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Introduction, Let G be a locally compact Abelian group; J7the dual group of G; CB(I’)
the algebra of continuous, bounded functions on I’; CO(I’) the algebra of continuous
functions on 1?which vanish at infinity; M(G) the algebra of bounded Borel measures

on G; M(G)* the algebra of Fourier-Stieltjes transforms; and M(G) A- the completion
of M(G)A in the sup-norm topology on 17.The object of this paper is to study the natural
pairing between M(G)A and M(I’).

The basic result of this research is a characterization of M(G)”-. The following
theorem, which is a generalization of a reported result of A. Beurl.ing and E. Hewitt,
is proved:

For f a continuous, bounded fimction on I’, ~c M(G)’- if and only if {A.} = M(I’),

IIA.11<M, and ~~(x) = Ofor all z~ G implies

JfdAm =+ O.
r

[In the sequel ‘n’ will denote a natural number.]
In Chapter I, we prove the above theorem.
In Chapter II, we characterize M(G)A in a manner similar to the above theorem:
For f a continuous, bounded function on T, f eM(G)A if and only if {Afi} c M(J7),

l\A~\lm<M, and A:(z) 40 for all xc G implies

In Chapter III, we characterize Sidon sets: E is a Sidon set if and only if for each

bounded function, f, on E; {A.} c M(E), l]A~\lm<1 (or IIAJ < 1) and A:(z) 40
implies that

J
fdAm -= O.

E

Chapter I. Characterization of M(G)A-

MJeprove in this chapter:
THEOREM.For f ~ CB(r), the following are equivalent:
(A) f e M(G)A-.

t This paper is based on a portion of the author’s doctoral dissertation submitted to Tulane
University in May 1966.Part of ChapterI wsa presentedto the American MathematicalSociety,
24 January 1966. The author is a Research Associate of the Office of Naval Research.
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I

Beurling and Hewitt ((6), p. 13S) have reported this result in the case that G and I’
are cr-compact. The author is indebted to Dr Frank T. Birtel for communicating to him
the suggestion of Dr George Reid that we apply Grothendieck’s completion theorem
to the natural pairing between the transform algebra, M(G)’, and the measure
algebra, M(17).

For p’ ~M(G)A and A ● M(17), define

{/./, A)= Lu’dh.
dl

1.1. LEMMA.(.,. ) is a pairing.
Proof. If (p’, A) = O for all A EM(17)-in particular for A a point measure—then

p’ = O. The Fourier–Stieltjes uniqueness theorem ((9), p. 17) implies that p = O.

If Q,P,A) = O for all p’ e M(G)A—in particular for p’ ECO(I’)-then A = O since

M(G)A mCo(r) is sup-norm dense in CO(17)((9), p. 9). 1

Let w denote the weak topology on M(I’) from this pairing with M(G)’. For

{A=} c M(r), A. ~ O in w if and ody if (PA,Q ~ O for au P’~M(G)A. Let B.
denote the n-ball of M(r). Let C. = {A EB.: A’ has compact support}.

1.2. LEMMA.B. is w-closed.

Proof. Let {A=} c B. be such that A=~ A in w, A EM(I’). We wish to show that

l\A\l<n. NOW (PA,A.)~ (p’,A) for pA~M(G)A n Co(I’). If llp’11~<1, then

I(PA,M] < ]lp’11~][~dl<n,
so \@, A)] < n. Since M(G)A n Co(I’) is sup-norm dense in CO(r), IIAII< n. 1

1.3. LEMMA.B. is w-bounded.
Proof. Let

V = {A eM(I’): KpA,A)l < 1}, /JACM(G)A.

Visa typical sub-basic w-neighbourhoodof O.We wish to findp >0 such that B,j, c pV.
Since IQ4’,A)I < ]lp’ll~ IIAII,we let p = nllp’ll~. I

1.4. LEMMA. On M(G)’, the topology, $& of uniform convergence on the norm balls,

Bn, is equivalent to the sup-norm topology on r.

Proof. Let ~.} c M(G)’.

Suppose p: $0 in ~~~, then

SUP{1047~)1)2~Bn}+ O.

