists $’ ~ CB(Z) such that for all@’ e M(@Z), p~(fUJ -+ @(j’).
Let WAP(Z) denote the weakly almost periodic functions on Z. For fe WAP(Z),

let ~(~) be the von Neumann mean ofj(lo). Since M(T)’- c WAP(Z), ((lo), p. 233),

it is natural to ask whether there exists ~~ lt.f(Z’)A– with ~(f) = O and such that

j.qZ+@M(T)A-.~

THEOREM 1. There exists q~” _T ● M(T)’- with ~(q~” _~) = O such that F c Z+
and q~ # M(T~–.

Proof. Let E = {nk} c Z+ be such that nk+Jnk >3. Let F = {ni &nj: i > j}. By

the proof of Proposition 4, Chapter II, and since q~ ~ _~ e M(T)’-, it follows that

qr U -E’E ‘(T)’-” ‘irect computation fields ‘(TF U -F) = 0“ ‘hat ~F ~ ‘(T~- ‘ill

follow by the subsequent Lemma. I

Let {f.} C CB(Z).f. +- Oquasi-uniformly on Z if for all ~ >0 and N >0 there exist
nl, ng, . . .. n~ > N such that

supmin{lj.t(y)l, 1 < i < m} < .s (y6Z).

LEMMA 2. With the notation of Theorem 1, cpm# WAP(Z).

Proof. Consider (~~).~, n~● E. (q~).~ ~ q* U_~ pointwise on Z. If q~ e WAP(Z), then
there would exist a subsequence {ni} ~ {n~} such that (~F)~i -+ qE u –z wea~y, and
hence quasi-uniformly ((9), p. 281). But (rpm).j++ q~ u _E quasi-uniformly. I

COROMY 3. With the notation of Theorem 1,1’ u – F is not a Sidon set.

Proof. q~ u_~ ~M(T)’- by the proof of Theorem 1. Now use Proposition 10, Chapter

II, and Lemma 2. 1

Remark 4. Professor Irving Glicksberg has shown [unpublished] that there exists
p~ M(T), ti(p’) = O,such that p’ .~z+ #WAP(Z). The author is indebted to Professor

Glicksberg for communicating to him this earlier result: Let p e M(T) be a non-trivial

continuous measure on a perfect Kronecker set, P. Thus, p’(n)-+ Oas n ~ cc ((6), p. 119).
Thus there exist {n~} c Z+ such that lp’(n~) I > e >0, and v~ M(P) a weak* limit of
{e-i”%,,a(x)}. So v ~ O and v’( - m) ~ O as m ~ + m (see Proposition 7, Chapter II).

Thus there exist {mj} c Z+ such that IVA(– mj) I >8>0. Now

limlim (#. qZ+) (n~–mj) = li~mfl( –mj) -PO and li; lifm(#. qZ+) (nk– mj) = O.
k

Th;s p’. qz+ # WAP(Z) ((11), P. 91).

~ see Berglund and Hofmann, compact Se?nitopologicalSe?nigroups and Weakly &?to8t
Periodic Fumtiom (Springer-Verlag, Berlin, 1967), p. 148 for related questions.

39 Carob.Philos.64, 3
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Let E c Z be such that (E+ yl) n (E + Yz) is finite for all yl + Vz in Z. E is called a

T-set. Let WO(Z) = {je lVAP(Z): 4 (f) = 0}. We show that there exists E c Z such
that q* c WAP(Z) but 9E #M(T)A-.

PROPOSITION 5. Let E c Z be a T-set. If f e CB(Z) is such that the suppott of f i$ E,
thenf e WO(Z).

Proof. This result is proved in ((13), p. 218). We give a proof using quasi-uniform

convergence.
Let {ni} c Z be an infinite sequence of distinct integers. Let N be any given integer

and e >0. To show f e WAP(Z) it suffices to show that there exists g ~ C~(Z) such that
fwj-+ g weakly for some subsequence {nj} = {n,}.

Suppose there exist p, g ~Z such that f.i(p) + O + f.i(q) for infinitely many i,
then (suppf –p) n (suppf – q) is infinite. Sop = q.

Case 1. limfnj(k) = O for all k e Z: suppf~ o supp f~+l is finite, say {ko,... , km}.
‘i

By the case assumption we can find n~, ..., n~ > N such that ]f~i(ki)] < e, 3 < i < m.

Let nl = N and nz = N+ 1. Then sup min {1f.i(k) \:1< i < m} < e. Any subsequence
kcZ

of {f~i} has the same properties. In this case, ~e WO(Z) since f.i ~ O pointwise ((9),

p. 281).

Case 2. Suppose there exists a unique ~< Z such that lim supfn,(i) + O:
Taking a subsequence if necessary, we may assume that lim f.i(~) + O.As in Case 1,

we may find nl, . . .. n~ > N such that ‘i

Supmin{lfni(lc)- g(lc)[ : 1 < i < m} < e,
keZ

where g(n) = O for n + ~ and g(~) = limf~$~). f~i(k) ~ g(k) pointwise, and for

{nj} c {n~}, fnj +- g quasi-uniformly, thus ~ni~ g weakly.
By the remark before Case 1, we have covered all possible cases. Hence f e WAP(Z).
Finally, wenotethat there always exists{nt} c Z satisfying Case 1. Hence f e ~(Z). I

COROmARY 6. Let E = {nk!, 1< n s k, k = 1,2,3, . ..}. q~~ WAP(Z).

Proof. E is a T-set ((13), p. 217.) I

THEOREM 7. Let E = {nk !, 1< n < k, k = 1,2,3, . ..}. Then ~~#M(T)I’-.

Proof. Recall ((2), vol. I, p. 91) that there exists c >0 such that

for any x and any k.

Let Sk = ~$1 land

1

Thus ll~kll= 1 and IA;(x)
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Thus by the characterization of M(T)’--, ((4), Theorem 1.9), if ~~ ~ M(T)’-, then

COROLLARY 8~. M(T) ’-+ WAP(Z).

Remark 9. Corollary 8 was proved in ((13), p. 216) using a deep trigonometric in-

equality. The proof in this paper uses only elementary inequalities.
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