Hence IIAIIQ= suP {1(/4, A)l, ~ a unit point measure} ----%- O.

Suppose IIPIII~ 40. Then

SUP{]@~~)l>~EB~} s ]1/411m.n ~ 0.

1.5. PRoPosrrro~. For f ~ CB(I?), the following are equivalent:

(A) f ~M(G)’-.

I
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f(C) The linear functional on M(I’) determined by f, i.e. h + f dA, is w-conhhwow.s
dr

when restricted to the norm balls, B., of M( I’).

Proof. The norm balls, B., are convex, circled, w-closed, w-bounded, and

u{B., n = 1,2,...} = M(17).

Hence Grothendieck’s completion theorem ((7), p. 271) asserts that for f ~ C~(I’), f is in
the closure of M(G)* with respect to the topology of uniform convergence on the norm

balls, B., if and only if (C) is satisfied. The proposition now follows immediately horn
Lemma 1“4.

Represent the fi.uwtions,f, in C~(G) as operators, T~,on CO(G)by ~(g) = f .g, g c CO(G).

Let WO be the weak operator topology on CB(G) via this representation; and 80 be the
strong operator topology. Let {j’.} c CB(G):

(i) f. --% Oin WO if and only if for g~CO(G) and ~eM(G),

(ii) fa & Oin SO if and only if for geCO G), ]lfzg[[~ -% O.

Note that the SO topology is Buck’s ‘.stri4$ ‘ topology ((2),p. 9’7). Hence on sup-norm ~

bounded sets, the SO topology is equivalent to the compact-open topology ((2),p. 98).
Recall that convex sets have the same closures in WO and SO ((4),p. 477).

Viewing M(r) as a subalgebra of CB(G) via the l’ourier-Stieltjes transformation
induces the WO and S’0 topologies on M(r).

1.6. LEMMA. On the norm balls, 13n, the weak topology, w, is equivalent to the weak

operator topology, WO. IrLgeneral, WO c w.
Proof. Let {Aa} c M(I’).

Suppose & ~ Oin w, i.e.

J(P*,kz) = jrp’%= J:dp -=- o

afor each p e M(G). For g 6 CO(G)and p M)G gd~ ~ M(G). So

Hence & & Oin WO. -

Suppose A=$0 in WO in B., i.e.

l/AJ/ < n and
J

A;gdp --% O for g~CO(G) and NeM(G).
a

Let PC M(G). There exists a compact subset, K, of G such that llplK –PII < e/3n.
Let g e CO(G)be such that g = 1 on K and Ilgll~ <1. Let aObe such that if a > aO,then

(
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We wish to find cq such that if a > al, then

+ 1 Algdp +n..5/3n < e/3+llA~gll~.llpIG/Kll +e/3 < e/3+n.e/3n+e/3 = e. I
G/K

1.7. LEMMA. Let {An} c Bl%l.If A;(x) & Ofor all x ~ G, then An& Oin w; and

conversely.

Proof. Let {AJ c If(I’) be such that ll&ll < M and 2;(z) --% O for all x ~ G. We

wish to show that&$ Oin w, i.e. let p’ e M(G)A and show (p’, Q % O. Let K be
a compact subset of G such that Ilp– p\Kll < e/2M. Since II~~~1~ < M, {A&lK} are

sup-norm bounded and pointwise convergent to O. Therefore,

by the Lebesgue dominated convergence theorem ((3), p. 109); hence there exists nO
such that if n > nO,then IF I

ljKw4q ~+
Hence for n > no,

+ ll~;]lmlliuIG/Kll< c/2+ M .e/2M = e.

We remark that the converse is clear by considering unit point measures. I

1.8. LEMMA.Let f c CB(I’). The following are equivalent:

J
(D) The Iinearfunctional on M(I’) determined by f, i.e. A + f dh, is SO-continuous

r
when restricted to the norm balls, B., of M(17).

(E) The linear functional on M(I’) determined by f, i.e. A + [f dh, is WO-continuous—
J 1’

when restricted to the norm balls, B., of M(I’).
Proof. Since WO c SO, (E) implies (D).

J
Let A+. fdA be SO-continuous on B.. Let K be its kernel. Let {Am}c B. n K be

r’
such that A~~Ain80, h M(I’). Since WO c SO, A=aAin WO. Since {Aa] c Bn, Aa-+A
in w by Lemma 1.6. But Bn is w-closed by Lemma 1.2, so A ● B.. By the SO-continuity

of the linear functional, A~ K. Hence A c Bn n K, and so BR n K is SO-closed. Since Bn
is convex, Bn n K is also WO-closed. This clearly implies (E) ((I), p. 84, ex. 18a). I
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‘TEEOREM. Let je CB(I’). The following are equivalent:

f e M(G)’-.

J
If {L} ~ M(I’), IIA.l\< M and %(z) ~ Ofor ail XEG, then f dA. -% O.

J

r

A ~ f djl is w-continuous on B..
r

(D) A G ~ f dA is SO-continuous on B..
d 1’

(E) A -+ \ fdA is WO-continuom on B..
.r

Proof.

(A) is equivalent to (C) by Proposition 1.5.

(C) is equivalent to (E) by Lemma 1“6.
(C) implies (B) by Lemma 1.7.
(D) is equivalent to (E) by Lemma 1.8.

sIt suffices to show that (B) implies (D). First, we show that A ~ f dA is SO-
T-—

continuous on C~. For suppose not. Hence there exists e > 0 such that for compact
subsets, K, of G and 8> Owe have a h=, ~in V=,~ = {A ~CN: /]AA1/~, = < 8} such that

Let Al be any measure in C~ such that

for all x ~ G and f~n} c C~ c BLV.Hence (B) implies that

This is a contradiction since
J

fdhn > e.
r

is fi’O-continuous on C. relative to 8 C. implies (by the proof of 1“8) that
n=l

JA + fdA
r

is WO-continuous on C~and hence w-continuous on C~. Let K be the kernel of the linear
functional. Thus K n Cn is w-closed. Let .Y1f be the finest locally convex topology on
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M(r) which coincides with the w-topology on the sets Bm. Thus K n C. is .Ylf-closed

JA + fdA
r

is Xlf-continuous on ~ C’n. Extend this linear functional by the Hahn-Banach
n=l

Theorem to a~zf-continuous linear functional on M(r). By the proof of Grothendieck’s
completion theorem, the extended linear functional has the form

JA ~ gdh where g e M(G)’-.
r

It remains to show that f = g. This follows since the group algebra, Ll(17), is Tauberian

((8), p. 92). 1

1.10. PROPOSITION.Let Z denote the integers and f a (continuous) bounded function on

Z besuchthatf(lOk+n) = ein+(k= 1,2,3,..., 1 c n < k). Thenf #M(T)A– where T is the
unit circle, the dud group of the integers.

Proof. Let lk

where 81W+. is the unit point measure at 10k+n (k= 1,2,3, .... 1 < n < k). Then
ll&l\ = 1. It is known ((11), vol. I, p. 200) that for each ze T, there is a CZ >0 such that

Ik
~ ein+ein’ < C%.ki.

~=1

1.11. Remark. In Theorem 1.9, one may not replace pointwise convergence with

almost everywhere convergence. Let h. = (l/n) (81+ .. + dn)e M(Z). l\An]l= 1 and

I\(z) ~ Ofor z + O, ((11), vol. I, p. 142). Now

1012. Remark. Since forpe M(G), IlpAllQ= sup {l(p’, A)l ,leLl(r) n Bl}, Theorem 109

is valid with Ll( 17)replacing M(r). The proof is essentially the same.

1.13. Remark. Another proof of Proposition 1“5 has recently been published by
R. E. Edwards, ((5), p. 254).
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Chupter II. C%amcte~ization of M(G)’

2“1. PROPOSITION.Let fe C~(I’) and B; = {A eM(I’): /lA’/l~< n}. The following are
equivalent.

(A’) feM(G)A.

J
(C’) The linear functional on M(I’) determined byf, i.e. A + f dh, is w-continuous on

r
the sup-nom balk B; of M(r).

Proof. As in Lemma 1.1, (.,. ) is a pairing. B; is w-closed since if

{Aa) u {h} c M(I’), /lA;l\~< n,

for all p’ e M(G~—in particular for p a unit point measure; hence IIA’11~ < n and A e B:.
B: is w-bounded as in Lemma 1.3 since \(pA,A)l < Ilpll. ll~’}l~.
Let ~~; be the topology on M(G)A of uniform convergence on the sup-norm balls

B; with respect to this pairing. Yj; is equivalent to the measure-norm topology on

M(G)A since for p e M(G)’,

By Grothendieck’s completion theorem ((7), p. 271) we may assert for f e C~(17)that

f ●M(G)A if and only if A -+
J

fdA is w-continuous when restricted to the sets B;. 1
r

2.2. THEOREM.Let f c CB(I’). The following are equivalent:
(A’) f CM(G)’.

(B’) If {A.} c M(I’), llA~ll@< M, and A#(z) = 0 for all xc G, then

J(C’) A ~ f dA is w-continuous on B;.
r

J
(D’) A ~ f dA is SO-continuous on B;.

r

J
(E’) A ~ f dh is WO-continuous on B;.

r

Proof. (A’) is equivalent to (C’) by Proposition 2“1. (C’) is equivalent to (E’) by the
proof of Lemma 1.6. (C’) implies (B’) by the proof of Lemma 1.7. (D’) implies (E’) by

the proof of Lemma 108. (B’) implies (D’) by the proof of Theorem 1“9. 1

2“3. PROPOSITION.WO c w c SO on M(17).

Proof. That WO c w is part of Lemma 1.6.

Let A.= Oin AS’0,{~a} c M(r). To show ~a = Oin w

Suppose not. Then there exists p ~M(G) such that

Carob.Philos.64,z
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Let g e CO(G)be such that

J!
: d]pl = M < m.

Gg

Such a function exists as noted in ((2), p. 99). Let A% be such that

This is a contradiction and hence w c SO.

2.4. COROLLARY. Let MJI’) be the subalgebra of

measures. Let f e CB(I’). The following are equivalent:

I

M(I’) consisting of all discrete

(A’)jeM(G)A.

J(I’) A ~ ,fdA is SO-continuous on M(17).

J(J’) A ~ ~fdA is WO-continuous on M(I’).

J(K) A ~ ,f dh is SO-continuous on M,(r).

,.

J(L’) A ~ ~fd~ is WO-continuous on M,(I’).

Proof. That (I’) is equivalent to (J’) is immediate since convex sets, in particular,

the kernel of a linear fictional, have the same closures in WO or SO. Similarly, (K’) is
equivalent to (L’).

Let (A) be satisfied. Then A+-
J

f dA is w-continuous on M(r), and hence by

Proposition 2.3 it is SO-continuous o: M(J7). Thus (A’) implies (I’).
That (I’) implies (K’) is clear since Md(17) c M(l?).
Let (L’) be satisfied. Extend the WO-continuous linear functional

J
i-+ ~fdA on M~(I’)

to a WO-continuous linear functional on all of M(l?). By Proposition 2“3, this linear
functional will be w-continuous and hence has the form

J
A ~ gdA, for some geM(G)’.

r

By considering A a unit point measure, it follows that j’ = g. Hence (A’) is satisfied. I

2’.5. Remark. Theorems 2“2 and 2s4 hold with L1(17)replacing M(I’).

CZwpter III. Characterization of S&m sets

Let G be compact and E C=17(discrete) be such that to every bounded (and con-
tinuous) function @on E there corresponds a measure p e M(G) such that p’ = #on E.
Then E is called a Sidon set ((9). D. 121).
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3“1. PROPOSITION. Let E c I’, r discrete. Then E ~8 a flidon set if and only if
M(G)’-IE = C~(E).

Proof. If E is a Sidon set, then M(G)AIE = CB(E) and hence M(G)’-\E = CB(E).

Suppose M(G)A-IE = C~(E). To show that E is a Sidon set,.IfE were not a Sidon set,
then there would exist #e CB(E), #(y) = + 1, such that for p ~M(G), IIPA– ~11~, ~ > 1

((9), I?. 123). Hence #~ CB(E) but @# M(G)A-[E, and therefore E is a sidon set. [

3“2. THEOREM. Let J7be discrete. The following are equivalent for E c I’:
(SJ E is a Mdon set.

I
(SJ For atl f c C~(E), if {A.} c M(E), llA~/1~ <1, and A;(z) L O,for all z ● G, then

(5’J For ail f ~ CB(E), if {hn} c M(E), ]Iin]] <1, and A;(z)& O,for ail z e G, then,

Proof. Let E be a Sidon set and f e CB(E). There is p ● M(G) such that pAIE = f.
Hence

~.fdA=~~pAdA=~rpAdA=~aAAdp ‘or ‘eM(E)-

Let {A.} c M(E) be such that 11~~11~ <1 and l:(z) ~ O for all z e G. Then the
Lebesgue dominated convergence theorem implies that

Lfd’n=b’-o
Clearly, (Sz) implies (AQ.
Let (S’3) be satisfied. If E is not a Sidon set, we may find&• M(E), ]]A21]= 1 and

11~111~< ~ ((9), p. 121). We may assume that F, = support of & is finite. Since F2 is
iinite and E is not a Sidon set, then E\F2 is not a Sidon set. Similarly there exists

&e M(E\FJ, IIA311= 1, F3 = supp 23 finite, and \lA#\l< ~. Likewise, there exists

An+l~M(E\F2 U p3 u . . . u Fn).
1

Let f e CB(E), IIf II~, ~ <1 be defined such that

Now {An}~.M(E),ll&ll = 1, A$(z) ~ Ofor all xc G, but

Jfdhm = 1.
E

This is contradiction and so B must be a Sidon set.

3“3. PROPOSITION.Let r be discrete.The follow”ngare equivalentfor E c I’.
(ASJE is a &don set.

J
(A’,) For all f eCB(E), A + f dh is SO-continuous on M(E).

E

21-2

t
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Proof. Let E be a Sidon set. Since G is compact, the SO-topology is equivalent

to the sup-norm topology on G. Let &e M(E) be such that IIA:II~ >0 and
fe C~(E). There exists p e M(G) such that p’111 = ~. Hence

Hence A ~
J

f dh is f10-continuous on M(E).
E

Let (S1) be satisfied. If E is not a Sidon set, then there exists {&} c M(E) such that
IIA.11= 1 and IIA:II~ < (l/n). We may assume that supp ~. is finite. It follows as in the

Jproof of Proposition 3.2 that A -+ f dA is not fi’O-continuous. This contradicts (8,).
E

Hence E is a Sidon set. 1

Let Z denote the group of integers and let P c Z contain arbitrarily long arithmetic
progressions. P is repeating in the sense that there is an infinite set i3 c Z+ such that
for eachs e S there is a p <P and q e Z such that q 31 and

@+q, p+2q,...,p+sq) =e~p.

We call such a repeating set an R-set.
It is known that a Helson set (i.e. a compact Sidon set) P on the line R cannot contain

arbitrarily long arithmetic progressions ((9), p. 117). The following proposition is the
corresponding result for Sidon sets.

34. PROPOSITION.Let P c Z be an R-set. Then P is not a Sidon set.
Proof. Let P be the given R-set. Let S c Z+ be the associated infinite set such that

for eachs c S there is a p e P and q GZ such that q >1 and

ps=@+qjP +%..., p+sq]~P.

We may assume that for Sl, Sz● S, P,l n P,z = @ Fors e S, let

A, = ~ ~1e-in 10gn tlp+w,
n

where 8PfmQis the unit point measure at p + nq. Then IIA$ll= 1 and there exists M >0

such that

((Ii), vol. I, p. 199).Let f ~C(P) be such that ~(p +nq) = efil”g~.
That P is not a Sidon set is now immediate horn Theorem 3“2. I

3“5. Remark. Theorem 3“2 could be derived by pairing M(G)A\E and M(E) as in

Chapter I.

3“6. COROLLARY. A Sidon set does not contain arbitrarily long arithmetic progressions.
Proof. This is a rewording of Proposition 3“4. I

3“7. Remark. Corollary 3.6 is a result due to Rudin ((lo), p. 216),
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